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The y-ray yields from the decay of 7’-mesons produced by 260-660 Mev protons in complex 
nuclei were measured at various angles. The total cross sections for production of 7’-mesons 
in various nuclei were determined in this energy range. 


Tue study of processes of production of t’-mesons in complex nuclei is a natural source of information 
about their interaction with nuclear matter. This is connected with the fact that, owing to the short life of 
m°-mesons in nuclear matter, it is possible to study their interaction with only the nucleons of that nucleus 
in which they are produced. The results of similar experiments in photoproduction of mesons are much 
easier to interpret. In the case of bombardment of the nucleus by nucleons the general picture of the phe- 
nomena becomes much more complicated, owing to the strong interaction of the incident nucleons with 
nuclear matter. 

In the present work, carried out on the six-meter phasotron of the Joint Institute for Nuclear Research, 
the yields of y-rays from the decay of 7°-mesons produced in complex nuclei by protons were measured 


at various angles. The energy of the protons was varied from 260 to 660 Mev. 


METHOD OF MEASUREMENT 


The beam of y-rays from the decay of n°-mesons produced in the internal target of the accelerator 
was measured using the telescope described in Ref. 1. The number of protons going through the target was 
determined by the ionization heating of the target. The arrangement of the experiment and the method of 
measurement of the absolute cross sections used in the present work were essentially the same as previ- 
ously described.! Therefore we restrict ourselves here to considering only the additional methodological 
problem connected with measurement of the ratios of differential cross sections for different nuclei. 

The differential cross section for y-ray production is given by the formula 


da, /dQ. = ne (1+ estar/e)(1 +8) A/mF, QN. (1) 


Here n is the number of y-rays counted by the telescope per unit time, m is the heat current through 
the target measured by a thermocouple, F.,, is the efficiency of the y-telescope, € is the specific ioniza- 
tion loss (for 1 g/ cm’), Estar is the heat produced in the target because of star-production, 6 is a small 
correction taking account of the absorption of y-rays in the target and in air, 2 is the solid angle of count- 
ing, A the atomic number of the target material, and N is Avogadro’s number. In this work we measured 
the ratios of the cross sections for various elements to those for carbon (relative cross sections). 


*The results of the present work were reported at the conferences in Moscow (May, 1956) and Geneva 


(June, 1956). 
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As the measurements showed, for fixed proton energy and angle of y-ray counting, the efficiency OF the 
y-telescope did not depend on the material of the irradiated target. Therefore the relative cross sections 
were determined by the simple relation: 


(ds¥ / dQ)’ = (n/ m)' (1 + €star/)/ (1 + 8)’ (A2)’. (2) 


Here, for conciseness, the prime indicates that the quantities occurring in the formula relating to atomic 
weight A are divided by the corresponding quantities obtained for carbon. The quantities (1 + Cota oi 
and (1+ 6)’ constitute small corrections. They are given in Table I. The thickness of the targets used 
varied from element to element, constituting, on the average, 
TABLE I about 1 g/cm’. 
The second column of the table gives corrections calculated 


Meee tera Sstar [(1+e/estar) to an accuracy of 1— 2% on the basis of the spectra of the parti- 
ESS aN cle-ray stars measured by Grigor’ev and Solov’eva.” An experi- 
Lis 4.00 4.04 mental determination of the ratio (1+ €gtgy/e)’ was also at- | 
Li, 4.00 41.04 tempted. For this, targets prepared from graphite, aluminum | 
E 00 Lo 1.00 and lead were placed in a magnetic channel of the phasotron and | 
a ce ae 1.04+0.03 irradiated by the proton beam. A very sensitive small-gauge | 
Cd Sn |? 4.02 1.04 thermopile (of sensitivity 3 x 10!' Mev/sec.mv) containing 300 
c an re 1.060.03  eopper-constantan thermocouples was used to measure the small — 


heat current through the target. The relative proton currents 
through the targets were determined in these experiments by the 
activation of thin copper foils. It should be noted that a similar experiment cannot be carried out on the 
internal circulating beam of the accelerator because in this case the method of activation of the foil does 
not furnish the necessary high accuracy of measurement of the relative proton beams through the target. 
Because the intensity of the extracted beam is small in comparison with the internal beam, it was neces- 
sary to use thick targets (~ 1 cm). Because of this the time of establishing thermal equilibrium was large: 
(= 1 hr) which restricted the possibilities of accurate measurement. The results of measurement are 
given in Table I (final column), 


INVESTIGATION OF THE ANGULAR DISTRIBUTION OF y-RAYS 


The measurements made earlier’ showed that the relative cross sections for production of y-rays at 
zero angle grew with increasing atomic weight sustantially more slowly than at 180°. This means that the 
angular distribution of 1°-mesons depends substantially on the atomic weight of the target material and, 
consequently, in order to obtain the values of the total cross sections for production of 7°-mesons in var- | 
ious elements, it is necessary to have information about the angular distributions of the y-rays. | 

In the present work the y-ray yields were measured in the angular intervals 0 —33° and 147—180° in | 
the laboratory system (1.s.). In Table II the results of these measurements, carried out for a proton energy 
of 660 Mev, are given in the effective center-of-mass system (c.m.s.) of the colliding nucleons. | 

The velocity Bg = 0.50 of the effective c.m.s. was found by averaging the velocities of the c.m.s. of the | 
colliding nucleons under the assumption that the momentum distribution of the nucleons in the nucleus is | 
Gaussian with standard deviation 120 Mev/c (corresponding to an energy of 8 Mev) cut off at 22 Mev. The: 
quantity Be is insensitive to the form of the momentum distribution for a proton energy of 660 Mev. Thus, | 
if a Fermi distribution with Fermi energy 22 Mev is taken for the nucleons in the nucleus, then Be = 0.48. | 
These values of fg are not very different from the velocity of the c.m.s. for the case of collision witha 
nucleon at rest (Bg = 0.52). 

Since the velocity of the 7°-mesons is near to that of light, the angular distributions of y-rays practi- 
cally coincide with the angular distributions of the 7’-mesons from whose decay they arise. 

The decrease in the relative small-angle yields of r°-mesons with increasing atomic weight can be ex-- 
plained by the fact that in this case mainly y-rays are registered from the decay of 1°-mesons produced 
in that part of the atom which is screened from the bombarding protons by the nucleons. In going through 
the nucleus, the protons lose energy in collisions with nucleons of the nucleus and do not take part in the 
process of meson production. With increasing atomic weight the screening, naturally, increases. As the 
angle of observation increases, the effect of screening weakens, as can be seen from Table II. 

In the lightest elements the lack of transparency for protons and the absorption of mesons appear to be? 
comparatively weak. From Table II it can be seen that the angular distribution of y-rays for these nuclei 
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TABLE II corrected for the small effect of 
. : . s s 
WSS pita Ay ay a a screening are practically isotropic. 
c.m.s 0 35 55 160 169 180 From this it is possible to draw 
= the conclusion that the angular 
Dig 0.80-L0.04 = 0.94-+0,03 | 1,00-L0,07 = 1 0040.04 istributi Le -od- 
ie 0,740.03 on 0.82+0.03 | 1.00006 | 0.96-40,10 | 1,00-40,04 eon Ct : ree Dee 
& 0 = eee 0.80-++0,04 | 1.10-£0.07 aE! 1 ,00-40.03 uced at 660 Mev in proton-nucleon 
0, +0.04 | 0,68-£0.03 | 1,02=-0.05 | 0,950.07 | 1,000.02 saa ‘ : 
Al | 0.50-40.02 re 0,580.04 | 0.974006 ard 1/0040.03 Collisions are nearly isotropic. 
Cu | 0370.02 as 0.480.038 | 0.92-0.07 = 1,000.03 This agrees with other data.}s4 
Cd, Sn | 0.34-E0.01 = 0.420 04 = = 4.00-F0.03 t A find 
Pb | 0.294004 a 0.38-40.02 | 0.95-+0.04 a 4_000.03 n order to find out how the 


angular distribution of ’-mesons 
| changed with decreasing the en- 
t ergy in the nucleon collisions, relative yields of y-rays for angles of 33 and 147° in the l.s. for lithium 
| were compared for various proton energies. The changes demonstrated that the anisotropy of the 1°- 

; meson angular distribution grew with decreasing energy. If the 7’-mesons produced in p-n collisions 

| at 450 Mev are taken to be distributed as 1/3 + b cos? 4, then it follows from our measurements that 

b = 0.5 + 0.2. This result agrees with the data obtained by studying y-ray spectra.’ Deviations of the 

| 7°-meson angular distribution from isotropy become noticeable for energies below 550 Mev. 

The change in relative yields of y-rays for the angles noted above also continues for energies below 
400 Mev. However, a quantitative interpretation of these measurements is not possible in practice be- 

_ cause here the yields depend very essentially on assumptions about the character of the momentum dis- 
tribution of nucleons in the nucleus, and about the spectrum of n°-mesons. 


DEPENDENCE OF THE DIFFERENTIAL CROSS SECTIONS FOR PROTONS OF VARIOUS 
ENERGIES ON ATOMIC WEIGHT 


I The dependence of the differential cross sections for y-ray production on the atomic weight of the 

| target material was measured for proton energies of 260, 340, 445 and 660 Mev at two angles. In varying 
| the energy the angles changed somewhat, being 33 and 147° (1.s.) at 660 Mev and 40 and 140° at 260 Mev. 
_ The relative cross sections obtained are given in Table III (angles 33 — 40°) and Table IV (angles 


147 — 140°). 
The angular distribution of the 7°-mesons (F(4)) 
TABLE III and that of the y-rays produced in their decay 
(Fy (\3)) are connected by the integral relation 
E.,(Mev) | 660 | 445 | 340 260 a 
| ESO) == \ F,, (%o) G (8, cos 9, Cos 9) d cos Fy. (3) 
—1 
0:70-0:18 eee ‘2 S Here £ is the velocity of the 7°-meson, 
Li 0,890.02 | 0,880.02 | 0.7240.03 | 0.72+0.03 DiS en ye ee 
Be 0°95£003 0°3820.03 0 85.0.05 0.774.0.04 G (8, cos $, cos 89) = */2 7 * (1 Baek! oe 
C 4.00 1.00 1.00 1.00 x [(B cos % — cos 9)? +- sin? 3 /72]— 7 7? = 1/(1 — 8”). 
Al 4.48-+0.04 | 1.52+0.04 | 1.67-L0.07 | 1,82+0.14 ae 
Cu 2.3 +0,4 | 2.8 40.2 | 2.9 40.1 a a2 Equation (3) shows that the angular distribution 
Bh | 42 to. | 8.0 t0.2 | 8.7 40.3 | 63 10.2 F,,(9) differs slightly from F, (0) only for 6 30.9. 
U 4.4 +0.3 | 5.240.3 = = 


The degree of anisotropy in the distribution F., ( 9) 

* Taken from Ref. 1. decreases rapidly with decreasing 6B. Thus, even 

if the angular distribution of 7°-mesons 

does not change with decreasing proton energy, owing to the decrease in velocity of the 7’-mesons, the 
difference between the angular distributions of the y-rays, which occur for light and heavy nuclei for en- 
_ergies of 450 —660 Mev, should vanish as the threshold for meson production is approached. BMPR OS 
with decreasing proton energy the relative cross sections measured at 33° for heavy nuclei should in- 
crease, and at 147°, decrease. As can be seen from Tables Ill and IV, this drawing together of the values 
of the relative cross section really does occur; however, simultaneously with this, the relative cross 
sections at 147° not only does not decrease, but even systematically Bro as the threshold for meson 
production is approached. This indicates that the angular distribution of ™ -mesons changes in the energy 
interval 260 —660 Mev. The latter may be connected with a diminishing of the already discussed effect of 
screening, brought about by the decrease in the meson production cross sectian A quantitative evaluation 
of this change in angular distribution of n° -mesons, which requires extensive calculation (for example, by 
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TABLE IV the Monte Carlo method), has not been 

carried out in the present work. 
Comparison of results for measure- 

ments of the dependence of the yield of 


E, (Mev) | 660 | 445 | 340 | 340** | 260 


charged mesons on atomic weight with 
DS 0.30+0.05 | 0.20+0.05 ae 0.4143--0 004 the data on the absorption of m-mesons 
Li 0.50-£0.10 | 0.55--0,10 = = _ ; ; 
Li, 0.750.041 0.752£0,02 0.64-40.02 | 0.57-+.0.02 | 0.55-40.02 in nuclei allowed several authors” to 
c 4.00 1.00 : ; : : wv. 
Al 4.70+0.04 | 1.84+0.03 | 1,960.06 | 2.40.1 4.940.1 crease in the probability of t-meson 
Cu 2.9 40.4 | 3.6 40.4 | 4.2 60.2 | (4.20.2 = E ae 
Cd Lei eO AS a7 eon ue =0.8 = ak production for the SULOngly bound n 
Pb 7.4 40.2 | 8.2 +0,4 | 9.6 $0.5 | 7.840.4 | 9.420.5 cleons in the interior of the nucleus. 
U 6.6 0.6 = ae ss im 


Elucidation of the analogous problem in 


the production of m-mesons by nucleons 


** Taken, for comparison, from Ref. 5, where the measurements were carried out at_ jg g]go of considerable interest. How- 
135° in the l.s. 


* Taken from Ref. 1. 


ever, the strong interaction of the in- 
cident nucleons with nuclear matter 
already discussed, leads by itself to the situation in medium and heavy nuclei where the 7-mesons are 
effectively produced only in the surface of the target nucleus. If a decrease in the probability of 7-meson 
production inside the nucleus really does take place, then this should be reflected in the behavior of the 
relative cross sections only in the region of light nuclei, and only in the case when the absorption of the 
m-mesons leaving the nucleus is small. In connection with this, a definitive answer to the question about 
the existence of a supplementary mechanism which diminishes the probability of meson production by 
protons on the strongly bound nucleons inside the nucleus is possible only after carrying out calculations 
which take the absorption of protons and mesons in light nuclei correctly into account. However, the ex- 
istence of models of the complex nucleus which could be used to solve this problem, have a sufficiently 
reliable basis only for the case of heavy nuclei. Therefore, from the presently-available experimental 
data on the production fo 7°-mesons in light nuclei (Refs. 3, 5, 8 and this work) the relative probabilities 
of 7 °-meson production in the surface and on the internal nucleons of the nucleus cannot be determined. 


DEPENDENCE OF THE TOTAL CROSS SECTIONS ON THE PROTON ENERGY 


Using the data about the y-ray angular distribution given in Table I, and the value of the absolute dif- 
ferential cross section determined for energy 660 Mev in the work of Ref. 1, we find that the total cross 
section for production of 7’-mesons by 660 Mev protons on carbon is 


on” = (28-43)- 10727 em?, 


The total cross sections for other elements are given in Fig. 1. 


ve | The dependence of the total cross section on 
energy was measured for a series of elements 


ee 1 
Fc) cst 1 (see Fig. 1). In these experiments the variation 
iF i ; fi : | in proton energy was achieved by inserting targets; 
j : i | at different distances from the center of the ac- 
: ae 


celerator; y-rays were counted at angles 33 and 
cat : rE 147°, The change in angular distribution of the 
7°-mesons was taken into account in the deter- 
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zt : #4 ent uae I : es | mination of the value of the total cross sections. 
we 34 el L t : . iS was pointed out above, the change in angular: 

st ; i ; | : distribution of the 7°-mesons connected with the 

Al 1 | | effects of screening and absorption was small in 

pat | the SO of the lightest nuclei. This permits the 

oe =a = a a] analysis OE the one es dependence of the total 
E.Mey cross section obtained for a light element (lith- 
FIG, 1. Total cross sections for production of 7°- ium) to be carried out without taking into account 
mesons by protons on various nuclei O—U, @—Phb, the change in transparency of the nucleus. Com- 


V —Cd, Sn, A—Cu, 0— Al, B—C, A—Be, @— Liz, parison of the energy dependence of the total 
x — Lig, x —D (from Ref. 1), V—H(from Ref, 1). cross section measured near the threshold for 


‘ 
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meson production with calculated curves permits us to draw (in the framework of the impulse approxima- 
tion) several conclusions about the character of the energy distribution of nucleons in the nucleus since the 
behavior of the calculated curves in this energy region is, in large part, determined by the form of the 
energy distribution of the nucleons. The excitation function is given 
Se - —- - (in relative units) in Fig. 2, together with curves calculated in the 

1a Oh impulse approximation for the case of a Gaussian distribution of nu- 
cleons inthe nucleus with standard deviation 120 Mev/c (nucleon en- 
wey 


Ln ea 


ergy 8 Mev), cut off at an energy of 22 Mev. The Pauli Principle was 
not taken into account in the calculation since the nucleon energies 

| after meson production substantially exceeded the Fermi energy. 
The divergence of the energy dependencies of the cross section from 
the calculated curves serves to indicate that there should be more 
high energies in the energy spectrum of the nucleons inside the 
nucleus than occur in the Gaussian distribution taken. 


FIG. 2. Energy dependence of the cross section for production of 
m°-mesons in lithium near threshold. Curve 1 corresponds to the de- 
pendence of the cross section production of r’-mesons in collisions of 
2 300 GED. HD T5DEyMev the incident protons with nucleons in the nucleus: oT ~ ae curve 2 
was calculated for the caseo™ ~ Seater where pmax is the maximum 
momentum of the 7°-meson in the c.m.s. of the colliding nucleons. 


oe | | fete a 
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RELAXATION POLARIZATION AND LOSSES IN NONFERROELECTRIC DIELECTRICS 
WITH HIGH DIELECTRICS CONSTANTS 


G.I. SKANAVI, IA. M. KSENDZOV, V. A. TRIGUBENKO, and V. G. PROKHVATILOV 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor November 22, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 320-334 (August, 1957) 


It is shown that in polycrystalline dielectrics of the SrTiO; — Bi,O3-nTiO, systems, over a 

wide range of concentration of the components, there occurs a relaxation polarization that leads 
to a very high dielectric constant without ferroelectric properties. The nature of the relaxation 
polarization changes upon change of the relative amounts of the components. Three classes of 
strontium-bismuth titanates have been established, which differ in composition, crystal struc- 
ture, and properties. Dielectrics of the first class have the perovskite structure; they may be 
divided into two groups that have different types of relaxation polarization. For the first group, 
as was shown earlier, ! the dielectric constant is close to 1000; for the second group € reaches 
6000 over a quite broad frequency range. The frequency and temperature dependence of € and 
of tan 6 are studied in relation to the composition and structure of the new dielectrics. The ex- 
perimental results are interpreted on the basis of ideas about ionic relaxation polarization. 


1. STATEMENT OF THE PROBLEM 


Ir was shown by Skanavi and Matveeva! that the conjunction of two factors — an internal field favoring 
polarization, which results from the perovskite structure, and a large ionic relaxational polarizability, 
which occurs in the presence of vacant sites in the lattice — leads to a very high dielectric constant 
without ferroelectric properties. 

The object of the present research was a more detailed experimental study of the laws of relaxational 
polarization, not only for the strontium-bismuth titanate (SBT-1) studied in Ref. 1, but also — as far as 
possible — for all dielectrics of the SrTiO; — Bi,O3.-nTiO, systems, with variation of the relative amounts 
of the components. Our intention was to trace the influence of changes of crystal structure in general, and | 
of the number of vacant sites in particular, on the nature of the relaxational polarization and on the mag- 
nitude of the fundamental characteristics (dielectric constant, loss angle, etc.). Such an experimental | 
study was of interest both for confirmation of some of the ideas of Ref. 1, and for elucidation of methods 
of obtaining new dielectrics with specified properties. 


2. SAMPLES AND METHODS OF INVESTIGATION | 


The samples studied for this purpose were polycrystalline dielectrics of the systems SrTiO; — Bi,O, 
-2TiO», SrTiO; — Bi,O33TiO,, and SrTiO; — BigO3-4TiOg, with wide variation of the relative amounts of the 
components. They were progressively synthesized at temperatures 1000, 1100, 1200, and 1300°C and were. 
finally fired until there were no exposed pores. The structure of these dielectrics was studied with x- 
rays, their densities and the numbers of atoms in the unit cell were determined, and the dielectric con- 
stants € and loss tangents tan 6 were measured as functions of temperature and frequency. For the den- 
sity measurement, the samples were pulverized in an agate mortar until the particle dimensions were 2 
to 7 uw; this was known to be less than the mean dimensions of the air spaces in the samples. The density 
was determined by means of a pycnometer 5 cm? in volume; toluene was used, after preliminary evacua- 
tion. The crystal lattice parameters were determined from a Debye pattern taken with a camera 114.6 mm 
in diameter, An asymmetric method was used, with copper radiation and a nickel filter. This was done by 
one of the authors and also, at our request, by N. A. Porai-Koshits; the results of the two determinations | 
agreed, The relative intensities were measured with roentgenograms automatically traced on a URS-50I 
ionization assembly. 


The values of € and tan 6 were measured over a wide range of temperatures and frequencies by means: 
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of standard bridge and resonance apparatus. The measurements in the frequency interval 40 to 180 Mc 
were of preliminary nature, being subject to comparatively large errors. . 


3. EXPERIMENTAL RESULTS 
A. Structural Properties of Strontium-Bismuth Titanates 


The results of the x-ray analysis show that all the strontium-bismuth titanate systems studied may be 
divided into at least three basic classes. In the first class, with high concentrations of strontium titanate, 
solid solutions form, with a cubic lattice of perovskite type. In the system SrTiO; — BiTiO7 2, or SrTiO; — 
1/2 (BiO3-2TiO,), the solid-solution range is bounded by a concentration of 25 to 28 mol percent, in the 
system SrTiO; — Big /sTiO; by 35 mol percent, and in the system SrTiO, — Bi, /2TiOyy / by 30 mol percent, 
of the respective bismuth titanates. In the second class (with high concentrations of bismuth titanate) there 
is a broad range of mixtures of a solid solution of perovskite type with a new crystalline phase of complex 
structure, corresponding to chemical compounds of strontium titanate with bismuth titanate (for example, 
SrBi,Ti,O2). For the third class, with small concentrations of SrTiO, (less than about 30 mol percent), the 
Debye patterns are very complicated; they contain, together with other lines, the lines of bismuth titanate. 

In the solid-solution range (class 1), for all three systems, the lattice has a cubic structure with the 
parameter a = 3.898 + 0.002 A. In these systems there is a possibility of formation of two types of solid 
solution: a substitutional solid solution, and a solid solution with a structural defect of subtractive type. 
The radii of the bismuth and strontium ions are very nearly equal (~ 1.2 A); it is therefore to be expected 
that a bismuth ion in a solid solution will be able to occupy sites only in the strontium portion of the lattice, 
in which case the lattice constant need not change, For formation of a substitutional solid solution, a reac- 
tion must proceed, in which oxides dissociate with liberation of gaseous oxygen and lowering of the valence 
of the Bi or Ti; for instance, when n = 2 the scheme is the following: 


x SITiOs + (4 — x) BiTiO,, = (Sr,Bi,_,)TIO, + 1/4(4 —x) Ort + (1 — 2) 2), (1) 


where x is the molecular concentration of SrTiO3, and where (e) is a quasi-free electron that results 
from liberation of oxygen. It is clear that such a reaction is promoted by the high firing temperature 
{above 1450°C) that is necessary for complete sintering of materials containing less than 10 molar per- 
cent of bismuth titanate. At lower sintering temperatures (= 1450°C, materials with high concentration of 
bismuth titanate), dissociation of oxides is less probable, and subtraction solid solutions may form. 
Depending on the number n in the formula Bi,O3-nTiO,, vacant sites may form in the strontium part 
of the crystal lattice, in the strontium and titanium parts, or in the strontium and oxygen parts, in accord- 
ance with the following schemes: for n = 2, for example, 


x StTiOs + (1 — x) BiTiO,,, —> (Sr Bi,_,) TiO, -1/5 (1— x) Sr*Ti*Os, (2) 


where the asterisk after the symbol for the element represents a corresponding vacant site; for n = 3, 


x SrTiOg + (4 — x) Biz}, TIO, — (Sr,St, Gx Bis), xy) TIOs: (3) 


and for n = 4, 
x SrTiOg + (4 — x) Bi TIOn), > (St,St), x) Bh, @—x)) TH (On), a -x90%, a—a)- (4) 


To test whether vacant sites are actually formed in the crystal lattice when the sintering temperature is 
not very high, the number of atoms in the unit cell was determined from the experimental data on density 
and lattice parameter, by the known formula 


N =Vd/A-1.65- 104, (5) 


where d is density, V is the volume of the unit cell, and A is the mean atomic weight, calculated from 
the proportions of the materials [left sides of formulas (2) to (4)]. In Table I the number of atoms in the 
unit cell, obtained in this way, is compared with the number of atoms in the unit cell, directly calculated 
from the right sides of formulas (2) to (4). 

| The data of Table I show that the number of atoms in the unit cell of the solid solutions decreases 

- with increase of the concentration of bismuth titanate. This indicates the formation of a solid solution of the 
second kind, of subtractive type; however, the decrease proceeds more rapidly than it should according to 
the right side of formulas (2) to (4). This makes it impossible to determine the type of vacant sites. 
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Therefore for determination of the most probable type of vacant sites, a Bgl csaelel 5 el elie tars was 
used. Because of the large difference between the atomic scattering factors of Sr“ and Bi*’, one can ‘ 


infer the type of solid solution from the change in the intensity of the reflections. Calculations of the rel- 
ative intensities were carried out 


TABLE I for the space group O’, —P,,3m 
for all three systems, under the 
Density Ne hae ee condition that the Bi ions occupy 
System Composition ee Ties eee sites in the strontium part of the 
From (5)} (9).(4) lattice and that the number of | 
vacant sites for each system is | 
SrTiO3 5.04 | 4.97 5.0 determined by the right side of | 


formulas (2) to (4). Table II 


SrTiO3—Bi:03-2TiO, 08 Slo ho ion 346 £80 rate Se ee ee of the relative 
0,7 SrTiO3+0,3 BiTiO7, 5.94 4.67 4,920 intensities of various reflections, 
as obtained experimentally, with — 
SrTiO3— ae Sa, ; fete: oe fo ae the calculated values, for the com- 
Ee e103 0,7 StTiO3+0.3 Bit, TiO 9.36 4,73 4.900 positions with the largest concen-__ 
trations of bismuth titanate among 
SrTiOs— 0.7 SrTiO3+0.3 Biy TiOn), 5.29 4.79 4.775 those listed in Table I. i 
ae The intensity of the (200) re- 
flection was taken as 100% inten- 
sity; it had the largest structure 
TABLE II factor. Among the various reflec-: 
tions, the ones that are most sen- 
eee sitive to changes of intensity, upon replacement 
a 0.7 SrTiO,+0,3 BiTiOz), 0.7SrTiO;+-0.3Bi2) TiO, 0.7SrTiO,-+-0,3Bir) TiOa), of strontium by bismuth and formation Of vacant 
Calc. | Exptl. | Cale. | Exptl. | Cale. Exptl. sites, are those for which the structure ampli- 
tudes of the titanium and oxygen have a sign op- 
400 34 17 19 47 9 19 posite to that of the structure amplitudes of the 
it a =. ie ae 1 oe strontium and bismuth, In Table II, such reflec- 
200 100 100 100 100 100 100 tions are (100), (210), and (300, 221). Compariso) 
210 17 13 9,7 7.7 5,6 8.4 ? . er 
244 68 82 77 76 74 92 of the calculated and experimental intensities of 
Pets toe SA as GPs AN! Kee Be mes RMON ee these three most “sensitive” reflections shows 
310 36 32 32 27 30 34 that the best agreement occurs for the solid solu- 
Soules hale elie 2° tion of composition 0.7SrTiO3 + 0.3Bi, sTiO3, 
e i . a, a » i corresponding to the SrTiO; — Bi,O,-nTiO, systeny 
300,414 34 20° 30 29 99 3) in which vacant sites should form only in the 


strontium part of the lattice. 

However, as Table II shows, we may infer 
that a similar situation occurs also in the other systems at concentrations that correspond to the range of 
solid solutions of subtractive type (group a of structural class 1). In fact, the experimentally determined 
intensities of the “sensitive” reflections for the systems SrTiO; — Bi,O3-2TiO, and SrTiO; — Bi,O3-4TiO, 
differ little (30% or less) from the calculated intensities of the same reflections for the system SrTiO, 
— Bi,O03-3TiO,. Therefore, for example, upon sintering of samples of the system SrTiO; — Bi,O3-2TiO, 
there must occur a liberation (and escape) of surplus Bi,O3. Just this phenomenon is observed experi- 
mentally and is confirmed by the results of a chemical analysis, made at our request by E. D. Borneman 
and O, A. Alekseeva.* | 

Thus we may expect the nature of the polarization of dielectrics of all three systems, within the bound 
of group a of structural class 1, to be similar; for we may suppose with a high degree of probability th: 
in these systems solid solutions of subtractive types form, with vacant sites in the strontium part of the 
lattice. 


*The authors express their gratitude to E. D. Borneman and O. A. Alekseeva for this work. 
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B. Dielectric Properties of Dielectrics of the Systems SrTiO; — Bi,O3-nTiO, 


Some of the results of numerous measurements are given in Figs. 1 to 5. 


From Fig. 1 it is evident that for 


ve Structural class 1 n= 2, the dielectric constant and loss 
5000 oe Structural class 2. [Group a, Group b angle at frequency 1.5 megacycles and 
room temperature attain widely differ- 
(tan 6). ? 
2000+ 4000 040 ent values, according to the structure 
035 of the materials obtained. For the first 
00+ sooo au6 ae structural class, the dielectric con- 
Aes stant is about 1000 at concentrations 
a ee ay of Bi,O3*2TiO; greater than 15% by 
ie weight (group a); it reaches 5000 to 
SO bee 4 6000 at smaller concentrations of 
Al” Bi,O3-2TiO, (group b). 
Se E5rT10, (by ech The loss angle is inconsequential 
PRIS OTID G5 n EL” He 8) «SET for materials of group a and in- 


FIG. 1. Dependence of € (curve A) and tan 6 (curve B, 
scale 1; curve B’, scale 2), at room temperature and at frequency 
1.5 megacycles/sec, and also of sintering temperature (curve C), 
on SrTiO; content, in a batch of dielectrics of the system SrTiO, 


— Bi,O3-2TiO». 
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FIG. 2. Dependence of € (curves 1—5) and 
tan 6 (curves 1’ — 5’) on temperature for die- 
lectrics of the system SrTiO; — Bi,O3-3TiO,, at 
frequency 1000 cps. 1 and 1’, dielectric of com- 
position 0.9 SrTiO, + 0.1 Big /sTiO3; 2 and 2’, 
dielectric of composition 0.8 SrTiO; + 0.2 
Big /3Ti03; 3 and 3’, dielectric of composition 
0.7 SrTiO; + 0.3 Bi, /sTiO3; 4 and 4’, dielectric 
of composition 0.6 SrTiO; + 0.4 Big /3TiO3; 5 
and 5’, dielectric of composition 0.5 SrTiO3 
+ 0.5 Big /3TiO3. 
eee aie et Bees AS 


room temperature, remains practically unchanged up 


creases abruptly for materials of 
group b. The increase of € and tan 6 
in materials of group b is accompa- 
nied by a change of color from light 
cream (group a) to dark gray (group 
b). For structural classes 2 and 3, the 
the dielectric constant decreases 
markedly with decrease of SrTiO; content, and tan 6 
undergoes an increase. Similar dependence of € and 
tan 6 on concentration is observed in the other sys- 
tems (n = 3, n= 4). From Fig. 2 it is evident that the 
polarization of the solid solutions of the system SrTiO; 
— Bi,O3-3TiO, (as is also true of the other systems) is 
of relaxational type. With increase of the concentration 
of bismuth titanate, the temperatures at the maxima of 
€ and of tan 6 increase (curves 1, 2, and 3 of Fig. 2). 
For the first structural class (large concentrations of 
bismuth titanate, curves 4 and 5 of Fig. 2), € decreases 
with increase of the bismuth titanate content, but the 
temperature of maximum € remains practically un- 
changed. Fig. 3 illustrates the clearly expressed relax- 
ational nature of the polarization of these solid solu- 
tions. It is clear that with increase of frequency, the 
temperatures of maximum € and tan 6 for a given 
material increase systematically. At sufficiently high 
temperatures, the values of € for different frequencies 
agree. 

The polarization retains its relaxational character 
also for solid solutions with small bismuth titanate 
content (for example, group b forn= 2, Fig. 4). 
However, the temperatures of maximum € and tan 6 
change faster with increase of frequency than is the 
case at larger concentrations of bismuth titanate. 

The value of e for solid solutions of group a, at 
to frequency 5 X 10’ cps; it decreases at higher 


° . 8 
frequencies. The loss angle of dielectrics of this group rises sharply in the frequency range 108 to 10 
cps. Upon increase of the concentration of bismuth titanate in the solid solutions, the frequency corre- 


sponding to the 


(group b), the dispersion of € and the maximum of tan 6 are located 


sharp rise of tan 6 decreases. At bismuth titanate concentrations below 10 mol percent 


in a lower frequency range (Fig. 5). 
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FIG. 3. Dependence of € (curves 
1— 5) and tan 6 (curves 1’— 4’) of 
solid solution of composition 0.7 
SrTiOg + 0.3 Big /3TiO3 on tempera- 
ture for various frequencies. | and 
1’, frequency 4 X 102 Cpsse2nand 2% 
frequency 103 cps; 3 and 3’, fre- 
quency 5 x 103 cps; 4 and 4’, fre- 
quency 2.5 x 10° cps; 5, frequency 
~ 0.2 cps. At frequency ~ 0.2 cps 
and for temperatures above 0°C, 
there begins an increase of € with 
temperature, not shown in the fig- 
ure, due apparently to high-voltage 
polarization. 


- 1 T7180 160 140 120 100 BO BOW 20 0 20 W BT BD 100 TD THD T6D IBD QOD 20H 26D EC 
FIG, 4. Dependence of ¢« and tan 6 on temperature 
for a dielectric of batch composition SrTiO, 77% and 
Bi,03°2TiO, 23% by weight, at various frequencies. 1 and 
1’, e and tan 6 at frequency 10 cps; 2 and 2’, « andtan6 at 
frequency 90 kes; 3 and 3’, ec andtan6 at frequency 1.5 Mcs. 
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The experiments showed, as was expected, that the polariza- 
tion of dielectrics of group a of structural class 1 for all three 
systems (n = 2, 3, 4) has a clearly expressed relaxational char- 
acter. A slight diversity is manifest only in the absolute values 
of € and tan 6 in relation to the excess of Bi,O3 or TiO, in the 
systems n = 2 andn = 4. An important point is that the solid so- 
lutions of structural group a have a low conductivity, independ- 
ent of field strength, whereas solid solutions of group b (sam- 
ples of dark color) have a high conductivity that increases ra- 
pidly with increase of the field intensity (Fig. 6). 

For materials of structural class 2 (the region of mechanical 
mixtures), an increase of bismuth titanate concentration produces 
not only a decrease of the magnitude of €, but also a decrease of 
the frequency at which a decrease of € is observed (Fig. 7); this 
suggests the possibility that a relaxational process is present in 
this concentration range as well. Further evidence of this is the 
temperature dependence of € and tan 6 at various frequencies. 

For all the materials studied, no dielectric hysteresis loops 
were detected at temperatures above or below the maximum of €. 

The experimental results presented show that a high dielectric 
constant can be obtained in solid solutions by combining a favor- 
able crystal structure with a relaxational polarization resulting 
from vacant sites in the lattice. These vacant sites can be ob- 
tained by formation of a solid solution of the second kind, of sub- 
tractive type, which is produced by replacement of some of the 
cations of the lattice with cations of higher valence. It should be _ 
mentioned that relaxational polarization can occur also in lattices 
of fluorite type, through formation of subtraction solid solutions 
(ZrO,-MgO, ZrO,-CaO); in this case, however, it does not, of 
course, lead to a high value of the dielectric constant, since the 
fluorite structure does not favor this. 

Our work has shown that the general 
method of obtaining dielectrics with a high 
dielectric constant, without ferroelectric prop- 
erties, is applicable also to other compounds 
with the perovskite structure. Introduction of 
bismuth titanate into BaTiO; [BaTiO; — Bi,O, 
nTiO,] leads to a change in the nature of the 
polarization. With increase of the bismuth 
titanate concentration in this system to 15 
mol percent, the spontaneous polarization 
gives way to a relaxational. At concentrations 
of less than 15 mol percent of 1/2 ( Bi,O, 
-2TiO,), spontaneous polarization still occurs, 
but the Curie point moves to lower tempera- 
tures (curves 1 and 2 of Fig. 8). After the 
transition to relaxational polarization (bis- 
muth titanate concentration greater than 15 
mol percent), the peak in € is washed out, and 
the temperature corresponding to this peak 
increases with increasing concentration 
(curves 4 and 5 of Fig. 8), just as in the sys- 
tem SrTiO; — BiO3-nTiO,. The presence of 
relaxational polarization is confirmed by the 
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shift of the temperatures of maximum ¢ and tan 6 
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with change of frequency (Fig. 9), which is not ob- 


served in ferroelectrics; also by the absence of dielectric hysteresis at all temperatures, and by the fact 


that € is independent of the field intensity. 


4, DISCUSSION OF EXPERIMENTAL RESULTS 


It has been established experimentally that in the solid solutions SrTiO; — Bi,O3-nTiO, and BaTiO, 
— Bi,O3°2TiO,, at sufficient concentrations of bismuth titanate, a high dielectric constant is produced by 


FIG. 5. Dependence of ¢« (curves 1—4) and tan 
(curves 1’— 4’) on frequency (in cps) at room tem- 
perature, for dielectrics of the system SrTiO, 

— Bi,O3°2TiO, with small bismuth titanate content. 
SrTiO, content (by weight): 1 and 1’, 77%; 2 and 2’, 
79%; 3 and 3’, 85%; 4 and 4’, 93%. 
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FIG. 6. Dependence of the logarithm of the 
specific resistance (in ohm cm) on the field 
intensity at room temperature, for strontium- 
bismuth titanates of batch composition (by 
weight): 1, SrTiO, 55%, Bi,O3-2TiO, 45%; 2, 
SrTiO, 93%, Bi,O3-2TiO, 7%. 


a combination of favorable structure and of relax- 
ational polarization, which occurs when vacant sites 
are present. We may suppose that the relaxational 


surmount local potential barriers; for the bonds in 
the crystal lattices are predominantly of ionic na- 
ture. It is difficult to suppose that the large ions 
Ba?', Sr2*, Bi?t, or O27 are capable of displace- 
ments through such a large distance, since they 
are densely packed in the lattices. The possibility 
that appears most plausible is that the large dis- 
placements are those of Ti‘* ions, whose dimen- 
sions are small. Formation of vacant sites in the 
strontium or barium parts of the lattice will lead 
to a shift of the equilibrium positions of the oxy- 
gen ions, i.e., to distortion of the oxygen octa- 
hedra that surround the titanium ions, and conse- 
quently to the appearance of several local minima 
of the potential energy of a titanium ion. 

At small concentrations of bismuth titanate 
(less than 15 mol percent) and at high sintering 
temperatures, solid solutions of substitutional type are 
formed, with liberation of oxygen and formation of 
quasi-free electrons (formula 1). With this, clearly, 
there also occur the experimentally observed change 
of color (darkening) of the specimens, which is linked 
with absorption in the visible part of the spectrum, 
and an increase of the electronic electrical conduc- 
tivity. At the same time the dielectric constant and tan 
6 increase sharply, and the polarization, in the fre- 
quency and temperature range investigated, is of re- 
laxational nature. This may be connected either with a 
heterogeneous microstructure of the polycrystalline 
dielectrics (the presence of phases of different con- 
ductivities must lead to relaxation of Maxwellian type) 
or with formation of F-centers with large orbital radii 
(a quasi-free electron bound by electrostatic forces, 
for example to a bismuth ion, will also be at a com- 
paratively large distance from it). A unique answer to 
this question requires further investigations. In the 


6 


case of solid solutions with vacant sites (SBT-1), it is very probable — as has been shown — that the 

relaxational polarization is ionic in nature; and analysis of the data by means ofa simple model makes 

it possible to estimate a number of quantities characteristic of the ionic relaxation. 
As Landau remarked, it follows from simple phenomenological considerations that the relaxation time 


of the polarization is larger, 


same result. 


the higher the static dielectric constant €).* In fact, if we expand the mean 


~ *We shall show shortly that any molecular theory of relaxational polarization also gives, in general, this 


polarization originates from relatively large displace- 
ments of weakly bound ions, which by thermal motion 
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field intensity as a series in the frequency, 


4nl 
E&— 1 


[DRS + Ana! [+ 4np’ [+ wis (5%) 


(I is the polarization, or electric moment of unit vol- 
ume), and retain only three terms of this series, we 
get 
eS 14 (e,— lll eG, — Ne — ple ee 
e’ = 1+ (s)— 1) [1 —- B’(so— 1) 7] {11 —B’(eo— 1) @*P(6) 
+o%(o— Pa}, 
where (¢€)— 1) a’ = @ is the relaxation time of the 
polarization. 
In this case, «’ — 1 at high frequencies. However, 
a great quantity of experimental data for polar liquids 
and for crystals that contain dipolar groups? shows 
that the dielectric constant diminishes sharply as the 
frequency increases over a very limited interval, and 
remains practically independent of frequency outside 
that interval. At sufficiently low frequencies e’ is 
close to €9; at sufficiently high frequencies, e’ 
== Cen ks 
As has been shown, in the solid solutions SBT- 
1 a partial replacement of strontium ions by bis- 


a / 2 3 4 5 b 7 8 logf 


FIG. 7. Dependence of « (curves 1—3) and 
tan 6(curves 1’— 3’) of frequency (in cps) at 
room temperature, for strontium-bismuth tita- 
nates. 1 and 1’, batch composition (by weight) 
SrTiO, 26%, BigO,-2TiO, 74%;) 2 and 2’, SrTiO, 
35%, BigO3-2TiO, 65%; 3 and 3’, SrTiO; 55%, 
Bi,gO3°2TiO, 45%. 


Dia A ies 
-100 77] 0 0 = rt 
FIG. 8. Dependence of e€ and tan 6 on tempera- FIG. 9. Dependence of € and tan 6 on 

ture at frequency 1000 eps, for dielectrics of the temperature for a dielectric of batch com- 
system BaTiO; — BiTiO7/2: 1, 0.95 BaTiO3+ 0.05 position 0.8 BaTiO; + 0.2 BiTiO7/2; 1, 
BiTiO;/2; 2, 0.9 BaTiOg + 0.1 BiTiO7/2; 3, 0.85 f = 10° cps; 2, f = 5 X 10° eps. 
BaTiO, + 0,15 BiTiO7/2; 4, 0.7 BaTiO; + 0.3 
BiTiOz /2. muth ions not only increases the dielectric constant, 


but sharply changes the nature of its dependence on 

temperature and frequency. For sufficiently high 
frequencies, €o ~ 250; but e) >1000. It is clear that simple phenomenological considerations [formula 
(6)] are not sufficient for the interpretation of the relations that have been established. 

In this connection, “model” interpretations of the nature of the relaxational polarization in SBT-1 
acquire some additional basis; the more so, because it was considerations of precisely this type that led 
to the creation of these new dielectrics. The starting point here is the separation of the polarization 
into two parts: (a) a polarization (ionic, electronic) that becomes established rapidly, and ( b) a polari- 
zation that becomes established comparatively slowly and that depends comparatively strongly on tem- 
perature — the so-called relaxational polarization, which (like the first part) is proportional to the 
field; for the e’ of the dielectrics SBT-1 is independent of the field intensity even at strong fields. In 
contrast to the polarization of polar liquids and of crystals containing dipolar groups, the first part of 
the polarization is due not only to electronic displacements but also to ordinary elastic displacements of 
ions; and the relaxational polarization is due not to orientation of dipolar groups, but to passage of some 
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of the ions across local potential barriers. 


It must be stressed that such a separation of the complete polarization into a part that is established 
in a short time and a part that is established slowly, regardless of the mechanism of polarization, always 
leads to a formula of Debye type for the dependence ¢’ and €” (and consequently also of tan 5) on fre- 
quency and temperature. Since the effective field for dense phases is not equal to the macroscopic mean 
field, the relaxation time of the slowly established polarization is always approximately proportional to 
the static dielectric constant; this is in agreement with the simple phenomenological considerations 
presented above. Such an approach to the treatment of experimental data, in contrast to the phenomeno- 
logical, provides a possibility of giving the coefficients in the series (5’) a descriptive interpretation 
and of determining to what degree one or another mechanism of relaxational polarization agrees with 
experimental data. The “model” method of treating experimental data usually encounters difficulty with 
regard to the calculation of the deviation of the effective (local) field from the mean field. However, 
when the experimental data are well described by a formula of Debye type, as is true in the case under 
consideration, it is possible to circumvent this difficulty by introducing the so-called mean or general- 
ized internal-field coefficients B, and B,.!3 

It should be mentioned that formulas of Debye type coincide with formulas (6), obtained from the 
series (5’), if in the latter we keep only the first two terms instead of three, and if we set ¢€,, equal to 
unity. Then the polarization relaxation time is 6 = (ey —1) a’. As is well known, formulas of Debye type 
always give temperature-frquency maxima of tan 6, and also a temperature maximum of ¢’ at given 
frequency; as was pointed out above, these are observed in all the newdielectrics obtained and investigated 
in this research. It is noteworthy that the frequency shifts of the curves of temperature variation of ¢’ 
and tan 6 of the solid solutions SBT-1, as observed experimentally, correspond to a large diminution of 
polarization relaxation time @ with increase of temperature, since the curves move toward higher tem- 
peratures upon increase of frequency. However, this diminution of 6 can not be attributed solely to 
decrease of e€9. For example, upon increase of the temperature by 100°, the frequency corresponding to 
the temperature maxima and tan 6 and e’ increases by four orders of magnitude. Thus it follows from 
the experimental data that the coefficient aw’ in the series (5’) decreases rapidly (almost exponentially) 
with temperature. In a model theory this corresponds to an exponential decrease with temperature of the 
relaxation time T of weakly bound ions, which is proportional to 6; the coefficient of proportionality 
depends on €9 and e,,. If we use the generalized internal field coefficients, 


jt lb sca © 

Here U is the activation energy; 6; is the coefficient of proportionality between the electric moment of 
unit volume produced by relaxation polarization alone and its contribution to the mean local (internal) 
field; C is a quantity of the order of the reciprocal of the frequency of oscillation of the weakly bound 
ions about an equilibrium position and is only slightly dependent on temperature. By comparing the con- 
ditions for a temperature maximum of tan 6 and of ¢’ at frequency ”, or by considering the shift of the 
temperature maximum of tan 6 with change of frequency, it is possible to calculate the value of the ac- 
tivation energy of the weakly bound ions responsible for the relaxational polarization, by the following 
formulas. 

In the first case 


Pree Tas Emax om Ty ate 

Um tt, In| cars| zal (8) 
2 ” 2 

under the condition that (T,/T:) — 1 « (€’ax eer kay/2er" UT,, where T, and T, are the tempera 


tures of maximum ¢’ and of maximum tan 6; «j = € max tan 6; at temperature T,; and € 9 is the static 


dielectric constant at temperature T>. 
In the second case 


* ** ae ee i 1 
kT MONS or, 
—— = = In ¥ =e #*D € ? (9) 
T, —T, | o 7, D or, 


a Saari 3 Ves the symbols and * refer to frequencies w* and w**, 
foe) 
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Table III gives the original experimental data for one of the solid solutions of group a (SBT-1, 
Fig. 3) and the values of the activation energy of the weakly bound ions, as obtained from (8) with 


eoeo250: 
The values of €9; and €9) given in Table III were 


TABLE III obtained by extrapolation to temperatures T, and 
T. of the straight line that describes the dependence 
props} ae | & |-*'ttax Prrsh een lire a Lee of «’ on temperature for T > 273°K. The values of 
, OK oK max Eo1 Eo2 t, Vv 


activation energy calculated from (8) for different 
frequencies are close, but they increase slightly 


400 | 173) 128] 1340 | 1330 | 1450 | 0.033} 43.2 | 0.19 with increase of frequency. The values of U found | 
4000 |178|433] 1290 | 1340 | 1420 |0.030| 38.7 | 0,20 , J id ' | 
5000 | 483] 143] 1260 | 1300 | 1400 | 0.038] 47,8 | 0.23 with formula (9) from the experimental data o | 
2.5:10° | 200| 156 | 1120 | 1220 | 1380 |0.087) 44.4 | 0.26 Table III, for various pairs of frequencies, lie within 


the limits 0.34 to 0.55 ev and likewise increase of 
frequency. The appreciable scattering of the calculated values of U, their increase with frequency, and 
also the increase of tan 6,4 with increase of frequency (Fig. 3), may be attributed to the presence of 
two or more sets of potential barriers and relaxation times; these were not taken into account in the 
calculations. The mean value of U depends comparatively slightly on the composition of the solid so- 
lutions SBT-1. However, upon increase of the bismuth titanate concentration the relaxation time at given 
temperature and consequently the activation energy increase slightly (Fig. 2). From knowledge of U it 
is possible to estimate the internal-field coefficient B, from the approximate relation 

(“m= a ou 31 (En — 1) + Ae (10) 


< RT, ~~ Bi (En — 1) Fae 


It is found that for the solid solutions SBT-1, B; has a very small value (8; > 0 or By = — 10~*), The 
relaxation time of the weakly bound ions at temperature T,; can be estimated, for example, by means of 
the following approximate formula (for U >kTj): 


ot, = RT, (214, — &q) / 2U 81. (11) 


The calculations give: for T; = 173°K, T= 2.4.x 10-4sec; for T, = 200°K, 7, = 0.4 x 108 sec; the co- 
efficient of the exponential in the expression Tt = C exp(U/kT) is 107" to 107’ sec. At room temperature 
(T = 300°K), 7 is of order 10° sec; therefore in a frequency range near 108 cps, there should occur a di- 
minution of e’ anda frequency maximum of tan 6, in agreement with experimental data. The magnitude 
of the relaxation polarization is determined!** by the expression n’q’x?/12kT, where n’ is the number of 
weakly bound ions per cm® of the dielectric, q is the ionic charge and x is the distance between neighbor: 
ing local minima of potential energy of a weakly bound ion. It is easy to see that the following relation holds: 


n’ grx2 4n (&) — £,,) 
12kT Tt [4m + By (€91 — 1)] [4 + Bo (e,,— 1)’ (12) 


where f, is the coefficient of proportionality between the ordinary elastic polarization (due to ionic and 
electronic displacement) and its contribution to the mean local field. The coefficient By can be estimated 
by means of the well-known structural internal-field coefficients for a perovskite-type lattice,>»4 if one 
assumes that the presence of lattice defects does not appreciably change the internal field produced by 
ordinary elastic polarization. Such a calculation, with consideration only of the polarization due to elec- 
tronic displacement, gives B, ~ 0.9(47/3). An estimate of By can be made by another method, as was 
done in Ref. 1; according to such an estimate, 8, & 5. Finally, B, can also be found by drawing on addi- 
tional experimental data. However, the precision of the last estimate is still poorer than that of the first 
two. On setting 6, = 0 and B, = 0.9(41/3), we get (for Ty = 173°, eg, = 1330, €,, = 250) n’q?x*/12kT * 1, 
If we furthermore assume that the number of weakly bound ions is close to the number of bismuth ions in 
the lattice of the solid solution SBT-1, then for 20 mol percent concentration of bismuth titanate, n’ ~ 9 
x 107° em™3, There is reason to suppose that the weakly bound ions are the titanium ions in the distorted 
oxygen octahedra (cf, above); then q= 4 x 4.8 x 107! cgs units. Hence for T = 173° we find that the 
relaxational displacement of the titanium ions is x ~ 0.3 x 1078 em. Passage of the titanium ions over 
such a comparatively short distance within the oxygen octahedron corresponds, as was to be expected, 
to a small value of the activation energy, ~ 0.3 ev. 
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Within the framework of this hypothesis of a transition of weakly bound ions across a potential barrier, 
it is easy to explain why linearity of the polarization persists even at high fields. The linearity can fail if 
the intensity of the field acting on the weakly bound ion is of order Eor * 2kT/gx, since then the work by 
the field in a displacement x is comparable with the energy of thermal motion. For q = 4 x 4.8 x 10729, 
x= 0.3 x 1078 cm, and T = 300°K, Eor = 2 X 10° volt/em. Upon going over from local to mean field, on 
the assumption that B, ~ 0 and Bo © 41/3, we get Dav cr nS ler! (ear aoa 104 v/em, whereas the 
mean breakdown intensity is about 2 x 10° v/cm, i.e., a departure from linearity must take place only at 
fields close to the breakdown field. Thus the hypothesis of a transition of weakly bound ions across potential 
barriers in the disturbed perovskite lattice is in more or less satisfactory agreement with experimental 
data. Other models fit the experiment less satisfactorily. For example, an anharmonic oscillator model 
must lead to nonlinear polarization even in weak fields. The hypothesis of resonance of the field oscil- 
lations with the optical lattice oscillations, which according to formula (6) should occur at lowered 
frequencies w & w /e,'/2 (dispersion in barium titanate*), does not agree with experiment in the present 
case, in view of the change of the frequency of maximum tan 6 upon comparatively slight change of tem- 
perature. Further studies of the polarization of SBT-1 should lead to the determination of the distribution 
function of the relaxation times, and aiso to a clarification of the temperature dependence of the static 
dielectric constant ¢€) in the low-temperature range; and, in particular, to a clarification of the occur- 
rence of “orientational melting,” which occurs in crystals containing dipolar groups. 

The very high dielectric constant of the SBT-2 dielectrics, as has already been pointed out, is also 
due to relaxational polarization, which however, is of different character. The curves of temperature 
dependence of «’ and tan 6 have a more complicated character (Fig. 4) than do those for the SBT-1 
dielectrics. However, an estimation of the activation energy from the frequency shift of the temperature 
maximum of tan 6 (Fig. 4) likewise gives a small value, 0.2 to 0.4 ev. The nature of the polarization of 
these dielectrics is subject to further study. 
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Scintillation counters were used to study the angular distribution of 7~-mesons scattered elas- 
tically from hydrogen. The energy of the incident m™-mesons was 307+ 9 Mev. The angular 
distribution obtained is closely represented by do/dw = (0.56 + 0.42 cos 9+ 1.1 cos”) oT ane 
cm? sterad@! in the center of mass system. A phase-shift analysis was carried out, using only 
S and P waves. Comparison of the data with the dispersion relations leads to the conclusion 
that the coupling constant f? for the meson-nucleon interaction is about 0.08. 


Ti recently, the angular distribution of m~-mesons scattered elastically from hydrogen has been stud- 
ied in detail only at energies below 220 Mev. The data on this interaction at ~ 300 Mev obtained with 
m--mesons from the synchrocyclotron of the Joint Institute for Nuclear Research!,? have low statistical 
accuracy. In the present work, the angular distribution of ™~-mesons from the process mt +p—m7~ +p 
was measured using scintillation counters. 

Mesons were obtained from a beryllium target inside the synchrocyclotron of the Joint Institute for Nu- 
clear Research. Upon passing through a collimator in the magnet yoke, they were bent by a focusing mag- 
net and fell on a hydrogen target. The energy of the 7~-mesons was 307 + 9 Mev, and the beam intensity 
about 100 mesons/cm? sec. 

The geometry of the experiment is shown in the figure. The beam incident on the hydrogen target was 
detected by counters 1 and 2, 6 X 6 cm in size and connected in coincidence. The scattered mesons were 
counted at two angles simultaneously by the two telescopes, each of which consisted of two liquid scintilla- 
tion counters (3, 4 and 5, 6) 12.6 x 11.5 cm in size. The pulses from the photomultipliers were first 
shaped and then transmitted on high-frequency cables to a multi-channel coincidence circuit with a re- 


solving time of ~ 1.2 x 107° sec. This circuit 
SS Liquid hydrogen . 
Emcee [pa 
7 vy \ Xe 
Deflecting Ka vs 95 


~ 0.5 volts. The number of double coincidences 
D from detectors 1 and 2 were registered on a 
scaler with resolving time ~ 107’ sec. Four- 
fold coincidence Q from the counters 1, 2, 3, 4 
and 1, 2, 5, 6, were passed through a gate oper- 
ated by counter 7, which was in anti-coincidence 


used germanium detectors and had a sensitivity 
magnet b 


Geometry of the experiment. 1, 2 —scintillation 
counters, 6 X 6; 3, 4, 5, 6 — scintillation counters, 
12.6 X 11.5; 7—anti-coincidence counters, 12.6 X11.5 
cm, 


with counters 1 and 2, and then registered me- 

chanically. The anti-coincidence counter 7 was 

necessary to reduce the background of acciden- 
tal coincidences. The anti-coincidence circuit 

used germanium detectors and had a resolving 

time of ~ 2.2 x 10-8 sec. 


The target was liquid hydrogen in a polystyrene foam bottle. There was about 0.735 g/cm? of hydrogen 
in the path of the beam, while the amount of material in the target was 0.35 g/cm*?, Measurements were 
made at angles of 30, 45, 60, 80, 100, 125, and 152 degrees in the laboratory frame of reference. During 
the measurements at 30, 45, and 60 degrees, counters 4 and 6 were shielded by 28.4, 20.2, and 9.4 g/cm? 
respectively of aluminum to absorb recoil protons, At the other angles, counters 4 and 6 were shielded 


by 5.4 g/cm? of aluminum to absorb protons from stars. 


The differential cross section was computed from the formula 


(=) ie 
dw /\ab 
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( Q/D) with Hee (Q/D) without H 
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where N = 0.443 x 1024 


is the number of hydrogen atoms per cm?, and w is the solid angle defined by 
_the telescopes. 


k is a correction factor which takes account of the decrease in the telescope efficiency 
due to the aluminum filters, the increase in counting rate due to the conversion in counters 3 and 5 of 
y-rays from 1 -decay, #-meson contamination of the beam, meson absorption in the target walls and in 
counters 3 and 5, counting losses at high counting rates, and a number of other small corrections. 
Measurements to be reported on spearately showed that at m-meson energies of 307 Mev, meson pro- 
duction by mesons is appreciable. At an angle of 80° in the 


TABLE I. Angular distribution of laboratory frame, the number of mesons produced in the hy- 
m™~-mesons elastically scattered from drogen is about 7% of the number of elastically scattered 
hydrogen, E- = 307+ 9 Mev. m -mesons. In correcting for this effect at other angles, the 
following assumptions were made: in the center-of-mass sys- 
Angle, ney Angle, ee tem, all the kinetic energy is carried away by the 7-mesons, 
eee bain 18 i BGs : ny is. ai the mesons have a triagnular energy spectrum, and their an- 
gular distribution is isotropic. 
Table I shows the values obtained for the differential 
Seed 1 O5£0/43 ee recur g cross section in the center-of-mass system after all correc- 
eae; paeeeree 160°16" 1,420.12 tions have been made. The errors shown are standard devi- 


ations, except for that at 41°. The results of repeated meas- 
urements at 41° differed among each other by more than the 
statistical error. The error quoted for this angle is the mean square error of a single measurement. 

A least squares fit of the data to the expression 


(ds / d)o.m.s.= a+ bcos$ + ccos? 9 (1) 
leads to the following values for the coefficients (in 1077 cm? sterad7! ): 


a = 0.56+0.05; 6 = 0.42++-0.411; c = 1.1-.0.16. (2) 


Upon integrating the expression (1), the integral cross section for the process ™™ +p —a7~ +p, 
_» is found to be (11.3 + 0.9). 10-27 cm?, In Refs. 1 and 2 this cross section was found to be 


0 
TT 
(11 + 2) x 10727 om? and (11+ 4) x 107%” cm? respectively. 
A preliminary phase-shift analysis has been carried out on the basis of the following simplifying as- 
sumptions: (1) only S and P waves need be considered and (2) the relation between the phase shifts 
and the angular distribution of elastically scattered m”-mesons at ~ 300 Mev is 
TABLE 1. the same as it would be if there were no inelastic processes. The phase shifts 
Phase Shifts describing the interaction in S, Py/2, and P3/, states with isotopic spin ¥, 
are denoted by a3, 31, and a33. These phase shifts were taken from Ref. 3. 
af They are a3 = —23.2°, a3, =—8.4°, and a33 = 133.2°. The phase shifts de- 
scribing the interaction in S, P, 2 and P3 /2 states with isotopic spin es are 


4 ~ a ae ie denoted by ay, 4, and a 43. Four sets of phase shifts were found, each mini- 
P57 0N5° 19.5% 1 4.3 ee on 
44.8° | 35.5°| 7° | 41.3 mizing the expressi 


M = X(Ai/«,)* 


where Aj; is the difference between the experimentally observed differential cross section at a given 
angle and the value computed from the phase shifts, while ¢; is the experimental error in the measured 
differential cross section. The phase shifts and the corresponding value of M are shown in Table I. 

It should be noted that although these sets of phase shifts all describe the angular distribution of elas- 
tically scattered ™~-mesons equally well (M ~ 1.5, with an expected value of 4), none oF them describe 
the angular distribution of 7°-mesons adequately. (The latter has been obtained in preliminary experi- 
ments.) The reason for this may appear after some supplementary measurements on exchange of scat- 
tering have been carried out, and a more detailed phase shift analysis, taking D waves Bese account, has 
been made. From a theoretical point of view, it is also not clear whether we are justified in neglecting 


the inelastic processes or not. 


Measurements on the elastic scattering of ™”-mesons can be used to obtain information on the cou- 
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pling constant f between mesons and nucleons. It is well known! that dispersion relations give the energy 
dependence of the real part D_(0) of the 1~-meson scattering amplitude at 0°. The curve depends on 
the value of f*. Puppi and Stanghellini® pointed out that the experimental data for ~-mesons with ener- 
gies less than 180 Mev leads to f? ~ 0.04, while the data for ~-meson energies ~ 220 Mev lead to f? 

~ 0.08. The experiments on the interaction of a*-mesons with protons at energies up to 400 Mev lead to 
f? ~ 0,08 — 0.1. The relation between D_(0) and the coefficients in (1) is 


|D_(0)| = V(@+ 6+ 6) — (Rar/ 45), 


where o;+ is the total cross section for the interaction of m~-mesons with hydrogen,* and k is the wave 
number of the 7~-meson. 

The value obtained in this way for D_(0) is D_(0)= (—0.24+ 0.05) x 10713 cm at 307 Mev and is in 
satisfactory agreement with the curve corresponding to f* = 0.08.5*§ This confirms the contradiction 
found by Puppi and Stanghellini. As these authors assume, the discrepancy with the results using 
m™™-mesons with energies less than 180 Mev can be explained by electromagnetic effects and the 
mass difference. 

It is a pleasure to thank B. M. Pontecorvo for his constant interest and help, L. I. Lapidus for discus- 
sion of the results, and Messrs. Puppi and Stanghellini for kindly forwarding their results prior to publi- 
cation. 
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The yield of the californium isotopes Cf**4, cf245 and cf244 produced in the reaction between 
90 Mev carbon ions and a thick uranium target was investigated. The absolute californium 
yield per incident particle is 1.5 x 10° C248 nuclei, 3.0 x 10 cf“ nuclei and 9 x 10711 ©4244 
nuclei. Comparison of the obtained results with the cross-section for fission of uranium by 


carbon ions indicates that fission is 3.8 x 10° times more probable in this case than neutron 
evaporation from the compound Cf”” nucleus. 


In the production of transuranic elements by the reaction of multiply charged ions with active elements 
there is natural interest in data on the yield of nuclei resulting from the complete absorption of the in- 
coming particle by the target nucleus followed by emission of several neutrons. The first experiments on 
such reactions were carried by Ghiorso et al.' in work on the production of californium in irradiations of 
uranium with carbon ions. More detailed investigations of the reactions of carbon ions with uranium were 
carried out by Fremlin et al.” In both cases carbon ions having a large spread in energy were used. It 
appeared interesting to investigate such reactions using projectiles having a more narrowly defined 
spectrum of energies. 

In the present work there were determined the yields of isotopes of californium produced in the bom- 
bardment of uranium by monoergic carbon ions. The cyclotron accelerated quadruply charged carbon 
ions, which started at a slit-type source, and had an energy of 90 Mev at a radius of 67 cm. The maximum 
ion current at this radius was ~ lua. The target consisted of metallic uranium sheets having dimen- 
sions of 15 X 7 mm? and a thickness of 30; they were clamped on a water cooled probe. To avoid pos- 
sible destruction of the target, carbon-ion currents of ~ 0.lua were used. The beam current measure- 
ment was made by recording the ions passing through the target and impinging on a collector, using a 
conventional electrometric setup. 

In calculating the impinging beam current, account was taken of 
the fact that quadruply charged carbon ions change their effective 
charge to approximately six elementary charges in passing through 
a 30p thick target foil. The irradiation time in different experiments 

(e was between 0.5 and 2.5 hours. 
The bombarded foil was dissolved in concentrated nitric acid and 

\ the actinide fraction was separated from the uranium matrix by 
\ precipitation with lanthanum fluoride. The separation of the actinides 
\ was carried out on a cation column containing Dowex-50 X-12 at a 
\ temperature of 87°C. The complexing solution used consisted of a 
0.4 M solution of a-hydroxyisobutyric acid at a pH = 4.1. The 

chromatographic elution curve of the actinides is presented in 
00 2 WW 0 89 70 8 No, of drops Fig. 1. This figure also shows the positions of the maxima of Am 


counts 
min. 


200 


150 


100 


50 


FIG. 1. Elution curves from and Cm obtained under identical conditions. 
the chromatographis separation. The measurement of the energies of the a pparides and the 
Solid dots (dashed curve) —cf248, half-lives of the a-active isotopes were carried out using an ioniza- 
open points (solid curve) SOE, tion chamber with a spherical electrode and a 20 channel pulse 
analyzer. 


In the californium fraction there were identified, by means of the energies of the a-particles and the 
half-lives, the following isotopes of californium: C246 and cf*45 3.4 Figure 2 shows the a-particle spec- 
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245 
trum of the californium fraction at different times. The decay curves of the cf*46 and Cf** are presented 


in Figs. 3 and 4. 
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FIG, 2. Spectrum of a-par- 
ticles in the californium frac- 
tion at various times. (Solid 
curve) — 1 hr. 33 min. after 
the end of bombardment; 
(dashed curve) —3 hrs, 23 
min. after the end of bombard- 
ment; (dot-dashed curve) — 24 
hrs. 49 min. after the end of 
bombardment. 
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The 25-min Cf*44 was not determined in these experiments. One. 
bombardment, in which the a activity of the irradiated metallic 
uranium was measured directly 5 min after the end of the irradia- 
tion, failed likewise to give positive results. An evaluation of the 
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FIG, 4. Decay curve of Cf“, T, a 44 min. 
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FIG. 3. Decay curve of Cf, Ty 2 = 35 hrs. 


yield of cf2“4 from the content in the curium fraction. 
of its daughter Cm?" formed before the separation 

of the actinides was not unique since the isotope 
Cm?*° can be produced directly by the reaction 

U(C, a@6n). 

The results obtained give the yield of a active | 
nuclei of the various isotopes of californium formed © 
in the bombardment of a thick uranium target by 
90 Mev carbon ions according to reactions of the 
type U(C, xn) Cf. The relative yields of these a- 
active nuclei are presented below. The yield of the 
a-active isotope Cf*“ is taken as unity. An upper 
limit is given for the yield of the isotope Cf44, 


Isotope | cp246 | cf245 cf244 


Production reaction 
Yield of O-active 
nuclei 


(C, 4n) 
1.65-+0.15 


The absolute yields of these californium isotopes 
per incident particle are, 1.5 xX 10~ for Cf, ~ 3.0 
x 10 for cf and <9 x 107!! for cf44, The total 
yield of these isotopes is equal to ~ 4.5 x 107° 
nuclei per incident carbon particle. In the calcula- 
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tions of the absolute yield of the californium isotopes account was taken of the fact that the fraction of the 
nuclei decaying by a emission is 100% for Cf" and cf44 (3) (5) and ~ 30% for Cf. (5) The yield of 
californium through all chemical operations and chromatographic separations was taken as 50% on the 
basis of data on the yields of Am and Cm in identical experiments. The number of californium atoms 
separated in each experiment was ~ 3 X 10° of C£246 and ~ 1 x 10° of C1245, 

Since the yield of californium isotopes is determined by the probability of formation of the compound 
nucleus Cf" and subsequent competition between neutron emission and fission, it appeared interesting to 
compare the probabilities of these two last processes. In order to evaluate the probability of fission of 
californium nuclei there were utilized unpublished data on the dependence of the fission cross-section of 


uranium, of, by carbon ions as a function of the energy of the particles. These data were obtained by 
V. A. Druinyi, S. M. Polikanov, and G. N. Flerov: 


Eq, (Mev) 90 80 75 
Geicem?) WIT 86x 10>" © 2K 11 ed Oa 


From these numbers and use of the range energy relation for carbon ions in uranium it was established 
that every carbon particle of 90 Mev produces 1.7 X 107 fissions in passing through a thick target of 
uranium. Comparison of this figure with the yield of califorium nuclei leads to the conclusion that the 
fission processes in 3.8 X 10° times more probable than the process of neutron evaporation from the 
compound nucleus in the bombardment of a thick uranium target by 90 Mev carbon ions. This value for 
the ratio of probabilities of fission to those of californium isotope production is significantly different 
from the value (~ 105) obtained in published work.® 
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The dependence of range on energy has been measured for nitrogen and oxygen ions in Ilford 
E-1 emulsions for the energy interval 3 — 120 Mev. The results are compared with theoretical 
predictions. The energy at which the nitrogen and oxygen ions lose all their electrons travers- 
ing the matter has been estimated. 


Tue experimental determination of the range-energy dependence for N and O ions is of interest be- 
cause theoretical estimates meet with considerable difficulties. The phenomena of electron loss and 
capture in traversing the matter manifest themselves for these ions in a wide range of energies. The 
Bethe-Bloch formula, which does not account for charge variation, cannot therefore be applied in this case. 

Several authors calculated the range-energy relation in photographic emulsions for ions with 
3 =Z =10.'°3 These calculations, involved semi-empirical constants connecting the probability of elec- 
tron loss and capture with the ion velocity. A few experimental points were obtained for C ions by 
Miller* and for N ions by Chaminade et al. Reynolds et al. measured the range of N ions in the emul- 
sion® and in nickel’ in the energy interval 5—30 Mev. 

We carried out an investigation of the range-energy dependence for the N and O ions in emulsion 
in the energy range 3 — 120 Mev, using for this purpose a beam of ions accelerated by a 150 cm cyclotron. 
The N and O ions were accelerated to large energies by the multiple frequency method in which the 
ions are initially accelerated while doubly charged and then are stripped on the atoms of the residual 
gas and as sextuply ionized are accelerated to high energies. Since the process of electron loss takes 
place in the whole volume of the cyclotron chamber, tons with different energies, up to a maximum of 130 
Mev are present at the final orbit. No special measures for beam ejection were used but a part of the 
ions scattered by the dee walls found its way into the ejection system. 

The beam passed through a magnetic analyzer in order to obtain monochromatic lines. An aluminum 
foil 6 yp thick in which high energy ions lost their electrons completely and low-energy ions attained the 
equilibrium charge was placed before the analyzer. The foil had also as its purpose to prevent doubly- 
charged ions from reaching the photographic plate. The plates were placed in a vacuum chamber, at the 
focal point of the analyzer. The magnetic field of the analyzer was calibrated by means of protons and 
molecular hydrogen. The proton energy was measured by N. D. Fedorov. Accurate test experiments 
demonstrated that in the region in which the measurements were carried out the magnetic field depends 
linearly on the current in the magnet coil. The ion energy, corresponding to a certain value of the current 
L could, therefore, be found from the relation 


Milf Zi; 2/1; 
E;= ae lz) fa Ex, 

where Z;, Mj are the charge and the mass of the ion, Z}j and My are the charge and mass of molecular 
hydrogen, Ij is the coil current for which molecular hydrogen of a known energy passes through the 
analyzer. 

Varying the magnetic field of the analyzer it was possible to obtain on the photographic plate N and 
O ions of different energies up to 130 Mev. Besides the group of ions corresponding to the maximum 
charge (nuclear charge) groups, corresponding to smaller values of the charge were always observed on 
the plates, The energies of these groups go as the square of the charge. This made it possible to deter- 
mine with great accuracy the relative curves of the range-energy dependence for the N and O ions. 
Unfortunately, it was impossible to determine the equilibrium charge of ions for various energies in the 
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course of the experiment since the ion energy spectrum before the stripping foil was unknown. 

The foil was removed for the determination of range-energy dependence at low energies. As it had 
been shown in course of the experiment essentially singly and doubly charged ions arrived in that case at 
the plate, with the energy between 3 and 15 Mev. The ion beam was incident at a fixed angle of 30° to the 
emulsion surface. This made it possible to determine the actual track length measuring the horizontal 
projection only and excluded errors connected with the variation of the emulsion shrinkage coefficient. 

The ion ranges were measured by means of a microscope of 2000 magnification with an accuracy of 
0.3 ». 200 — 300 tracks were measured for each energy value. The distribution of particle ranges, ob- 
tained for each value of energy, was represented in the form of a Gaussian curve from which the mean 
range and the half-width of the line were computed. The half-width at ion energies of ~ 100 Mev amounted 
to 3 Mev. 

Ilford E-1 plates were used in the experiments. In 
experiments with low-energy ions, when tracks were a 
few micron long, NIKFI-Ia plates were used which, 
unlike the Ilford plates, are not coated with a protective 
gelatine layer. According to our measurements, carried 
out by means Po, ThC and ThC’ a-particles and N and 
O ions of various energies, the stopping power of the 
NIKFI-Ia emulsion is 10% less than that of Ilford E-1. 

The obtained range-energy relations for N and O ions 
in the Ilford E-1 emulsion are shown in the figure. Data 
on the range of N and O ions with energy < 15 Mev ob- 
tained with the NIKFI-Ia emulsion are normalized to the 
ranges in the Ilford E-1 emulsion accounting for the 
difference in their stopping power. The accuracy of the 
determination of each point amounts to 5% for ions of 
more than 30 Mev and 10% for the ions of less than 15 


y) ae TH i Mev. The accuracy of the relative curve shape is, as it 
was mentioned above, considerably greater. It is limited 
Range-energy dependence for N and O only by range straggling and amounts to 2%. 
ions in Ilford E-1 emulsion. Solid curves and The results obtained by us for the N ions in the 
black circles represent the data of the pre- range below 25 Mev are in a good agreement with the 
sent work; + — data of Chaminade et al.; data of Reynolds and Zucker® and Chaminade et al.;? 
dashes — curves calculated by Papineau; these are not shown in the figure for sake of clarity. 
dots — curves calculated by Longchamp. For high energies the ranges obtained in Ref. 7 are 


slightly larger than the results of the present work. 
Theoretical curves for N and O ions calculated by Longchamp! and Papineaw are also shown in the 
figure. For low energies the results of Papineau are in good agreement with the experimental data while 
for higher energies the curves calculated by Longchamp represent a better approximation. In the calcula- 
tions of Papineau it was assumed that nitrogen ions lose all their electrons at ~ 230 Mev and the oxygen 
ions at ~ 320 Mev; Longchamp assumed that both N and O ions are completely stripped at 22 —25 Mev 
already. According to our estimates, nitrogen ions reach their maximum charge at 70 — 90 Mev, oxygen 
ions at 100 —120 Mev. 
We are obliged to Academician I. V. Kurchatov for his advice given in the discussion of the present 

work. We are indebted to A. M. Bidnaia, K. I. Merkulova and L. E. Soboleva for the measurements of ion 


ranges in the photographic plates. 
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The fission of uranium and protactinium at initial excitation energies of up to 100 Mev is con- 
sidered. The analysis is based on comparison of the yields of the uranium isotopes Us 
and protactinium isotopes Pa?! — pa?2? (equal values of the parameter 7? / A) produced in the 
disintegration of uranium U238 by 340 Mev protons. The results of the analysis point to the 
emission nature of uranium and protactinium fission in the indicated range of initial excita- 
tion energy. 


INTRODUCTION 


vin series of studies carried out in our laboratory! ‘4 have investigated the mechanism of the fission of 
heavy nuclei at high initial energies of excitation. The subjects of these investigations have been three 
fissionable heavy nuclei of distinctly different compostion (99U, g3Bi, 74W). 

Analysis of the fission events in tungsten! showed that the cross-sections for pure emission fission 
for nuclei with charge Z <= 71—72 become sufficiently small that fission from a level somewhat higher 
than the level of emission fission begins to compete successfully. In the work studying the fission of Bi 
(Ref. 2) with 660-Mev protons an evaluation was carried out of the threshhold for emission fission fora _ 
series of elements (from Z = 72 to Z = 82). The values obtained for the threshholds for emission fission 
agree well with the corresponding values calculated by Gol danskii.® Finally, an analysis of fission events in 
uranium (E,, = 660 Mev) showed that the fission process at high initial energies of excitation can be 
divided into two stages. In the first stage the very highly excited uranium nucleus cools off by the evapora- 
tion of many particles (primarily neutrons). Fission occurs as the final act of the cooling process and 
takes place after the original nucleus has lost practically all of its initial excitation. 

Thus heavy nuclei (U, Bi, W), having high excitation energies Up, emit nucleons in the first stage of 
cooling down. Because of the Coulomb barrier, the most probable process is the evaporation of neutrons. 
Owing to the evaporation of neutrons, the critical value of the barrier for fission Us gradually decreases 
while the binding energy €y of a neutron in the residual nucleus increases. As a result of this process 
there comes a time when the critical value for fission becomes equal to the binding energy of a neutron 
in the residual nucleus (Ug = €,). 

According to the estimates made by Gol’danskii,® in order to get a condition Uf = €y, tungsten must 
emit 16 neutrons, bismuth must emit 6, while for uranium, in general, no preliminary evaporation of 
neutrons is necessary. The initial energies of excitation necessary for the evaporation of the required 
number of neutrons with subsequent fission of the elements in question are as follows: 


U, (W) = 210 Mev; U, (Bi) = 61 Mev; U,(U) = 5.2 Mev. 


Since a cross-section for emissive fission can be regarded as the cross-section for the emission be- 
fore fission of the required number of neutrons (N = Nig = Ao—Agig), the number of which is determined 
by the relation Ug = ey, and the relative probability for the emission of neutron to that for the emission of 
a proton decreases rapidly both with the increase in initial energy excitation and with decreasing charge 
of the fissioning nucleus, it is obvious that the cross-section for emissive fission should decrease strongly 
with decreasing charge of the fissioning nucleus. Nuclei lighter than tungsten must lose more than 16 neu- 
trons to achieve the conditions for emissive fission (in the case that a charged particle is not emitted), 
and such a process is extremely unlikely at an initial energy of excitation U) >210 Mev. Because of these 
reasons the cross-section for emissive fission becomes so small that fission from a level somewhat 
higher than the level for emissive fission begins to compete.! For nuclei in the region of bismuth the 
conditions for emissive fission Ug = en are reached very easily, since at an initial excitation energy 


268 


URANIUM AND PROTACTINIUM AT HIGH EXCITATION ENERGIES 269 


Up ~ 60 Mev the most probable process is the emission of neutron 
of fissions are emissive.” 


The most interesting situation in our opinion lies in the fission of highly excited nuclei (Up >>Us) with 
charge Z > 88, For this group of heavy nuclei, in agreement with the considerations of Gol’danskii, it is 
not necessary to emit neutrons in order to reach the condition Ug = €y. For this reason the usual picture 
of emissive fission for these nuclei loses its meaning. 

At an initial energy of excitation Uy > Ug there are possible three different variations of fission: 

(A) fission from the top level of excitation E (E = Up), (B) fission from an intermediate stay of excita- 
tion (Us <E < Up), (C) fission from a low state of excitation (Ug <E® ey). 

Fission from the low state of excitation will be designated “deep” emissive fission to emphasize that 
fission is the final act of cooling and occurs after the initial nucleus has gotten rid of almost all the ini- 
tial energy of excitation by the preliminary evaporation of particles. Analysis of the results of the above 

“mentioned work® led us to the conclusion that the fission of uranium, when it is initially very highly ex- 
cited, proceeds according to this “deep” emissive fission mechanism. Additional confirmation of our 
conclusions about this “deep” emissive fission can be obtained, it seems to us, by analysis of the exper- 
imental data of Lindner and Osborne.® We now proceed to examine this work. 


s only. Thus the overwhelming majority 


ANALYSIS OF THE RESULTS OF LINDNER AND OSBORNE ON THE YIELDS OF SPALLATION 
PRODUCTS IN THE 340 MEV PROTON BOMBARDMENT OF URANIUM 


The authors of this work,°® studying the spallation products from the bombardment of uranium with 
340 Mev protons, were able to determine the yields (among others) of isotopes of uranium and protac- 
tinium to mass A = 237. The cross-sections for the formation of the different isotopes of uranium and 
protactinium are given in Table I. 

Since the masses of the lightest isotopes (U??8, Pa?2") differ from the original nucleus U?%8 only by 
10 mass numbers it is reasonable to assume that the original energy of excitation Uy for those nuclei 
which, as a result of the cascade-evaporation process, lead to the formation of the given isotopes, does 
not exceed 80 — 100 Mev. The evaporation of a proton at such initial energies of excitation can be neg- 
lected. It follows, therefore, that those cases in which isotopes of protactinium are formed as a result of 
subsequent evaporation involve a first-stage cascade process in which two protons are ejected; in nuclei 
which gave rise to isotopes of uranium, the cascade process caused one proton to be knocked out. 

An additional argument in favor of this picture is obtained from a comparison of the yields of two 
isobars (uranium and protactinium). Since the yields of the protactinium isobars (A < 236) are greater 

than the yields of the corresponding uranium isobars 


TABLE I (Table I) it is very unlikely that one of the two protons 
(SEE SOTTO arose from an evaporation process (at an initial excitation 
Croee Section 1OF lor the Forma- energy Uy ® 80 —100 Mev the evaporation of only neutrons 
A the Formation of {tion of Protrac- |o(Pa)/o(U) : ; 
Uranium Isotopes, | tinium Isotopes, is a more probable process than the evaporation of one 
ee mulibarns proton and the rest neutrons). Thus, if the original fast 
237 50 35 0.7 proton collides with a neutron and then (after several col- 
236 30 25 0.84 lisions) both leave the nucleus, the result is an excited 
mo a ara 7 ae U237 nucleus, which, by subsequent cooling, gives some 
Zee g ue : 9 isotope of uranium (depending on the original energy of 
31 4 =; = : 6.4 excitation). If, however, the original proton collides witha 
me nice 00s 2 ae oe proton and both (likewise after several collisions) leave 
228 0.038-+-0.002 RSE,” 45 the nucleus, then the result is an excited Pa**" nucleus 
fas Me Daih Ee 08 which, by subsequent evaporation, gives various isotopes 
(RS 522191 aba, [fo—132 ‘nbn. of protactinium. The relative probability of these two 


processes can be determined from the following equation: 


Ne ee Ane Z, (22a) (1) 
N (Pa2”) 2 \°pp!ins. nucle 


7 
In order to evaluate the ratio (Opn/%pp) ins. nucl. We start fr ome wae hoya aes s et eine 
according to whose calculations the correction to the cross-section for isotropic scattering is given 


by the relation 
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pee 7 Ex ‘| 
°ins.nucl.~ 7 free ( as ee | — fee (1 res, =z} : (2) | 
Here Ey is the nucleon energy corresponding of the Fermi momentum, Kj is the energy of the incoming | 
nucleus inside the nucleus (E; =E) +v), where v is the depth of the potential hole. The values of the 1 
Fermi energies Ep for a neutron and proton Fermi gas in a uranium nucleus are equal to Ep =27 Mev 
(neutron gas) and Ep =21 Mev (proton gas). : 
The change in the cross-section Opp on going from free to bound particles can be determined directly 
from Eq. (2). Since the cross-section Opp =nn we used for the calculations the cross-section Opyy for 
neutrons having an average effective energy En, =380 Mev,?® 


Tae | 


pe A AVE 4 cm’; (pp)ins. nucl. = (nn)iree| ee E,) = (18.420, 7) 1024 cries (3) 


/ 


To evaluate the cross-section (Opn) ins. nuc].We Proceed from the following consideration: (A) the 
differential n-p scattering cross-section at Ey, =380 Mev is practically independent of the angle® over 
over a large angular interval (50 — 130°); (B) there is a significant increase in the differential n-p 
scattering cross-section in the angular regions 0 —50° and 130 — 180°, i.e., in the region where the im- 
parted momentum is small and the Pauli exclusion principle is most important; (C) we can separate out 
from the total n-p scattering cross-section the isotropic part for which the Goldberger relation is valid 


(Snp)isotr.= np (P = 90°)-4n = 29-107?" cm’ . (4) 


Thus the lower limit forthe n-p scattering cross-section inside the uranium nucleus can be obtained 
from the relation 
(Snp)ins.nucl. > Goad = ) == Hale ene - (5) 


An upper limit to this scattering cross-section inside the uranium nucleus can be obtained from the as- 
sumption that the total n-p scattering cross-section for free particles is isotropic 


: ES 

(3np)ins. nucl. < (Snp) free (1 — ee = 36-1027 cm?. (6) 
The cross-section for n-p scattering by free particles at an effective neutron energy Ea =380 Mev 
(Rete 9),.18 Opp = (40 + 4) x 10~*" cm’. The actual value of Onp inside the nucleus must lie within the in- 


dicated limits.‘ 


36-107?” cm? = (Snp)ins.nucl. = 26-102? em’. (7) 


Using Eqs. (3) and (7) we can determine the numerical value of the relation (1) 


N (U8?) 146 (34-+45)-40-2" 


~— 


N (Pay ~ WD e4koT 10m = 2-7 £0.5. 

Thus the total number of excited uranium nuclei (which during subsequent cooling either undergo fis- 
sion or emit neutrons giving the observed isotopes of U2%? — U238) should be about 2.7 times as great as 
the total number of excited protactinium nuclei (which also either undergo fission or else split to give 


gees 


ak : F : 237 
isotopes of protactinium Pa Pa"). Since the integrated yield of the uranium isotopes =o (USS) is 
A=228 


237 
approximately equal to the integrated yield of protactinium isotopes = a (Pajt), it follows that the inte- | 
=22T7 


grated probability of spallation of the protactinium nuclei is 2.7 times greater than the integrated spallation | 
probability of uranium. In the process of cooling of both uranium and protactinium there is primarily a 
competition between two processes: emission of neutrons and fission. Thus it is clear that the smaller 
integral probability of spallation of U?*" indicates a large integral probability of fission of U3" nuclei in 
comparison with Pa?3? nuclei. 

However, the mere fact of the higher integrated probability of fission of U2?" nuclei in comparison 
with Pa’*" nuclei does not allow one to establish by which of the possible schemes the fission of these 
nuclei occurs, since both in a case of over the barrier fission [(A) and (B), page 269] and in the case of 
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“deep” emission fission the probability of U2%" fission should be greater than the probability of Pa??? fis- 

sion. In order to establish by which of the possible paths the fission procedes it is necessary, in our 

opinion, to introduce into the discussion the fission parameter Z?/A, Table II presents the values of Z?/A 

for isobars of uranium and protactinium. 

The values of the parameter Z?/A for corresponding isobars of uranium and protactinium differ by 

about 2%. However, if the isotopes of uranium are compared with isotopes of protactinium of 5 mass num- 

bers lower (following the arrows in Table II), it is seen that the values of 
TABLE II the Z?/A parameter for such pairs are the same. 


Using the numbers presented in Table I we can determine the relative 


A Z| (US) ZA A(Pats ) yields from spallation for these indicated pairs. Table III shows that 
these ratios are practically constant for all the indicated pairs. 

a ie Tee aT Berek Further analysis of the data® must take into account the fact that, as a 

235 36,02 35.22 result of the cascade, there results a whole spectrum of excitation en- 

aes aoe ergies. It is known that the yield of excited nuclei decreases as the initial 

oy BS Bie ibe ce energy of excitation increases, According to indication given by the 

930 34°89 3602 authors of the work being examined,® the spectrum of initial energies of 

oo ae cede excitation in the region 0 — 80 Mev changes in such a way that the yield 

297 37.3 Plast spur, of nuclei excited to energies Up ~ 80 Mev falls by a factor of 2 —3. 


The figure shows a possible spectrum of initial energy of excitation 
on the assumption that the yield of excited nuclei in the given interval of energy varies linearly. The 
solid line gives the total yield of uranium and protactinium nuclei, the dot-dash line gives the yield of 
uranium nuclei and the dashed line gives the yield of protactinium nuclei. The relative yield of excited 
uranium and protactinium nuclei is determined from relation (1). 

Since we assume that as a result of the cascade process there is formed either a U*®" or Pa?3? nucleus, 
and that the final nuclei after spallation (for equal values Z?/A) are shifted by 5 mass units, it follows 
that Pa?3? nuclei which give as a result of neutron evaporation an isotope of protactinium (for one of our 
comparable pairs) have initial energies of excitation 40 Mev 
higher than the initial energy of excitation of U?*" nuclei which 
give the corresponding isotope of uranium (it is assumed that 
each neutron emitted carries off an energy AUy =e, +2T 
= 8 Mev. 

Analysis of the numbers presented in the diagram shows that 
the number of U?*" nuclei having initial energies of excitation in 
the interval 8 — 40 Mev and giving as a result of neutron evap- 
oration the isotopes of U236 _ py282 is 4.2 times more abundant 
than Pa2%" nuclei having initial energies of excitation in the in- 
terval 48 — 80 Mev which lead as a result of neutron evapora- 
tion (6 — 10) to the protactinium isotopes Pa2*! — pat, 

h If the fission of U3" and Pa?®" occurs according to the proc- 
(ae le COE el tin TIAT ess of “deep” emission fission, i.e., if fission occurs when the 
Number of evaporated neutrons relation Us < E & ey is satisfied, then the probability for fis- 
ee es EN Ee La sion should be determined by the final value of the parameter 
Mass of the fissioning nucleus 2 ‘ . Meeot ate : 
237 Z°/A. Thus, in the case of “deep” emission fission, the follow 
ue ing relations should be satisfied for our pairs of nuclei with 
equal Z?/A (aside from the pair U23T — pa) in which the nu- 
cleus U2?" is formed directly in the cascade process and has, 
by the assumption made above, zero excitation energy): 


W 
7 


(normalized to unity) 
S 
S 


Tietest 
ace aes 
eo 


Relative probability of excitation ,, 


Distribution of uranium nuclei, 
and protactinium nuclei, Pa?" asa 
function of initial excitation energy Up. 
Any is determined from the relation 
Ano =Ug/len +2T) ~ Uo/8; Ap =O 


37)! i A 
— (Up/8). 1—N(U" + Pa); Te ge (8) 
2 —N(U23%); 3 —N(Pa2%y, W (Pa®) oy 1 49 Ue e9) “Sopati (Paya) 


In this equation W is the probability for spe bao e 
N(P ast) U, +40 is the number of Pa??? nuclei having initial excitation energy Up +40 Mev, N(U Up is the 
number of U237 nuclei having initial excitation energy Up, %spall (Ug2) is the etess fecticn for the orma- 
tion of uranium spallation products with the given value of A, %gpall (Pag; ) is the cross-section for the 
formation of protactinium spallation products having mass numbers 5 lower than the corresponding 


272 


Vv. P. SHAMOV 


uranium spallation products. The results of the test of the relation (8) are presented in Table IV. 


The fourth column of the table gives the ratio of the num- 


TABLE III ber of excited Pa”*" nuclei giving isotopes of protactinium 
Yield of Isotopes| Yield of Isotopes of Relative Cae the oe being considered) to Mie number of excited 
of U, millibams Pa, millibarns Yields u**' nuclei giving the corresponding isotopes of uranium 
A 5 A ° o(UA)jo(Pa4) (the numbers are taken from the curves in the figure). The 
fifth column gives the ratio of the yields of spallation prod- 
937 50 939 8+4 5.7 ucts for the pairs being considered (the values are taken 
eS u Bholedas [° | Hace “RomTablemmpe | | 
234 10 229 2.9 4 We shall now try to analyze relation (8) from the point 
- : oe EO oe aie of view of “over the barrier fission,” i.e., assuming that 
3 af fission competes with neutron emission during the whole 
process of cooling. This cooling 
TABLE IV process can be broken up into 
steps of size AUp = €y + 2T =8 Mev. 
Investigated: “li iy |, qbatey | MCAT vert “spall Usa) N(P aU, +-40 (59) At each of these steps une nucleus 
Pairs : ; N (US )U, Sapall(h2 47°). NOG pany” can either undergo fission or emit 
z a neutron. The relationship (8) for 
eee: 8 48 0.297 ae 1.08 the first of our pairs (U?3* — pa?!) 
U235_ P20 16 56 0,253 3.94 0.98 ; 
U234_ Pa229 24 64 0,234 4 0.94 gives a value of unity (Table IV). 
oe te OF i pee pus ee From the point of view of “over the 


barrier fission” this means that the 
relative probability of emitting a neutron from an excited uranium nucleus is considerably smaller than 
the relative probability of emitting a neutron from an excited protaction nucleus. We shall elaborate on 
this in more detail. 

The number of U?** nuclei which have formed as a result of the emission of one neutron from U2" 
nucleus excited originally by an amount Uy =8 Mev is equal to 


N (U3) = oN (Use' )u,=a Mev, (9) 

where w is the relative probability of emission of a neutron from a uranium nucleus. The cooling proc- 

ess of Pagit having an initial exciting energy Up =47 Mev proceeds in 6 steps (Nstep = Up/(en +2T) & 6), 
in each of these steps there being the probability of an emission of a 


TABLE V neutron, The number of Pag?! nuclei is determined by the relation 
231 6 ys 
4 Ss ' N (Pag) ) = oN (Pasi )Us=48- (10) 
22S | Sse en's ee 231 236 
Peatigned aie oo | 06 S809 The relative yields of Pa**’ and U*” are determined by the relations 
Pairs Boo oF goon 
BSo | S.c35™ 231 6 237 231 
aa tee ee ead § W (Pag) _ @N (Pag;')u,—as — _°spall (Pagy ) (11) 
W (Ug oN (U>’\u,=8 Sspall (U5.”) 
U286_Pa2s1 1.08 4 
U235__Pa230 0.98 0.445 gy 287 
U2sa_pare | 0194 0.197 Sesenl Etag oue seen 
U293__Pa228 0.85 0.087 C spall beer hl (Oa pes 8 
U282— Pa??? 0.9 0.039 (11’) 


The left side of (11’) is nothing more than Eq. (8) written for the first of our pairs ( uss — Pag?!) and is 
equal to unity as is seen from Table IV. It thus follows that for “over the barrier fission” w/ w§ =1, We 
can get numerical values for w and w, in the following way. We have 

oY (US )u.<s 


«oN (Pazs? 


236 
S spall (U3 ) 


236 
a9) 


N spall (Use) 


236 
(Pagy 


(12) 


Ve ial ) U.=8 


o spall (P 236 
; oy U 
From relation (1) we have N( 33") Up =3/N (Pasi?) Up=8 2.7, and from Table I spall (Use ) @ 1.2 and 


o (P 236 ) 

spall \* Us1 

thus w/w, =1.2/2.7 =0.445, Thus w =0.38 and W, =0.85. Knowing the values of w and W, we can calculate 
the left part of (11’) for all 5 pairs that interest us on the assumption of “over the barrier fission; ” 
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| V (Pas?) lo. +40 S spall (uA) Ieiaag" 
i lay a been Paar) cecal’ (13) 
% = Uo/(en + 27) = Up/8; B= (Uy + 40)/(en + 2T) & (Uo + 40)/8. (14) 


The results of these calculations are presented in Table V. 

The data of Table V show that the assumption of “over the barrier fission” gives results (column 3) 
which, in our opinion, cannot be reconciled with the experimental data (column 2). On the other hand, the 
results of the analysis presented in Table IV, show that relation (8) is satisfied sufficiently well and 
therefore this can be taken as an additional argument for “deep” emission fission of uranium and protac- 
tinium nuclei in the initial energy of excitation range under consideration. 
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ON THE CROSS SECTION FOR PRODUCTION OF MULTIPLY CHARGED PARTICLES IN 
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Nuclear emulsions were used to study the bombarding proton energy and atomic weight de- 
pendence of the cross section for production of multiply charged (Z = 4) Darcie in nuclear 
disintegrations due to fast protons. The cross section for production of pen oes possessing 
an energy greater than 1 —2 Mev per nucleon varies from 3 to 12 x 10 om for incident par- 
ticle energies lying between 300 —660 Mev if heavy nuclei ( Ag, Br) are disintegrated and 
remains equal to 2 X 10-27 em? if light nuclei (C, N, O) are disintegrated. For a given energy 
of the incident particles the cross section of the reaction increases with increase of the mass 


number of the target nuclei. 
I, INTRODUCTION 


Ir is presently well known that the cross se ction for the reaction leading to the production of multiply 


274 Oo. V. LOZHKIN 


charged particles increases with the increase of energy of the bombarding particles (in the range 10? 
— 10° Mev). Nevertheless, neither the functioning of this dependence nor the absolute value of the cross 
section for the production of multiply charged fragments is yet known. When high energy particles prod- — 
uce disintegrations emitting multiply charged fragments, the dependence of the cross section for this 
reaction on the atomic number of the target nuclei, established by radiochemical methods,’ is the same 
for all fragments: the cross section for such fragment production varies inversely with the atomic num- 
ber of the target nuclei. Nevertheless, as has been noted previously,” a significant portion of the cross 
section for the fragment-production reaction can be accounted for the stable isotopes of light elements 
which are not detected by radiochemical methods, and it is not clear a priori whether the indicated de- 
pendence is valid for the total cross section of the reaction. 

This article presents experimental data concerning the dependence of the fragment-production cross 
section (0f-,,) on the incident proton energy and on the mass number of the target nuclei, obtained with 
the aid of nuclear emulsions. The fine-grained nuclear emulsions used (Type P-9 emulsions prepared in 
the laboratory of N. A. Perfilov) provided the means for reliable identification of multiply charged par- 
ticles for Z = 4. 


Il, DEPENDENCE OF THE CROSS SECTION ON THE ENERGY OF THE INCIDENT PROTONS 


The cross sections for the production of multiply charged particles in the interactions between protons. 
of 300 —660 Mev and the light and heavy nuclei in the emulsions were determined by two methods. In the 
first method, a plate was irradiated with a known perpendicular proton current and the total number of 
disintegrations producing fragments that occurred within a given area was counted. In this case, Ofrag 
=N/NpNp (where N is the number of disintegrations producing fragments per square centimeter; N, 
is the number of nuclei of Ag, Br, or C, N, O, per square centimerer; Np is the proton current per square 
centimeter). 

In the second method, an emulsion was irradiated with protons of known energy, and the percentage of © 
inelastic interactions with Ag and Br nuclei in the emulsion which led to fragments (q) was determined. ~ 
The desired cross section was found by multiplying the known cross section for interaction of protons 
with Ag and Br by the factor q. Nuclear disintegrations with fragments, as observed in emulsions, can be 
explained as disintegrations of either heavy nuclei (Ag, Br) or of light nuclei (C, N, O). Differentiation 
between these two groups of disintegrations was accomplished by using two criteria: total charge of the 
particles in the disintegration and the presence or absence of tracks of residual nuclei. The presence of 
residual nucleus tracks is characteristic of disintegrations of heavy nuclei with multiply charged particles: 

The results obtained with nuclei of Ag, Br, and C, N, O are shown in the figure below. It is necessary 
to note that the cross section data relate only to fragments with Z = 4 having paths longer than 12 —15 
microns. This latter condition is set by the limit of possible identification — i.e., to be identifiable, frag- | 
ments must have energies greater than 1— 2 Mev. Quite noteworthy is the difference between the energy 
dependence of frag in the case of heavy nuclei and in the case of light nuclei. While the fragment produc-- 
tion cross section increases sharply with the energy in the case of Ag and Br, it is almost invariant with 
respect to energy in the case of C, N, O. This circumstance can be explained by the mechanisms of frag- | 
ment production that take place for light nuclei and for heavy nuclei. 

It is interesting to note that at the same time the cross section for the reaction producing splitting of 
Ag or Br nuclei into two fragments of nearly equal mass (such events, which resemble the fission of 
heavier nuclei, are occasionally observed in emulsions) is apparently not strongly dependent on the en- 
ergy of the bombarding protons. The cross section for such fission of Ag and Br, determined by observa-_ 
tions on the same plates, has a value ~ 0.4 x 1072" cm? for incident particle energies of 300 and 660 Mev. 


| 


| 
| 


III, DEPENDENCE OF THE CROSS SECTION ON THE MASS NUMBER OF THE TARGET NUCLEUS 


The dependence of cross section on target mass number was studied using direct contact between the 
target and the emulsion. Plates of Al, Cd and Pb about one millimeter thick were placed on the nuclear 
emulsion and irradiated with a proton beam at an angle of 12 degrees with respect to the emulsion surface: 
The tracks made by particles with Z = 4, which entered the emulsion through its surface, were then 
counted. 

The fragments in question were produced by disintegration of the elements under study. Since the 
targets used are infinitely thick to these fragments, and since the emission of fragments can be considere: 
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equally probable with respect to the dividing plane between emulsion and metal plate, the appropriate 
radiographic formulas are applicable. 


As the result of formulas given in the work of Curie and Faraggi,” it is possible to write the following 


expression for the effective cross section of the interaction leading to the 


25'S , emission of multiply charged fragments: 

o mae aa i =e ie ; —— 
Target ie VA frag = 2.08. 10° (A/Nz) n/¥ (R — p), 

ce) . . . 

va where A is the atomic weight of the target material, N. is the proton flux, 
A ae Be n is the observed number of fragments per square centimeter of emulsion, 
Ca 505 527 W is the magnitude of the target material penetrability, which is a measure 
+ 905 


of its stopping power, R is the average particle range, and p is the mini- 


mum range for registration. If it is assumed that the fragment range spec- 
tra are identical for Al, Cd and Pb, and that the target material penetrability is the same for these frag- 
ments as for a-particles,? 1e., W = VA, then: 


° frag ~ nV A. 


The table lists the experimental values of n, obtained with 660 Mev protons, and the computed values 
of nVA. If the indicated assumptions are correct, the resultant dependence of n¥ Aon A can serve as 
direct evidence of the increase of the cross section for fragment production with increasing target-ma- 
terial mass number. Qualitative arguments in support of the assumptions made are given below. 

Owing to the anisotropic angular distribution of the studied fragments in the laboratory system, the 
assumption of equal probability for fragment emission with respect to the dividing plane between emulsion 
and target material is known to be incorrect. However, in the case under consideration, it is necessary only to 
be sure that the uncertainty thus introduced does not change the character of the dependence of nVA on A. 
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Dependence of ofygg on the 
energy of the bombarding pro- 
tons. Open circles — cross 
sections found by the direct 
method (dfrag = N/A NnNp): black 
circles — cross sections found 
by the indirect method (frag 


= AgBr): 


Investigation of the angular distribution of fragments from disintegra- 
tion of various nuclei has shown that the degree of anisotropy of the 
angular distribution varies inversely with the atomic weight of the tar- 
get nucleus. This circumstance leads to a relative increase in the mag- 
nitude of nVA in the case of an aluminum target, and therefore cannot 
alter the basic conclusion concerning the increase of ofyag with in- 
creasing A. 

The principal uncertainty in the results obtained arises from the 
lack of knowledge concerning the range distribution of the fragments 
under study. The assumption made above concerning the identical na- 
ture of the fragment range spectra for disintegrations of Al, Cd and Pb 
nuclei is based on the similarity found in the range distributions for 
fragments from Al, Cd and Pb, as recorded in the emulsion. If one also 
takes into account the fact that the average observed range for fragments 
of Z = 4 is greater in the emulsion for those coming from C, N, O nu- 
clei than for those coming from Ag and Br nuclei, in the emulsion, then 
one can conclude that the increase of nVA with increase of A is in 
fact due to the increase of Of. This is confirmed by direct measure- 
ments of frag for C, N, O and Ag, Br in the emulsion (see figure). 

The most interesting inference that can be drawn from the results 
given above is that with increasing target mass number there is an in- 
crease in the fraction of stable isotopes relative to all the emitted frag- 
ments, since it is known from radiochemical work! that the yield of 
radioactive isotope fragments decreases with increasing target mass 


number, while the overall cross section for the reaction increases, as was determined in the work in 
question. However, one must bear in mind that these conclusions relate to fragments having energies 
greater than 2—3 Mev per nucleon, so that correlation with radiochemical results cannot be completely 


valid, especially in the case of light nuclei. 
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CLOUD CHAMBER INVESTIGATION OF THE ELECTRON-PHOTON COMPONENT OF 
EXTENSIVE AIR SHOWERS AT SEA LEVEL 


I. A. IVANOVSKAIA, G. B. KULIKOV, I. V. RAKOBOL’SKAIA, and L. I. SARYCHEVA 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. and Moscow State University 
Submitted to JETP editor March 11, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 358-364 (August, 1957) 


The energy spectra of the electronic component of extensive air showers containing various 
numbers of particles were measured at different distances from the axis. No dependence of 
the energy spectrum on the number of particles in the shower was detected. The energy spec- 
trum becomes softer with increasing distance from shower axis. A significant discrepancy 
was found to exist between the fraction of high-energy electrons observed experimentally and 
that computed from cascade theory for various distances from the axis. The lateral distribu- 
tion of the energy carried by the electronic component can be approximated by the function 
r-, where n =2 + 0.5 for distances between 2 and 10 meters. 


Ir was demonstrated! that, in the central region of extensive air showers, nuclear-active particles of 
more than 10" ev can generate, by means of m-mesons, the electronic component near the observation 
level. This conclusion was reached as the result of a study of the lateral distribution of the electronic 
component in the central region of extensive showers. As a 
bu aw further study of the generation mechanism of electronic com-- 
IV ponent we investigated its energy characteristics, which shoul] 
depend more strongly on the production mechanism than the 
lateral distribution. The energy spectra of the electronic com:i 
me ponent at various distances from the shower axis were meas-- 
ured in course of the present work for showers containing | 
different numbers of particles. 
he The experimental arrangement consisted of a rectangular 
cloud chamber? with dimensions 60 x 60 x 30 em and four 
groups of hodoscoped counters. A diagram of the positions of | 

FIG. 1. Arrangement of hodoscope the hodoscope counter trays and the cloud chamber is shown | 
counter trays and the cloud chamber in Fig. 1. The cloud chamber and the hodoscope were triggere: 
(C.C.) by a system of counters discharged by the extensive air show-’ 
a) = Dl Dinbl=s=D pipe . .ers.* 2175 showers were recorded during.1189 hours of opens 

ation. 

* A detailed description of the triggering system and of the hodoscope arrangement will published in 
Ref. 3, where the effects connected with the innacuracy in the determination of the distance from axis 
will be discussed as well. A possible shift of the axis position towards smaller distances cannot evidently, 
cause a substantial change in the results of the present work. 
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The Resiton of axis r and the number of particles N ina shower were determined by the usual 
pened *“ from the value of particle flux density p, recorded by three counter trays (II, Ill, and IV, 

Fig. 1) of the hodoscope. The distribution of all recorded showers with respect to intervals of r is shown 
in Fig. 2 (histogram). 

The energy of the electrons and photons was determined by means of 
a cloud chamber containing 7 lead plates, 0.5, 1.5, 2, 2, 2.5, 2, and 2.5 
cm thick respectively, using cascade curves for lead calculated by 
Ivanenko® with allowance for scattering. Since the cascade curves? 
yield the total number of particles in a cascade shower and since the 
evaluation of shower photographs only the particles traveling forwards 
(within an angle < 180°) can be counted, we determined the fraction of 
the particles traveling forwards by using the angular distribution func- 
tion of shower particles.® Data on the total number of particles which 
should have been observed between all plates of the cloud chamber, 
originating from a primary electron or photon of a given energy, are 
given in Table I. 

The energy of electrons and photons in the energy range 10° — 10? ev 
was determined from the total number of particles between the plates. 
This value, for a given primary energy, is subject to less fluctuations 
than any other characteristic of the cascade shower (number of parti- 
TE FC ? cles at the maximum, position of the maximum) and represents there- 
FIG, 2. Distance distribu- fore the best characteristic of the primary energy. 

It was shown in Ref. 7 that the error of such a method of energy 
determination is close to statistical, and is therefore determined by 
the number of particles in the shower, i.e., it amounts to 20 — 30% for 
the investigated energy region. The above method of determination of the electronic shower energy was 
recently used in a number of investigations.’~® In the region of energies = 2 X 10° ev the energy of elec- 
trons and photons was determined from the number of particles present at 11.5, 16.5, and 20.5 radiation 
units since it was difficult to count the number of particles at the maximum due to high density there. 
The accuracy of the energy determination in that region was also on the order of 30%. 

In order to avoid an uncertainty in the effec- 


500 


S 


tion of extensive air showers. 


TABLE I tive area of the chamber we considered only 
those electrons and photons that passed through 
Energy of Energy of a : 
the primary the primary the lid of the chamber. We also took into 
Bete Electron | Photon Sets Electron Photon : 6 
bc 10" ev) Se cy) account the decrease in the effective area for 
inclined showers due to the fact that a part of the 
ne ‘ as i“ ne ee particles was outside the illuminated region of the 
3 8.9 7.4 20 54.3 48.0 chamber. The effective recording area varied 
: ee nee es ee eG between 0.12 and 0.10 m? for energy variation 
6 17.8 14.0 80 200.0 198.0 from 10° to 3 x 10° ev (for vertical showers the 
d ek ae san xo pa effective chamber area was equal to 0.15 m’). 


Three integral energy spectra of electrcens 
and photons for three groups of extensive showers with 104—5 x 104, 5.1 x 104— 10°, and 1.1 x 10°—5 

x 10° particles and for three intervals of distance from shower axis: r= 3,3 <r=6,and6<r=10m, 
were plotted to study the dependence of the energy spectrum of the electronic component on the number 
of particles and on the distance from axis. The results are showin in Fig. 3 (a, b, c).* 

It can be seen from Fig. 3 that within the limits of statistical accuracy the energy spectrum at a given 
distance from the shower axis is independent of the number of particles in the shower. In Fig. 4, there- 
fore, the spectra for the three distance intervals are averaged over all showers with number of particles 
between 104 and 5 x 10°, It can be seen from the curves that the energy spectrum of electrons and photons 
depends on the distance from shower axis — the spectrum becomes softer with increasing distance. 

From the obtained spectra we have determined what fraction of the total number of particles in ex- 


*Average values, equal ton+1(where n< 10), are shown in Figs. 3 and 4 for Iexp (>E) =n. The errors 
+ An are determined from the Poisson distribution. 
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tensive air showers comprises high-energy electrons and photons. We have found the following relation: 


R(ry ts) = \ o, (r) C (r) ak 09 (r) C (r) dr, | 


Ty Ty 


where p;(r) is the density over 1 m? of electrons and photons with energy larger than 10° ev at the dis- 
tance r from the axis, po(r) is the density per square meter of all particles recorded by the counters | 
at the same distance from axis, and C(r) is the number of extensive air showers recorded in the given | 
distance interval (cf. Fig. 2). The value of this relation for showers with different N and for different 


distance intervals is given in the first three columns of Table II. 
The experimental data made it possible to 


TABLE II estimate the energy flux carried by the elec- 
ain a ee ne re eee in ee a a tronic component of extensive air showers at 
Experimental results ee a various distances from axis. In calculating the _ 
energy flux we took into the account, besides the | 
N 4045-104 15.4.4 4105 [1.1-108—5-105)  s—4 te electrons and photons which underwent a multi- | 
9 5\9 9 0 0, . . : 
ae ese ala a esia ols orca cae ie: plication in the lead plates of the cloud chamber, | 
R(6,10) = = (0,09-+0.09)% | 1.7% 2.0% also the electrons and photons of comparatively 
low energy which were absorbed in the first or 
in the second plate. If 
log/7/2£/ log IE) log/7(>E/ the electron was ab- 
sorbed in the first plate, 
a b c which was 0.5 cm thick, 
its energy was assumed 
1 to be 10°? ev; if the ab- 
Z i 2 3 2 sorption of the particle 
Pur t took place in the second © 
i | } plate, 1.5 cm in thick- 
Fi y ness, its energy was 
; yy estimated as 3 x 10" ev. 
Ai 3 [ i These estimates are 
i based on ionization 
losses only. Electrons 
| | b and photons which pro- 
? 9 Tae 2 aa r; —j;— duced pairs in the cham- 
log logé log£ | ber were ascribed an 


energy of 5 x 10’ ev. The | 
FIG. 3. Integral energy spectra of the electron-photon component for three contribution of all these 


groups of extensive air showers with the number of particles: x —104—5 particles to the energy 
x 104, © —5.1 x 104'— 10°, V — 1.1 x 10°—5 x 10°, a—for r < 3m, b— for flux is very small at 
3 <r=6m, c—for 6 <r= 10m. I1(>E) — number of particles with energy distances less than 6 m 
>E, recorded by the cloud chamber in all showers, the axes of which fell in from the shower axis 
the corresponding distance interval. and becomes noticeable 


only at distances > 6 m 
from the axis. 
The lateral distribution of energy flux of the electronic component is represented in a log-log scale 
in Fig. 5 for three groups of showers with different number of particles.* It can be seen that within the 
limits of accuracy of the measurements the lateral distribution of energy flux is independent of the num- 
ber of particles in the shower. If we approximate the dependence of the energy flux density on distance byj 
the function r™, then n = 2 + 0.5. 
We compared the experimentally obtained energy spectra and fraction of high-energy particles with 
the corresponding values calculated from cascade theory in order to find how does the production 


*The effect of the mixing of the showers from different intervals due to the innacuracy of distance 
determination, described in Ref. 3, was taken into account in the calculations of the energy flux den- 
sity at various distances from the axis. 
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mechanism of the electronic component influence its energy characteristics. It should be noted that, 
while the experimental high-energy spectra and fractions of high-energy particles were obtained by us 
for the electrons and photons together, calculations of the cascade theory refer to electrons only. 

We computed the energy spectra at various distances from the 
shower axis using the distance distribution of electrons with en- 
ergy E calculated in Ref. 10. This distribution function was 
calculated in that reference for different values of the cascade 
parameter s and for distances down to zero.* Since our ex- 
perimental spectra refer to distance intervals, we averaged the 
theoretical spectra over corresponding distance intervals using 
the experimental distance distribution of showers approximated 
by the solid curve in Fig. 2. 


log /(>F/ 


The integral energy spectra 
for s=1(solidcurve) ands=1.5 
(dotted curve) are shown in Fig. 4. 
The experimental and the theoret- 
ical spectra are normalized for the 
energy 10° ev and r <3. It can be 
seen that the experimental spec- 
tra are softer than the theoretical 
and are in better agreement with 
the value s =1.5 than with s =1. 
This fact is especially noticeable 
' for small distances from the axis. 

ih The fraction of high-energy 

tensive air showers with the number electrons (> 10° ev) at various 
of particles 10¢—5 x 10° for the distances from shower axis was 
distance intervals: @®—r = 3; x—3 calculated by us in the following 
=r=6; V —6 <r = 10 m; Electron 0 ¢ log? way: The total number of electrons 
spectra according to cascade theory Migeo tienes ine in showers with s=lands =1.5 
are shown by the solid curve for I Pierre ee eae IN Sivas determined from the cascade 
s =1,dotted—for s = 1.5. The ex- mace hea Le 3 curves for air.” Their lateral 
perimental ana the theoretical spec- ne ane f Bae Mine OF Cee ae calculated ac- 
se are normalized for the energy HET IR IRIN EE cording to the dp apeRoe nies 
10° ev andr = 3m. ; ; é formula given by Greisen.*’ The 
De aD Seep reese I 4 number of electrons with energy 
aoe page on ai 4 > 10° ev in showers with s =1 and 
re a me ‘ eee ee s =1.5 was determined from the 
y 105: A a 10h alot well-known formula of cascade 

‘ . : theory, without accounting for 
ionization losses. The lateral distribution of these electrons was obtained by means of calculations con- 
tained in Ref. 10. The fraction of high-energy electrons for showers with s =1 ands =1.5 averaged over 
distance intervals, are given in the two last columns of Table II. 7 

It can be seen from Table II that the value of the ratio R(r;, r,) for showers recorded at sea level is 
considerably smaller than that computed from cascade theory. It is difficult to explain this fact on the 


basis of our present knowledge. 
It is possible that in the central region of extensive air showers there is a large number of photons of 


lge ' 


FIG. 4. Integral energy spectra of 
the electron-photon component of ex- 


*The distribution functions given in Ref. 10 for s =1 agree within 10% with the corresponding functions 
of Ref. 11, and for s =1.5 exceed them by 50% in the whole distance range. 


+Analogous calculations of the fraction of high-energy electrons at various distances from the axis 
were carried out by Hazen! by means of cascade theory for the altitude of 3260 m. The ratio p;/py) was 
calculated. The values obtained for s =1 are in agreement with our data if one accounts for the differ- 


ence between the values of the radiation unit for 3260 m and sea level. 
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comparatively low energy which are in equlibrium with high-energy electrons. These photons, under- 

going a conversion in the dense covers placed above the counters (amounting, according to a crude esti-  « 

mate to ~ 1/3 t-units) and in the counter walls increase the flux density of low-energy particles. Nor 

can we exclude the possibility that the electronic component of extensive air showers recorded by us is | 

generated by means of m-mesons possessing a very soft energy spectrum. | 
In conclusion the authors wish to express their gratitude to G. T. Zatsepin, S. N. Vernov, N. A. 

Dobrotin, I. P. Ivanenko, S. I. Nikol’skii and G. B. Khristiansen for the discussion of results and also 
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STATIONARY STATES OF ELECTRON-POSITRON SYSTEMS AND ANNIHILATION 
TRANSITIONS 
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Submitted to JETP editor July 9, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 365-378 (August, 1957) 


A scheme is set up which makes it possible to take into account the influence of an external 
field and the mutual interaction of electrons and positrons in the interaction of the electron- 
positron field with the radiation field. The theory is nonrelativistic with respect to the parti- 
cle momenta in cases in which the photon energy is comparable with the rest energy of the 
electron. In cases in which the photon energy is much smaller than the rest energy of the elec- 
tron, some relativistic corrections can be included in the theory by going to higher approxima- 
tions. This scheme is applied to the stationary states of an electron-positron system and to 
the two-photon annihilation of a positron in a many-electron system. The equations of the Fock 
self-consistent field are obtained for an electron-positron system, and an expression is found 
for the probability of annihilation of a positron in a many-electron system. The special case 
of annihilation in helium is examined. 


Tue various processes of interaction of the electron-positron field with the radiation field are ordinar- 
ily treated in the approximation of the single-electron problem. A scheme of calculation in the configura- 
tion representation, designed for the treatment of many-body problems, has been set up by Shirokov.! 
This scheme was applied by Tumanov and Shirokov to derive the equation of positronium? and by Tumanov 
to the study of the two-photon annihilation of positronium.’ The only case treated in these papers, how- 
ever, is that of no external field. 

In order to set up a scheme permitting us to include the effect of the external field and of the mutual 
interaction of the electrons and positrons, we proceed, as in Ref. 1, according to Fock’s method.! 

In the space of second quantization the complete Hamiltonian of a system of electrons subject to an ex- 
ternal field and interacting with the radiation field consists of three parts: the Hamiltonian of the parti- 
cles in the external field, described by vector and scalar potentials Ag and g, which is of the form (in 
a system of units in which h = c = 1) 


Hy =\9* (x) [(2 (p—eAo)) + frm + e270] 9 (2) de, a) 
the Hamiltonian of the Coulomb interaction of the particles, which is of the form 
: 1 at / , oe 
Hy =S\V 8 OPO Bae h OO) aede, (2) 
and the Hamiltonian of the interaction of the particles with the radiation field described by the vector po- 
tential A, which is of the form 
H! = —e\y* (x) (#A) 9 (x) de. (3) 


Here x denotes a whole set of space coordinates r and spinor indices. Integration with respect to 
x means integration with respect to r and summation over the spinor indices. We have chosen for the 
radiation field a gauge such that the scalar potential is zero, so that the Lorentz condition reduces to 


divA = 0. (4) 


Later on we shall expand A in terms of plane waves, and the condition (4) assures the transversality of 
the photons. The contribution of the longitudinal and scalar photons has been explicitly separated in the 
form of the Coulomb interaction between the particles. The radiation field is subjected to quantization, 
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and the external field remains unquantized. 

The quantized operator W is an operator for absorption of an electron or emission of a positron, and ¥ 
its Hermitian adjoint ¥* is an operator for absorption of a positron or emission of an electron. ¥ and v 
satisfy the commutation relations 

{9t (r), Ye (r’)} = 8an8(r—1'), {PF > HEY} = (), Y5(F')} = 0, wy) 
where the spinor indices @ and 8 take the values 1, 2, 3, 4. 

The setting up of the scheme in the usual representation of the Dirac theory encounters difficulties. 
Since the positive-frequency and negative-frequency parts of solutions of the Dirac equation, taken sepa- 
rately, do not form complete systems of functions, the operators of absorption and emission of an elec- 
tron, and also the operators of absorption and emission of a positron, do not satisfy commutation relations 
of the usual type (5). Moreover, we have a system in which there occur an infinite number of electrons of 
negative energy. These difficulties prevent the direct application of the Fock method. To avoid these dif- 
ficulties, we proceed as is done in Ref. 1, i.e., we carry out the canonical transformations considered by 
Foldy and Wouthuysen.®> After this we make the transition from the space of second quantization to con- 
figuration space. The purpose of the canonical transformations is to represent the wave functions corre- 
sponding to states with positive and negative total energy in the form of spinors in which only the upper 
elements or only the lower elements, respectively, are non-vanishing. Thus after the separation of the 
positive-frequency and negative-frequency functions the operators of absorption and emission of an elec- 
tron have only the upper elements different from zero, and the absorption and emission operators of a 
positron only the lower elements. Then we can write the transformed quantized operators W’ and wt in 
the form 


V=(2). et =D: (6) 


where the two-component functions g, g*, y, and yt are respectively absorption and emission operators 
of electron and positron. Since canonical transformations do not change the commutation relations (5), 
substituting the expressions (6) into Eq. (5) we get the commutation relations for the operators g and y in 
the form: 


{oF (r), e8(t)} = txt (r), x, (0 )} = 8,09 — 1’). (7) 


All other anticommutators of the operators g,g+t, y, and y* are equal to zero. 
In the case of presence of a field we carry out a series of canonical transformations 


Y' (x) =exp (Si + Se2+-- iP (x), OT (xX) =P (x) exp {—7(S, + S,+...)}, (8) 


each of which leads to the separation of the wave functions corresponding to states with positive and neg- 
ative energies to a definite order in 1/m (1/m = 3.862 x 107! cm“). After the performance of a certain 
number, say n, of these transformations, and with the neglect of terms in the transformed Hamiltonian 
density of orders higher than n-1, the eigenfunctions of this approximate Hamiltonian density of parti- 
cles in the external field, corresponding to states with positive or with negative energy, will have only 
upper elements or only lower elements, respectively. Sy, is given by the formula 


od es SS ¢ aes: odd operator in the J’ g 
no Xan transformed Hamiltonian density (9) 


As the result of the three successive transformations 


i 


S1 = — yg, B (a(P— eAd)), Ss = — 55 B(— 32 B(aetad ge), S3=—-B(P—eA)*(a(p—eA)) (20) 


we get, expressing % and W* in terms of ¢, yt,y, and y* and changing the order of y and y* to eliminate 


*In Ref. 5 an odd operator is understood to mean an operator, for example a, which, acting on a four- 
component function, mixes the upper and lower elements. The problem of separating the positive-frequencyy 
and negative-frequency functions reduces mathematically to the problem of transforming the Hamiltonian 
into a form free from odd operators. 
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an infinite background energy (using yyt +-y+y and fypytdx — fy *pydx) 


eA es : 1 5 ) 
Ay = \ % [m + C20 + gay (P — @Ao)?— 5—-(GeurlAy) + gar Ato + gar (6 [grad ¢ (p —eA,)]) + aa o dx 


(11) 
4 ‘ ig 
+ Va |m — 090 + ape (P + @Aa)® — 55 (seurt Ay) — 25 Agy + z2r (@lgrad %0 (Po + eAe)!) +. |x dy 
(here @ is the transposed matrix 0) 
eF \ 1 ae , , , + 
Hy = Z\\e We) qaeq 8 we) dede + SC x 0) tay ow) ded 
3 1 
— 2 \\ 9") 9) A () x (x!) aaa, (12) 
Tose preven pod (13) 
where 
i pa \ ot [- ——_ (A (p — eAg)) — 5 (@eurlA) + 
te? 7 = 
+ tax (4 [grad GA]) +... | ede + ( yt |- (A (p—eA,)) — 5~ (GeurlA) 
e (5 [grad oA d 
be — ry (@ [grad Al) +...] xax 
Hdd = Verne oe xidx +) 19° 9 dx. (14) 
In Eq. (14) yok has the form 
, dd ie * 
FoR = —e (A) + = (A (p — eAy)) (6 (p — eAo)) — ze (sy) (A (P—eAo)) (15) 
ij p2 
— = (¢{eurlAyA]) + =—5 (GeurleurlA) + + (curlA (p — eAy)) +. -- 
where V* means the operator V acting on A only. 
Let us carry out the further canonical transformation, considered in Ref. 1, to get rid of the trans- 
posed matrix Cc: 
x=, X= ye", (16) 
where 
eae a Ost ye eee 
cae ead a e=(y Oe ae 
Using the fact that coe * = —@, and dropping the primes on the transformed y’ and y’*, we get 
H,= \ eH dx + \ x H ox dx, 
where 
4 2 e ay. en d sey. (17) 
He =m + eho +5 (p— eA)? — 5 (scurlA,) + Snr O¢o + Gap (¢ [grad 9 (p— eAo)]) +--+, 
(18) 


Hp = m — e+ go (P+ eAd)? + ze- (eurlAy) — grx Ago — Fr (2 [stad G0 (P+ eAo)]) +. - 


ie? fi e ‘ea 
even e*|— <. (A (p — eAy)) — i (gceurlA) + =; (o[grad gA])+--- |e dx + \ x. |- <.(A (p+ eAo)) + 3m, (SeurlA) at 


+ <5 (9 [grad ¢9A]) + mae Hees ican stytde + (yeu Bie 


The Coulomb interaction Hamiltonian H, given by Eq. (12) does not change its form under the trans- 


formation (16); the commutation relations (7) also remain unchanged. | 
Thus we have gone over to a new representation in which positrons are regarded as particles with 
positive rest mass and positive charge and the operators y, yg", x, and y* satisfy the commutation rela- 
tions (7). This provides the necessary conditions for the direct application of the Fock method. The in- 
teraction Hamiltonian of the particles and the radiation field falls into two parts. The even part leads to 
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transitions without change of the number of electrons and positrons, and the odd part leads to transitions 
with change of the number of electrons and positrons, i.e., to the annihilation and creation of pairs. | 

The transformed Hamiltonian of the system can be used for finding stationary states and for the calcu- 
lation of probabilities of radiative transitions in cases in which the energy of the photon taking part in the 
process is much less than the rest energy of the electron. In such cases the theory can include the ef- 
fects of certain relativistic corrections, by consideration of the higher approximations for Hg and H’ ie | 
in powers of 1/m. 

In a relativistic process, in particular in annihilation, the energy of the photon is comparable with the 
rest energy of the electron: k ~ m. Since we shall expand A in plane waves ei(kr), each differential 
operator acting on A gives a factor k. Consequently, terms of different orders in 1/m can turn out to 
be of the same order in p/m. For example, in y/0dd Eq, (15), the term (e/8m*)(o curl curl A) is 
much smaller than the term —e(oA) when k «m, but they are comparable when k ~ m, From this it 
follows that a theory restricted to an approximation of finite order in 1/m is applicable only to nonrel- 
ativistic processes, for which the condition k «m_ holds (for example to the emission of photons pro- 
duced in transitions of atomic electrons). 

In order to extend the theory of relativistic processes, it is necessary to: (1) collect the terms be- 
longing to each particular order in p/m after each canonical transformation, (2) find expressions for 
all the canonical transformations giving the contributions of a given order in 1/m, and (3) find the ex- 
pression for the interaction Hamiltonian H’ resulting from such transformations. We confine ourselves 
to the accuracy of the zeroth order in p/m. The result of the transformation given by S, is to trans- 
form the original interaction Hamiltonian density 4’ =-ea@A as follows 


G0 = 06 o — — e[ (aA) + 94-8 {(a (p—eAr)), (@A)} — gaz {(@(p—eAs)), {(2(P—eAr)), (@A)}J—.- J. PO) 


The value of the coefficient of the n-fold anticommutator is given by the expression B Diy (2m)”, We 
note the following property of the anticommutator of any operator containing A with the operator 
(1/m)(a(p — eAy)): this anticommutator gives terms that preserve the same order of smallness in p/m 
as that of the original operator, when in rearranging the operators one lets p acton A. The other 
terms are of order of smallness one higher. This enables us to separate out the terms of a prescribed 
order, since the coefficients of the anticommutators are known. 

By means of the formulas 


{(a(p—eA)), (aA)} = (scurlA), {(a(p—eA,)), (gcurlA)} = (curl curl A) (21) 
valid in zeroth order in p/m, we can get from Eq. (20) the transformed interaction Hamiltonian density: 


Pw = GY odd 4: Hw a 
where 


4 
8m? 


(a@ curl curl A) + Be pe(oourl A) So aren (—1)" 


il 


(1) odd se Ave 
H ; ((« ) (2n)! (2m)? 


(acurl?™A) +E. , a (22) 


gneve a 5 (, (curl " ae curlA 4... + (—1)" ee ae +... -)) , (23) 


(2n + 1)! (2m)??41 


where curl()A means the result of letting the operator curl act n times on the vector A. By means of 
the Lorentz condition for the radiation field, div A = 0, we get 


curl® A — — AA = 2A, (24) 


and in general curl(20) 4 = k2MA, since A is written in the form of a plane wave. Using Eq. (24), we get 
a simplified form for 4’ in the zeroth approximation in p/m. 


, 4 | 
H' = —e(c (aA) +e 5-8 (scurlA)), (25)) 

where 
pie eee tn a ton \e. nee eee ct) a] ee 
: 8m? (2n)! (2m)2” i 2m 2 DE ee (oh Heat he as) rene St Od 
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Let us see which of the canonical transformations give a contribution in zeroth order. Obviously these 
will be only those that contain terms with the same number of operators p as the degree of m in the 
denominator. By calculation one can verify that these are the transformations with the operators So 
n= 0, ..., ©. In fact, on one hand these transformations make the coefficients of even powers of the aw 
operator a(p—eAy) in No equal to the coefficients of the expansion of the radical {m? + (p — eAy)} 1/2 in 
powers of 1/m, and on the other hand they make the coefficients of the odd powers of the operator 
a@(p —eAy) equal to zero. The general expression for the part of S5,,4 that gives the zeroth order 


contribution is given by the formula 
ct See eb s =e yo Ne an 
ate am P (( ) n+ tyme P (2p) ee) 
We note that Eq. (26) can be found in another way. The transformation 


eS = ((1 + ix) — ie, x = —+8(a (p—eA,)) aD 


found by Fock enables us to separate the solutions of the Dirac equation with positive and negative en- 
ergies: 


eS [(a (p — eA) + BmJe—S = BY m® + (p — eA,)*. 


Consequently S at once contains the principal terms of the canonical transformations, those that give the 
zeroth order contributions. Regarding k as a small quantity, one can verify that 


: 7 iy.)3 \2N+1 
iS exp | 4 = tee t Rt. 4}. 


Consequently, we can write 


eis Ais gist Sekt San byt 
? 


where 


1 


i n 
es ora 


(2(p— eA)". (28) 
From Eq. (28) it follows that the part giving the zeroth order contribution is 


1 


On 4 hme p>" (ap), (29) 


Senta = — x8 (<=i)s 
which agrees exactly with Eq. (26). 

Let us go on to find the limiting expression for the interaction Hamiltonian H’ that results from the 
infinite succession of canonical transformations (26), in accuracy to the zeroth order. The original ex- 
pression 4° Q) =-e(c,') (a@A) + of 1)(1/2m)(o curl A)) is transformed in a “closed” manner, i.e., in all 
the transformations with the operators So, 1(n=1, ..., %) only the coefficients c, and cy, are 
changed. This can already be seen from Eq. (26), since the operator pn =(-1)"A® leads only to the 
appearance of a factor k22, while commutation or anticommutation of the two parts of WN’ (1) with ap 
leads only to a change of the coefficients e;()) and c{2), and so on. 

Let us set 


Tiere RSE 1)" Q a oa P2" (ap), oer = — ec?" (aA) (odd partof #°""), (30) 
nN m 


Cre eget a B(ecurlA) (even part o1r # °"”), 


so that 47(2n+}) = of2nt)) , e(2nt]), 
i’ transforms according to the formula 


; ; on— il 2n+1) 92n—1) 
4 (2n+1) __ 4 (2n-+1) Bs salle Ee es sr’, (nee é 8 n ee 


ie 1 Qn n n— 
Be ea Oman = aaa pe: ly Oe ae (31) 


By means of the following formulas (valid to the zeroth order in p/m): 
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2m-fold anticommutator of (@wA) and port ap) 
pre (aA), 


(2m + 1)-fold anticommutator of (@A) and p?"( ap) 


prem pase (ocurlA), (32) 
2m-fold commutator of B(ocurlA) and p27" ap) 
pet B (scurlA), 
(2m + 1)-fold commutator of B(ocurlA) and p29 (ap) 
=p 2(2m-++1)n-+ pen (aA), 
we get 
Gf nr") ae e (ct 2n-+1) (aA) + Ee Jed 8 (curl A)) iP (33) 
where the successive coefficients are connected by the formulas 
ee) abs one Dgl (2n-+1) us Go (2n-+1) ie Coe a emi ars P (34) 
Here 
(2n-+1) SI 1 1 4 \tt pk \aintel f A 1 k \2n+1 
s a ” (21)! (2) ean S a \ !) 2(2n +1) ( ) ), 
(anti) __ ~ ! 1 4 N\A CR NRO ie tar Ne 1 f Beg ond 
‘ >! ) eH OF 7a pales al =—a sin (— Wear) ) ee 
(2n+1) 4 (2n+1) __ ees 4 enti 
ager) — 7 ( a Paget) — sin ((— lea la) 
From this it follows that 
2n b ! 2n 
Gry) — la sail-) ERO Li hearorey at: sa 4 kb \2l 
We can find the limiting expressions ef) and c§*), using 
= I+ k ya 
a (— 1)! ai (= i aes Pane ier k< m, oe) = COS (+ tan? = cl) = sin(5 tan =). (37) 
For the case k=m 
F 1 

Ce ae 2sin = 5 etm)c() = v= (38) 


ay COS 3° 


The transformation (16) brings the interaction Hamiltonian of the particles and the radiation field into 


the form 
H’ ae ff ats H’odd 
where 
ips gle 4 + ‘odd 
H’even — -— = [Se (scurlA) pdx +-\ x* (— seurlA) x dx| ,H Fear gly (\ ot (oAs* X*) dx + xe (oA) edx| (39) 


expressed to zeroth order in p/m. Consequently we can apply to some relativistic processes of quantum 
electrodynamics (k ~m) the theory with the interaction Hamiltonian of particles and radiation field 
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expressed by Eq. (39). In this case the theory is nonrelativistic as regards the momenta of the particles. 

Let us consider a system of interacting electrons and positrons in an external field. For the study of 
the stationary states of the system we shall not include the interaction of the particles with the radiation 
field, which, as a perturbation, causes transitions between the stationary states of the system. Accord- 
ing to the Fock method! the change from the space of second quantization to the configuration space is ac- 
complished by writing the state vector of the system as a column whose elements are wave functions in 
the configuration space with definite numbers of particles. In all the states of occupation the difference 
of the numbers of electrons and positrons has a single fixed value. This is a consequence of the law of 
conservation of charge. The action of the quantum operators on this column must be consistent with the 
commutation relations. 

Let us write the configuration wave function of a system of n electrons and m positrons in the form 


of a product of determinants of one-electron and one-positron functions, satisfying the requirements of 
orthogonality and normalization: 


Pes -ay, Gi-++Bm (ry: °°Tn, Sy+* Sm) (7) m\)— || 0; (rj; o%;) Il; rane Xi (si, B,) [ (40) 


Then the variation principle 6W =0, where W is the mathematical expectation of the operator Hy + Hy, 
in a state having n electrons and m positrons, leads, under the conditions of orthogonality and normal- 
ization of the one-electron and one-positron functions, to the Fock equations of the self-consistent field 
for the system of electrons and positrons in the external field, with the Hamiltonian operator expressed 
in the form of a power series in 1/m (Ref. 6). 


I. J=1-++m 


[He (x) + 2 \ a 9] (x’) 0; (x’) dx’ — > <7 Xj (2) x7) dx’ | 9; (x) 


ia 


. 1 bd , , , . : 
— 83 Nr FO) ede 9; (x)= Dy A; (2), Dee begs tc 
=1 if 


j=1 (41) 
[Ho +2 DV ie) 4 a= DI A 9 9, eee] x, 
fal {=1 


m m 


4 * U , , G 
— NS FO) 4r' x, = DB os), i=1...m. 


aah j=1 


The state of a system of electrons and positrons subject to an external field and interacting with the 
radiation field is described by a state vector © satisfying the equation 


(7) + A, + A’) Q = idQ/dt. 
According to perturbation theory the transition probability per unit time is given by the formula 
w= 20 | (Qn, H’Qo) |? ens (42) 


where Q) and Qy are the state vectors describing the initial and final states respectively. For a sec- 
ond-order effect 


(Qy, H’Q;)(Q;, H’Qe) 
(Qn, H’Qo) = > = Sas , (43) 
I 


-where 1 is the state vector describing the intermediate state. 

The effect of the external field on the radiative processes comes about in two ways. Since the expres- 
sion for the probability of the process involves the wave function of the system, which is a solution of the 
equation for the stationary states, in which the potentials of the external field appear, the external field 
has an effect on the radiative processes through the dependence of the wave functions of the system on the 
potentials of the external field. The potentials of the external field also appear explicitly in the expres- 
sion (18) for the interaction Hamiltonian. For radiative processes in which the photon energy is compar- 
able with the rest energy of the electron, the potentials of the external field do not appear in the interac- 
tion Hamiltonian as terms of zeroth order in p/m [Eq. (39)]. But the effect of the Coulomb interaction 
of the particles comes into the radiative processes through the wave function of the system determined by 


the Fock equations (41). 
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Let us consider by Fock’s method the two-photon annihilation of a positron in a many-electron system. 
We assume that in the initial state there are n electrons and one positron. In the intermediate state the | 


numbers of electrons and positrons remain the same as in the initial state, while there has been emitted | 
a photon with wave vector k, and polarization vector e, (denoted as state I,) or else ky, e, (denoted | 
as state II). In the final state there are two photons k;, ey and kj, e, and n—1 electrons. The con- 
figuration wave functions of the initial, intermediate, and final electron-positron states are denoted by 
Wory wey By (Ti+ ++ Tr 81)+ Wa, ...cm, By (F1--- Tn» 81), and Woy ey —1{(41-+-In—-1)» respectively. 
Using the rules for the action of the matrix elements of quantized operators on the configuration wave 
functions, determined in the same way as in Ref. 4, we get® 


n 


= + (00) 
iy * - R ic 
(01, 1) = 0 YEA Weng oslo Fo EHH YS Baal, — 1) (— E> (6 thse) 


i= ze 


MK Dearssee = Bog ty-ceg by Ur ~2e Fithian she, Sy) lg 2-2. dr, dr ds, (44) 


‘(oo 


Bre (eee) Ve oe en (raat $1) 2H Byo, O( — 81) ( 5 (8 (exes))) tm a(ty--. fn, 1) dt, ...dr,ds,dr, 


1% 


(Qn, H’Q,,) aS (— e) ye VON ered (ry sacle T=) e—i(k.r) 3 (r — r) (> S (s€s)) xe 


ors seepage. eee ede pap eeleocre kta a Oke ONT (45) 


Here we have used the well known expressions for the matrix elements of the operator A (see, for ex- 
ample, Ref. 7). The first term in Eq. (44) consists in turn of a sum of n terms, in which the i-th term 
corresponds to the emission of the photon k,, e, by the i-th electron. The second term in Eq. (44) cor- 
responds to the emission of the photon ky, e; by the positron. As intermediate states we must take all 
possible function Wo, JOBS (r,...Tp» 84). We assume that the y” form a complete set: 


nk ” 
SD) Waren B (ase Pay $1) Or fie ie 


: 5: )= Ouen ao pose Op,6f OTs — Ti) 8 Ta 0) 8 (Seas), (46) 


where the sum is taken over all possible states wy”. We assume that initially all electrons are in bound 

states, and that the positron is either in a bound state or in a quasifree state with energy close to m 

(a “slow” positron). The matrix element (44) is appreciably different from zero only when in the inter- 

mediate state the particle that has emitted the photon k, is in a quasifree state with energy close to 

(m? + K3) 1/2 and each of the other particles has an energy close to m. This is so owing to the fact that 

in Eq. (44) the factor e~i(kr) is a very rapidly oscillating function. Consequently we take for the differ- 
ence of the energies of the initial and intermediate states simply: 


AE; = Ey E,, == Cri ee A ee = eee ee (47) 
Using Eq. (46), we get 


(Q,, H’Q,) (Q,, H’Q,) (Q,, H’Q,) (Q,, H’Q,) an Va Cy 
Q : LOya\ n ty I, OA ay \! n? ee i? Oa oe \ aoe 
oe - AE; ars AE; O Vise BEx \ 88-%n—a a Ena) 


- (©) 


n 
—i(KE py) ,—i (Kits) 9 ic 
[> Ch eae eau (interes) (CO) Cul(ce.) ae (eg oe (s tke), Yaeger 4 4--s0gs Br (Fa +++ Tray $4) 
= ; 


4 ic) 
sf eit is)1) 3 (ir, —'$,) (cl) &'(c€s)) ane, bes (o tke.) oh Yecissittn 6 (Fx ++ Tas S1)dty. 0 dt pS) 


(48) 


corresponding term obtained by interchanging 
AE, kj, and e; with AE, ky), and e,, respectively 


n 


The sum De in Eq. (48) consists of two parts, namely the term with i=n and the terms with i Zin: 
i=1 
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The terms with i#n makea negligibly small contribution to the matrix element because of the small- 
ness of the integrals over rj and ry, of the rapidly oscillating functions o Mtn) and sen Phys- 
ically this corresponds to the fact that in the transition from the initial state to the intermediate state the 
i-th electron emits the photon k, and the momentum —k;, is transferred to the nucleus, and in the tran- 
sition from the intermediate to the final state the n-th electron is annihilated with the positron (n # i) 
with the emission of the photon k, and the momentum -—k, is transferred to the nucleus. Such a proc- 
ess, in which there twice occurs transfer of momentum comparable with m, is extremely improbable. 
As for the terms with i=n, they make an important contribution to the matrix element when lk, +k, | 
is small. When |k, +k,| is small we can replace k, and k, by k, which, by the law of conservation 
of energy, is equalto m, and AE, and AE, by —(2m)!1/2, Neglecting the terms with i #n and setting 


K = — = [2 (2€2) (5 [kye,}) + ¢ (ce) (6 tksea))], 


we get 


* 


n V2n = —i((k,+k 
(Qn, H’Q)) = — e& — Van ae (Fy eee Fay) CEN) (Kg ag Kepe,) Pest oneaeg 3 (la --fa alan Te) Opes n mao) 


The probability per unit time of two-photon annihilation is given by the formula 
w = (K/4n)| (Qn, H’Q)) |. (50) 


The dependence of the probability of the process on |k, + k,| is clearly shown in Eq. (49). The proc- 
ess is most probable when |k, + k,| =0, i.e., the photons emitted must have their directions correlated 
to be antiparallel. With increase of the departure of the angle between k, and k, from the value 17 
(for k, =k») the probability decreases rapidly. The process is most probable when each photon has an 
energy equal to the rest energy of the electron: k, =k, =m. With increase of the difference between the 
individual photon energies and m, for k, +k, = 2m, the probability decreases rapidly. From this one 
can get the natural line width of the annihilation radiation. Since the pair being annihilated is bound to the 
nucleus and the other electrons, the law of conservation of momentum need not be exactly fulfilled, as it 
must be for free particles, in the sense that the total momentum of the pair annihilated must be equal to 
the total momentum of the emitted photons. That is, in the center-of-mass system of the electron and 
positron the emitted photons can have a total momentum k, +k, different from zero, and this amount of 
momentum is transferred to the nucleus. The larger the momentum transferred, the less probable the 
process. 

Let us write w and yw’ inthe form 


4 
Pay...» Br (Ta -++ Pay $1) = Var loi(r;, %)) llajer..nX%a ("a Bi), (51) 


, 4 le 
Vay. .tg—y (Fa + Pn-a) = Vien ll ei (tj, %) |li,p—2...2—2- (52) 


Substituting Eqs. (51) and (52) into Eq. (49) and developing the determinant | Pi (Lj, a) ll in terms of the 
elements gj (rj, aj), we get 


r rd V20 -~;— 4 4 ea ‘ _4)ttn 
(Qn, H'Q) = — et VI ae [Kesen — Keo D ( ) 


‘i \ | oi (rj, %) |liper...n—al] rn (Fy, %j) Weaa..t—a, Ha. dM Xn \ e MUHA) oy (a, &n) Xa (Fn» Bi) Mn, (53) 
ju=l...n—l 


where integration over xj means integration over rj and summation over aj, and repeated indices are 
n 
summed over. The sum re in Eq. (53) includes the various acts of annihilation and the effect of elec- 
= 
tronic correlation. Since gj and Gj relate respectively to the system atom + positron and to the ion 
that remains after the annihilation, they are not orthogonal to each other. Consequently, the possibility 


of transitions of electrons accompanying the annihilation is not excluded. eee 
Let us assume that the remaining electrons have made no transitions during the annihilation, i.e., that 
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n 

gi and vi have the same quantum numbers; then in the sum ei the term with £=n makes the prin- 
g=1 

cipal contribution to the matrix element. The main part of this term is 


eS ( 9; (x1) 9, (%1) dx, | oi, (X2) Pi, (%2) dx ... ( Si, (Xn—1) Pin, (Xn—1) Una 


4,...tn 4 
n—-1 


Fact bf (ey (x) 04 (xi) dxi, . (54) 
i=1 
where ij, ...,in—, is a permutation of the numbers 1, ... ,n — 1, and the summation is taken over all 
permutations ij, ...,in— 4. The other part of the term is a correction to the main part (54), for ex- 
ample 


\ Pi (1) 2 (41) dy \ 9, (X1) P1 (%2) dxXq... 


and so on. The other terms in the sum De , with 2#n, are corrections to the main part of the term 
L=1 

with 2=n given by Eq. (54), and correspond to annihilations in which the positron is annihilated with the 

electron that was in the state £ (2#n), but the annihilation is accompanied by the transition of another 

electron into this state. This is an effect of electronic correlation. 

Let us examine the possibility of reducing the problem of the annihilation of a positron in a many-elec 
tron system to the corresponding one-electron problem. If we assume that the annihilation of the pair 
does not change the one-electron functions of the remaining electrons, then y’ is given by the deter- 
minant 


le, (ris pla, patna /V (2 — DS, 


n 
where gy appears instead of gy’. Then the only nonvanishing contribution in the sum phe in Eq. (53) is 
C=4 
the main part of the term with 2=n, Eq. (54); the effect of electronic correlation disappears, and also 
no transitions of the remaining electrons are possible. The result is that Eq. (53) reduces to the follow- 
ing: 
V2. —i((Ky 2)yt 
=i rt (Keen IGN ((ki+K2)F p) @, (las %a) Xs (Fn, Br) tn. (55) 


m 


This is just the result obtained by multiplying the integral 


( e1 SH) Fe) 9, (2) Ly (hq) AP (56) 


by the corresponding matrix element for the annihilation of free particles. Consequently, the reduction of | 
the problem of annihilation in a many-electron system to the corresponding one-electron problem is equi- | 


valent to the assumption that the wave functions of the remaining electrons are not changed as a result of 
the annihilation, or the neglect of the possibility of transitions by the remaining electrons and of elec- 
tronic correlation effects. 

As a concrete example let us consider the two-photon annihilation of a positron in helium. The wave 
function of the system is of the form 


Pou, a6: (Ta 2S1) =  (ryry8y) © (a%,%28,). (57) 


Let us consider separately the cases of orthohelium and parhelium. The Schrédinger function of the sys- 
tem orthohelium + positron has the form 


PorthoFil 281) = (1 (1) 22 (2) — 2 (Fi) 1 (2) xa (Sy)/V 2, (58) 
and that of the system parhelium + positron has the form 


Yyara(Til2S:) = (91 (Fy) 2 (Fe) + $2 (11) 1 (2) x2 (sWV2s (59) 


| 
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Ene spin functions $(a1a28;) can be obtained by combining the spin functions of orthohelium and parhe- 
aun, X(Q@4@2), with the spin functions S(@,) of the positron, and the resulting functions must be eigen- 
functions of the total spin of the system and of its z component, and of the total spin of the two electrons 
and the spin of the positron. As a result we get six spin states for the system orthohelium + positron: 


Oi!) = %45Sy,, @r,? = yas Ve zi oh o oh 
le 14s le %y =) Sa le ® ly == 3 Xu S25; “+ By X10 Sr, D,), Ss 55) X19 Sj, er V ay, Xy = Si), 


= ON ce + — 12 1 yD 
Spa Socqsiiies ese Se | aD tees yee eee (60) 


| and two spin states for the system parhelium + positron: 
Di Noose Pa = ven Soin, (61) 


_ The lower index on the © denotes the total spin of the system, and the upper index gives its z com- 
ponent; the indices on y are the total spin of the two electrons and its z component; that on the § is 
the spin component of the positron. 

| _ Let us substitute Eqs. (58) to (61) into Eq. (53), average over all spin states of the initial state, and 
sum over the polarizations of the emitted photons; then we get the probability per unit time of two-photon 
annihilation of a slow or bound positron with the remaining electron of arbitrary spin in a state described 


by the wave function 9: 


Wortho= ¢4 i [\ ~” (Ty) 9 (ty) dry \ e—U(Ki+ka)r2) o, (15) Xi(r2) dry — ( @”* (ry) 22 (F1) dr, ek +k)t2) o (ry) Xy (12) dra)? (62) 


2m? 


Wpara= ni \ o”* (ry) 9 (ty) dry \ ek tke)F2 @» (I>) X1 (Fe) dre + \e" (Ta) $2 (1) dry \ eRe Baa) (03) 44 (Ca) dr, | (63) 


for the system parhelium + positron. 

When the positron is in a bound state (bound to the atom), one must sum up the probabilities of annihi- 
lation of the positron with the electrons in the various states, summing over the Schrédinger functions and 
‘spin functions of the final state, and also over k. The reciprocal of the resulting sum gives the lifetime 
of the positron, independent of the density of the medium. When the positron is in a quasifree state, one 
‘must take a wave function normalized to unit volume. The reciprocal of the resulting probability, obtained 
by summing over all final states, specified by Schrédinger and spin functions and by the wave vector k, 

and multiplying by the number of atoms per unit volume, gives the lifetime of the quasifree positron in the 
‘medium. 

The writer expresses his deep gratitude to Academician V. A. Fock for a number of suggestions and to 

Professor P. P. Pavinskii for a discussion of the results of this work. 
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The magnetic susceptibility of semiconductors with impurity bands in strong magnetic fields 
is considered. It is established that for a given dispersion law the susceptibility has a term 
which oscillates with increasing field strength. Since these oscillations depend substantially 
on the properties of the model accepted for the semiconductor with an impurity band, their 
experimental observation can yield a partial confirmation of the correctness of the proposed 
model. 


1. INTRODUCTION 


ConstDERABLE attention has been devoted recently to experimental and theoretical investigation of the — 
properties of semiconductors with impurity bands, especially semiconductors of the Ge type.+3 

In spite of this, very little is known about the nature of the impurity band, the dispersion law, and the 
distribution of the impurity atoms in the host lattice. One way to investigate these questions is to invent 
a specific reasonable model for semiconductors of this type. One would then consider those parameters 
whose behavior depends fundamentally on the assumed model. By comparing theory with experiment, one 
can then determine whether the model is correct. 

The parameters to be considered, probably, can not be the Ae esl conductivity or the Hall coeffi- 
cient, whose qualitative behavior does not basically depend on the particular properties of models. It 
will be shown in the course of this paper, that a suitable property for investigation is the magnetic sus- 
ceptibility in strong magnetic fields H. 

For this purpose, we shall limit the discussion to the simplest kind of semiconductor, namely, one 
which has an energy spectrum that contains a conduction band and a fundamental impurity s-band (for a 
p-type semiconductor it would contain a valence band and an acceptor impurity band). The impurity to 
be considered will have only one valence and its concentration per cc will be denoted by ny. The for- 
bidden energy gap, Ae, between the bottom of the conduction band and “the top” of the impurity band will 
be considered positive. 

If the impurity band is narrow, i.e., its width is D<kT, one must take into account how far the rela- 
tion between the energy of the electron, « (k), departs from a quadratic dependence on the wave vector. 
We shall assume that ¢ (k) is nearly periodic in the fundamental impurity s-band. That this assumption 
is valid will become clear as we progress. For simplicity, we shall assume that 


¢(k) = —A[cosk,a + coskya + cos kz a], (1) 


i.e., it is as if the impurity atoms were distributed in a simple cubic lattice with a lattice constant, a, 
given by: a= ng otf oein iq. (1) the following relations were used: 


—T<k,a, ky, koa, A=D/6 (2) 


and the zero-energy value was assigned to the center of the impurity band. 
It is in this model that we shall now consider the magnetic susceptibility in a strong magnetic field,-H., 


2, MAGNETIC SUSCEPTIBILITY OF ELECTRONS IN THE IMPURITY BAND 


Calculation of the magnetic susceptibility of electrons in the impurity band presupposes a solution of 
the corresponding statistical sum: 
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Zn = Spexp(— H/kT), (3) 


where to the particular degree of approximation used here! 


H#=—A [cos ky + cos (kya ¥ <i ax) + cos hea + spit, (4) 
if the field, H, is applied along the Z-axis and the corresponding vector potential is chosen; s = + l;up 
is the Bohr magnetron, and A = A(H). This yields a closed expression for ZH for any non-vanishing H 
and A/kT = by. However, one must take it into account that impurity bands, generally speaking, are nar- 
row and their width D is less than or of the order of kT. Consequently, it is assumed that by <1, and we 
proceed to calculate Zy under this assumption. 


To calculate Zy, it is expedient to transfer to the k-representation, i.e. to write x = id/dk,. The 
value of Zy can be calculated to terms of the order of bj inclusively and for any H (in the case of an 


impurity band); therefore, since the part of H, which depends on kz and on the spin of the electron, enters 
additively, one has the following expression for Zy 


Mie (ghost gy e —PBA|k oa 
ZH = iF \ ahecost is (ehBHT 4 BBHIET G5 exp[ by cos X + bycos(¥ +i2 sr) }, 


—tiX =kha<gn —t<cY=hac<n; x = eHa?*/he, 


from which 


H K x 
Zip = ae (bo}eosh_2— Sp exp(A + B), ©) 


where 


A =bcosX, B= 6, cos(Y + iad/0X), 


a 
and Iy is Bessel’s function of zero order with imaginary argument. Since in Eq, (5) the operators A and 
B do not commute, one can apply Feynman’s theorem? to calculate Sp exp (A + B): 


au 
Ziv = Spexp (A -+ B) = Spexp A exp | \as exp (— sA) Bexp (oA) ‘ 
0 
from which 
exp (— sA) BexpsA = B + exp(—sA) [B, exp sA]. 


Using this theorem again, 


1 
nN 


a s “A A aA sB a a 
Spexp(A + B) =Sp eAeB exp | dse=s? (( ds'e-s'4 [B, e’] e ie Spexp Aexp Bexp \ dsT ©| : 
0 0 


since the index s’ does not play a regulating role,® so that 
a (s) == e—-sB—sA& (B, es A] es B. 
/ ° 
If T(s) is found to be small, then one can use for Z}, the expression 


foe) il Sn—1 
Zi =Spexp AexpB S\ Wa, Wo=1, Wn=\ dsr... | dsaT (s1) + T (Sn). 6) 
n=0 0 i) 
° : 2 3 
It should be noted, that as in the case which is under consideration, with by <1, T ( s)~ bp, As series 
in Eq. (6) converges sufficiently rapidly, because the principal term in Wy is gC T BONE tO cDges 
To calculate the commutator in T{s) we make use of the properties of the displacement operator 
exp (+ iY ¥ a@9/8X). 
Then 


[B, exp sA] = 0. sfesbe cos (X + «) — e8% cos X] et” 299% +. [este cos (Kee fae 70ic0s elses 
? rae 
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Since it is not possible to calculate ZH for all values of by, we can make use of the fact, that in our case 
it is possible to substitute by <1 and to calculate the terms in Zy,, by expanding in powers of bo, ite 
quantities expsby cos X and expsby cos (Y+ iad/dX), keeping in Z4z only terms proportional to bp. 

In what follows in place of T(s) for simplicity we calculate the quantity 


T., (s) = exp 4sA exp sB [exp (— sB), AJexp (—s4A), (7) 
where 7 is a certain parameter. ; 7 
In order to obtain an expression for Zy to an accuracy including terms of bg, it is neseene to 
calculate in Eq. (6) the quantities W, and Wp», since, as is evident from Eqs. (6) and (7), Wyn ~ bg2: 


Zi = Sp {e% cos Xe’ cos (Y + iad/OX) (1 + W,+ W,)}. (8) 


Subsequent calculation of T(s) and T,(s) is straightforward although very cumbersome. Therefore, 
we shall not go through the details, and will give instead the result of the calculation of Zy. It is simple 
to prove that 


Sp e% cos Xe’ cos (Y + ixd/Ox) = Ip (bo) (9) 


for any H and bp, and it is independent of H; the dependence on H comes about because of the non-com- 
mutability of the operators A and B‘. To an accuracy of terms of the order of bé: 
1 


Sp e’scos Xe% cos (Y + iad/AX) Wy = \ds Sp e’cos X-T,, (s), (10) 
in which ns =s—1. Noting that : 


Sp f (X) cos (Y + ind/AX) = Sp f (X) cos* (Y + iad/AX) =... = 0, 
1 


Sp f (X) cos? (Y + iad/OX) = 5 \ F(X) dX, 
we obtain that ais 


i 2 
bo DAL eee 
\ dsp (1 + bycos X + cos x] T, (8) = 5 sin et (11) 


To this degree of accuracy, 


Pa te, b3 a rey Gh rey a 
by bo pte 0 ip,2 in2 == Gace Zee y Raat 
Sp e’ cos Xe cos (Y + ia ay ) W,— = (sin 5 sin?a Sli’ > Sin? =-cos. - (12) 


Substituting Eqs. (11) and (12) into Eq. (8) and Zy of Eq. (5), we obtain:* 


Up 64 ; : 
a 13 (bo) + 2.0 (@}, ® (a) = sin? + (2 —3 cost $) + 3sin® + sin? — 3 sin’. (13) 
Using the methods of contour integration?’® and the expression for Zy One can obtain an expression 


for the density of electrons 7n in the impurity band: 


Ziq =  Io(bo) cosh 


a c _ sinw3 cos ups 434 = a 
n(u, H,T) = 191 + =f dp [8 (08) + o]\, An=n(», H,T) —1 (5, 0,7) an 
i) 


= =( d8 | ae (sin »8 cos ppHB — sin 8) + @ (a) 
0 


6434 sin 8 cos Up 
sin > 


12 sinh 8 


where p =p/TkT, b = A/rkT, py) =p (H= 0). Here p is the chemical potential, pp =p/mkT, and Iy is 
Bessel’s Function of zero order with a real argument. 

Using Zy and the methods of contour integration, one can also obtain an expression for the magnetic 
susceptibility of the electrons in the impurity band:® 


nie = . ih 
et tor bey Le sy (1 ~tanh? ( — 2tanh? =) ~ Lape teu 


1=1,2 i=1,2 ? 


ae expression for Z4(T) differs from the expression for Zy for H = 0 only by terms of the order 
of bo <<, 
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Lost = 2507 BH 9 Dytanh= (1 —tanh? +} (3 —4tanhe 2), 
i=1,2 


| | pains a 
So = e?Ab5a/768 h2c?, D’ (x) = dO (a)/do; pyo=ppH tp, Hy =hc/ea®, eo 


where the bar over pi; ,2 means division of that quantity by kT. 


3. MAGNETIC SUSCEPTIBILITY OF A SEMICONDUCTOR WITH AN IMPURITY BAND 


In what follows we shall not take into account the magnetism of atomic impurities, Let us assume that 
the complete magnetic susceptibility is approximately equal to the sum of the susceptibility of the im- 
| purity band x; and that of the electrons in the conductivity band X2- An expression for y, can be found 
| for any field, provided that the electron gas in the conductivity band of the semiconductor with an im- 
purity band is non-degenerate. 


Making use of the well-known expression for the statistical sum of electrons in a field H, we obtain 


w= SEN (H, T){I samme Fvent is le For coth gor, 
ss 16) 
esl ha, coshrupit = Ds re ee, eee ( 
@) = , M(H, SY ean ae Zy = 2(Qnm"kT 8), 


_ where N(H,T) is the equilibrium concentration of electrons in the conductivity band, p is the chemical 
potential, D; = 3A + Ae, m* is the mean value of the effective mass of the electrons, and Ae is the 
energy gap between the conductivity band and the fundamental impurity band; it is assumed that for T < 
10°K, Ae >kT. For larger fields, H, i.e. for Tp H > 1, 


Xo RTH ON (H;T) {1 + appl (— mim’)}. 


| It is easily shown, that, in the conductivity band, electron gas is non-degenerate as was assumed in de- 
riving the expression for yj. To prove this, we must calculate y (H, T). To do this, let us make use of 
the electrical neutrality equation: 


co 


in w3 cos Up 494 
No {1 f. =| dp ee [48 (68) + Fo]! +N (H,T)= tp. (17) 
0 


To calculate y, to an accuracy of Eee it is sufficient to solve for p from Eq. (17), neglecting correc- 
tions of the order of bg. With reference to yo + yosp» further explanation is not required since x9 + xosp 
~ bf. As regards x gp; this quantity will be of interest in what follows only when it is of the same order 
of magnitude as yy + yosp- This occurs, for example, for sufficiently large values of a, since ygp ~ 1/ a’ 
and yo+Xosp ~ a- Such a situation occurs in a semiconductor with an impurity band if my ~ 1045 — 1018 
so that a ~ 10°°>—10 ®cem. 

In this case Eq. (17) becomes (for large H) 


Ne (tanh S02 tanh =) = N(H,T), 


2 
or 
+f fim, cosh tupH — Ds 
— sinh ff [ cosh gl = Zo optsinha,2eT) °*P (ae ies’ Tl (18) 


In this equation we have taken into account the fact that .< 90, which follows from Eq. (17). Conse- 
quently » — D, <0 and therefore in the conductivity band there is no degeneracy. Because of this, one 
may use Eq. (16) for x2. 

It has been shown! that the approximation (4) is satisfied in all cases for values of H, such that upH 
<Ac. Since we are considering very low temperatures T < 10°K, for which Ae >kT, and large values 
of H, for which Aée/Lp >H, and fiwy/2 > kT (usually for a Boece of the Ge type m* <m, and 
fiw)/2 > UpH) therefore, we can put N/nyp K 1; 2 1045 — 1016, Smaller values of ng in the presence of 


an impurity band are hardly worth considering. But then from Eq. (18) 
likey 


fe ie pee es , “1 DIRT ey 
exp nu = 1 —S cosh cpl, S= + spre BH (singe) be eb; (19) 
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px —(S/z)coshtupl, |p |<<1, N=nS (1 — Scosh rppll). 


Consequently, for small values of b, fj is negative and has a small absolute value, which decreases 
with increasing H/T. As for the susceptibility y., for large values of H, when N Knp and consequently 
Eq. (19) holds, one finds 


; N 
an aera 


E + xugH tanhrpp — coth ee | 3 , 
Ie.; rol «K nop/H= Xsp- Thus, in deriving an expression for yz, one may neglect corrections to pf of 
the order of be. On the basis of what has been established thus far, taking into account the monotonic de- 
crease of |p| with increasing H, one can readily determine the behavior of the magnitude of xy ina 
changing field H. The magnetic susceptibility y;, consists of three parts. The first term of Eq. (15) 
can be interpreted basically as the orbital susceptibility of the electrons in the impurity band, Xo. As is 
evident from Eq. (15), with increasing H, yo decreases in magnitude and oscillates like @ (a)/a for a 
> 1, i.e., for H 2 Hy. Incidentally, since np ~ 104 —10!8 and a ~ 107§ — 107%, it follows that Hy = 
fic/ea? is not very large, i.e., Hy ~ 103 — 10°, The second term in Eq. (15) which arises from the mag- 
netic susceptibility of the spin of the electrons in the impurity band, monotonically decreases with in- 
creasing H. The third term yogp arises as a consequence of the coupling between the orbital and spin 
magnetism. For large H the separation of y into an orbital and spin susceptibility is ambiguous. This 
third term also oscillates with increasing H and its magnitude decreases, provided that H > Hp. For 
sufficiently large H, but for D; >ppH, xy plays a smaller role than yy. Since yo and Xsp are of the 
same order of magnitude, it can be shown, that the complete expression for y decreases and changes 
sign, i.e., it oscillates. 

Note that if the impurity has an average valence &, such that 1=€& = 2 (for T= 0 in a narrow band 
€ take the place of ng), for calculating N(H, T) and xy» one ought to use the Fermi distribution function 
for the electrons in the conduction band. This is readily done, using the methods of contour integration. 
However, by means of such calculations one can verify that the basic conclusion concerning the oscillatory 
behavior of y(H) is still valid. In fact, in case that 1=é = 2 the magnitude of p has an oscillatory de- 
pendence on H only in the approximation, in which x is proportional to b4 and lyol «K lal, for suffi- 
ciently large D, large fiw) and low temperatures .* 

Note also, that since Hy is not exceedingly large, then for sufficiently low T, it is also possible that 
H 2 Hp, but kT >p,H and kT > fia. 

It should be emphasized that the principal result, i.e., the oscillation of An and y(H) with increasing 
H, is obtained for H)< H «H, = Ac/Lp. This is the basic criterion which leads to the oscillation of y. 
Since Ae and Hy can be practically independent of T, so also the oscillation of y, generally speaking, 
can be realized for pH 2kT as well as for upH <kT, so long as Hy) <H KH. ; 

For example, if gH) <kT, it is possible to have RH >kT, as well as up < pH <kT, provided that, | 
UpHy >kT. If on the other hand MpHy >kT, then it must be also that MpH >kT: for such low temperatures | 
usually f_Hy = Ae >kT, where Ae is the energy gap between the fundamental impurity band and the con- | 
duction band® (it is possible to convince oneself, that for normal conditions, in the presence of a funda- 
mental impurity band, rather than impurity levels, excitation of the impurity band does not play a very 
important role). 

It is equally possible for hw) >kT or fiw) <kT, while still being consistent with the condition Hy < H 
<«< H;. Note, however, that for elementary semiconductors like Ge m* <m and fiw )/2 > MpH. Since the 
change in the resistivity in a magnetic field, Ap = py — py is proportional to An, and since An for Hy < 
H <« H, oscillates with increasing H, one can expect that in this case Ap will also oscillate with increas- 
ing H (if H) gH «<Hj,). Therefore, if ypH «kT, then 


6 


= tay eee 
Ao~An = ea \ d8 sig Sin poB® (a). 
0 


*Note that for H «Hp and upH «KkT, yp = Sy (1 — tanh? m/2 )(1 — 2tanh? m/2 ), the magnitude of yo 


can be® positive for f = 0 (i.e., an approximately half-filled band), and it can be negative for p > + (i.e., 
for an almost empty, or an almost filled band: n/np «1 or n/m 2). 
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Thus the oscillation of y with increasing H occurs only if H) <H «Hy, where H, is a particular 
value of the magnetic field, whose value is limited by the requirement that it should satisfy the approxi- 
mation in Eq. (4), i.e., for Hy « Hy. 

The oscillations of y(H) are completely distinguishable from the de Haas-van Alphen oscillations for 
the following reasons: (1) they do not depend on the degree of degeneracy of the electron gas, (2) the 
period 2H of these oscillations does not depend on H or T and their amplitude decreases with increas- 
ing T, or, more exactly, with decreasing bp, and (3) from a calculation of the susceptibility for the 
special case (1) one can prove that the oscillations, by nature, occur as a consequence of the periodic de- 
pendence of e€(k) and of the non-vanishing character of the commutator [A, B ]. The latter provides the 
basis of the assertion that in the case of narrow energy bands for any periodic dependence of ¢ (k), the 
susceptibility y(H) will have an oscillatory part if Hy) <H <Hy,. In effect, for any periodic behavior of 
€ (k), the approximate Hamiltonian for H < H,, can be written as 


H = >) A;cos (ka; + 55> [H, r] ai) + sep, 


Here r= iV, (The summation occurs for the nearest neighbor approximation, for example, in the model 
of tightly bound electrons; it is sufficiently good for an investigation of narrow bands). 
It can be shown that 


[(ka;), ({Hr] a;)] = 0; 
where it is understood, that 


[cos (ka; ate oe [Hr]a; ), cos (ka; a ra [Hr] ai) | a0) 
for i#j. But, in agreement with item (3) above, the oscillatory terms in y(H) are obtained by an evalu- 
ation of such commutators. Therefore in the case of a narrow band, i.e., for [Aj /kT | <1, consider the 
case in which Z,, and y can be evaluated by expanding them in powers of | A; /kT |, and their solution 
ean be obtained using the method of Feynman.® In this case, one can expect that # depends on H, just as 
before [see Eqs. (17) and (19)], and that the susceptibility y has an oscillatory part, so that these oscil- 
lations give rise to the characteristics referred to above[items (1) and (2)]. To this same degree of pre- 
cision, Eq. (18) still determines pz, even for the general case. 

It must be understood, that these assertions require a more detailed investigation. 

Let us return now to an examination of the oscillation of y(H) in a.semiconductor with an impurity 
band. 

It follows from Refs. 9 and 10 that for moderate concentrations of impurities, ng, when it is still pos- 
sible to distinguish the impurity band from the conduction band, the random distribution of the impurities 
leads to a smearing of the edges of the impurity band. This leaves the level-distribution density g(e) in 
most of the band nearly equal to the level-distribution density for an ordered distribution of the impuri- 
ties. The impurities in semiconductors of the Ge-type are of the lattice-substitution type. Thus, while 
g(e) has a substantial maximum near the middle of the impurity band, it becomes very small in the 
smeared edges. If kT is smaller than the width of the principal part of the smeared band, which forms 
the boundary of the impurity band, it is indeed dangerous to make use of the periodic approximation for 
«(k). If, on the other hand, kT is greater than the width of the whole band, which is true for a narrow 
band, then the smearing of the band probably plays a small role, as a consequence of the small value of 
g(e«) in the smeared edges of the band. 

To calculate the summation of states for by «1, it is therefore possibly advisable, to make use of the 
quantity g(«), calculated for a particular periodic function, ¢ (k), which approximates the dispersion law 
in the impurity band. It is here that it seems to make sense to use the periodicity of « (k) in the im- 
purity band. 

Conversely, if under suitable conditions (low T, Hy) <H <Hy,, large D and small m*) the predicted 
oscillations of y(H) are observed experimentally in a semiconductor with an impurity bang, ale will 
probably allow one to conclude that «(k) is nearly periodic. It is possible that oscillations, like those 
described here, will also occur in other solids, whose energy spectrum contains narrow energy bands. 
For this to occur, it must also be assumed that the parameter similar to a should have a value, euch that 
Hy) « H,. The effect will then occur if Hy < H < Hj. One can anticipate that for semiconductors with im- 


purity bands similar oscillations will also occur in some of the galvanomagnetic phenomena. 
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In conclusion, I wish to express my heartfelt thanks to Professor A. G. Samoilovich for his constant 


interest and valuable discussions. 


EF. Seitz, and G. Castellan, Semiconductor Materials (Russ. transl.), GTTI (1954), p. 7. 


Translated by J. J. Loferski 
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The energy spectrum of an electron ina magnetic field is considered in the case in which its 
trajectory in k-space (i.e., the intersection of the Fermi surface by a plane perpendicular to 
the magnetic field) is an open periodic. In this case, equidistant or quasi-equidistant discon- 
tinuities appear in the continuous spectrum. The distance between them is of the same order 
as that between levels in a discrete spectrum [~ e?, Eq. (3)], while the width, which is usually 
exponentially small or of order ¢*, may be of the order of <3 or ¢ in individual cases. 

The results that are obtained are applied to the theory of the de Haas-van Alphen effect. 

‘Tae present paper is a continuation of the research of Ref. 1, in which the energy levels of an electron 
in a crystal in a magnetic field were found in the quasi-classical approximation for the case in which the 
trajectory in k-space is closed and is located entirely within a single cell of the reciprocal lattice. In 
this case the energy is determined from the equations obtained in the work of Lifshitz and Kosevich:? 


| S(E, ks) = (2neH | he) (n + 1) == (20/02) (n + 4). (1) 


_ Here S(E, kg) is the area of the intersection of the surface of constant energy in k-space by a plane 
perpendicular to H, while y, as shown in Ref, 1, is equal to 4 for almost all closed trajectories. 

It was shown in Ref. 1 that if the closed surfaces in neighboring cells of k-space come close to one an- 

other, the discrete levels E = E (n, kg) [which are obtained from Eq. (1)] broaden out into narrow bands. 
This broadening is small if the trajectories are closed. If the trajectory of the electron is an open peri- 
odic, then the broadening is so great that one no longer speaks of broadening but rather of discontinuities 
in a continuous spectrum. 
Let us consider open periodic trajectories obtained in the intersection of open, isoenergetic surfaces 
of the “corrugated cylinder” type by planes which pass through the axis of the cylinder. When H lies in 
one of the principal crystallographic planes, as is usually the case for experimental investigations of the 
de Haas-van Alphen effect, the plane perpendicular to H is located in precisely this fashion. 


1, THE LIMITING CASE OF A “WEAKLY CORRUGATED CYLINDER” 


If the surface E (k;, ko, k3) = const is a cylinder (whose axis we identify with the k, axis), then the 
intersection of such a surface with a plane passing through the axis of the cylinder (we shall consider this 
plane perpendicular to the k3 direction) will consist of two parallel lines k, = =Kp = const. 

As was shown in Refs. 1 and 2, ak, plays the role of the momentum relative to the “coordinate” kp. 
Constancy of the classical momentum denotes free motion of a particle with a continuous energy spectrum. 
Continuity of the spectrum in our case follows from the following considerations. 

In the absence of a magnetic field, let the energy spectrum of the electron be expressed by the equation 


E (ky, Ro, Rg) = >) An eik". (2) 


Then, as was shown in Ref. 1, the energy levels E ina magnetic field, and the eigenfunctions of the elec- 
tron in k-space [under the condition that « « 1, where 


S=A/%, % = V nc / eH (3) 


= lattice constant; if a = 2.51078 cm, then ¢€= 10-2 for H = 104 Oe] are determined by the 
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equation* 
Eg =E (uy be, Be) g = >) Anexp (ikm — i BM) g (tp —“) = Eg, (4) 
n 0 0 | 
% = ky — (i / 05) 0 / ORe. (5) _ 


If the surface E (k,, ky, kz) = const is a cylinder (with axis k,), then An non, = 0 (ny # 0) in Eq. (2), | 
and Eq. (4) is satisfied by a plane wave, which it is appropriate to write in the form 


g (Ry, Re, Rg) = exp (ia? (pr + hy) Ro}, 


so that 
Bee > Ag ef (Pitsthans) | 


n 
i.e., a continuous spectrum exists. 

If a weak periodicity ( “corrugation,” Fig. 1) appears on the energy surface, then the classical momen- 
tum Kk, becomes a periodic function of k,. For a quadratic dependence of E on ky, this would mean 
motion in a weak periodic potential field. The eigenfunction is obtained in this case by multiplication of a 
plane wave by a modulating periodic function. 

Narrow discontinuities appear in the energy spectrum, and the con- 
tinuous spectrum breaks up into bands which represent strongly broad- 
ened levels. 

Considering terms with n, #0 in Eq. (4) as a small perturbation, 

FIG, 1 we can find the energy spectrum both close to the discontinuity and far 
from it. The discontinuities are obtained for those values of k, which 
satisfy the condition k, = a,n/2a% (n=interger, a, is the lattice constant in the k, direction). This 
means that the areas of the intersections (in a single cell) appropriate to the middle of the level, are equall 
to S = 2k,(21/ay) = (20/02 )(n + Weys i.e., they are again determined by Eq. (1). 
The width of the n-th discontinuity in the spectrum is determined by the equation 


| 
| 
| 
| 


| 
| 
| 


E (R;) = E£° (ky) + >} Annn, Ammnn, CXP {ian F + iks (f3 + m)\]* (6) 


NyN2IN, Me 0 


where k, = agn/ 202 . The width of the discontinuity can be changed both monotonically and non-monoton- 
ically for a change in the number n or the magnetic field (aq). 
In the approximation considered, the discontinuities in the energy spectrum are quasi-equidistant, and 


have the order of magnitude ¢”. Such large discontinuities can take place only in those cases in which the 


corresponding coefficient An, is different from zero. However, even if there is a finite number of terms | 
in the expansion (2), exponentially small discontinuities exist in every case. 
As was shown in Ref. 1 (see Mathematical Appendix 3), Eq. (4) together with the nondiagonal terms 


corresponding to other energy bands, is written in the form 


E, 8, — Fe, = 95? 3 Di Das e™™ g, ( ae 


The nondiagonal terms give discontinuities in the spectrum of order ¢%, in which the number of such 
discontinuities is equal to the number of coefficients Dinympm, not equal to zero (m #0) (the coeffi- 


cients Dy, are the coefficients of the Fourier expansion = Dmnek™ of the integral of some bilinear 


combination of eigenfunctions in the absence of a magnetic field: Yes? Ver): 


*This equation was obtained in Ref. 1 from the Schrédinger equation for an electron in a periodic elec- 
tric and homogeneous magnetic field. For lack of space, we have not carried through this derivation, 
which demonstrates that we can obtain this Hamiltonian if we postulate the substitution in Eq. (2) of the 
corresponding non-commuting operators for the components of k, carrying out the operation of total sym-- 
metrization, i.e., arbitrary products of kP and ky are taken in all possible combinations. ‘oad 


*We take the opportunity to observe that there was an error [in Eq. (8) of Appendix 2] in that paper 
which has no effect on the subsequent conclusions. 
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In all the cases considered in the present section, the discontinuities in the spectrum arise for those 
jalues of the energy for which the area of the intersection of the isoenergetic surface is given by S = 
imm/a?, and the mean of the broadened level corresponds to an area of intersection S = (27/a%)(n + 4), 
recisely the same as for the discrete levels of the closed trajectory. 

In the following sections we shall consider cases in which the discontinuities in the spectrum are suf- 
ciently large that a noticeable de Haas-van Alphen effect appears. In such a case, we shall not make use 


f the approximation of a “weakly corrugated cylinder,” since it requires too large an anisotropy of the co- 
fficients, expressed by the relation 


An, nen, << 7 Aln.on, : (7 ) 

uch an anisotropy obviously does not occur in real cases (¢? S 105) 

| 
2. SOLUTION OF THE PROBLEM OF MOTION IN A PERIODIC FIELD, 

USEFUL FOR SMALL VALUES OF THE MOMENTUM ON THE CELL BOUNDARIES 


In the case of closed trajectories which are divided into large regions of imaginary momentum, the 
)roadening associated with a periodicity in the direction k, (Fig. 2) is exponentially small (in this case, 
|Owever, as was shown in Refs. 1 and 5, there is an additional broadening, of order ¢* and connected 
with the non-equivalence in the crystal of the different positions of the 
£ “center of rotation” of the electron). Such a picture holds for the mo- 
tion of a particle in a periodic potential field at low energy levels, when 
the regions of imaginary momentum are large (level A in Fig. 2). 
The bands in this case are so narrow that they can be regarded as nar- 
row levels. When the closed trajectories are divided into small regions 
FIG, 2 (level B in Fig. 2), the broadening becomes significant. In this case, 
we must use a method analogous to the method of “strongly coupled 

‘lectrons ” for the calculation of the broadening. 
| If the trajectories are open and the momentum is large (which corresponds to the level D), the dis- 
sontinuities are small. 
' We now consider the case in which the momentum in the vicinity of some point (we shall assume that it 
s located on the cell boundary ) takes on a small value (level C). 
_ We analyze several neighboring elementary cells in the region shown in Fig. 3. While the momentum 
K; is large in regions I, III, V, and the quasi-classical approximation can’ 
be used, the momentum is small in regions II and IV, and we can obtain 
an exact solution. A similar division into different regions follows in 
the case in which x, or Kk; has a discontinuity for some k,=b (Fig. 
3). Our considerations will apply to both cases. 

We write the eigenfunctions for regions I, III, V in the form of linear 
combinations of quasi-classical wave functions. 

The second quasi-classical approximation for these functions, ob- 


BBWS 


ained in Ref. 1, has the form: 


he 
iareghe dE |~? ‘ 
g (ky ky ks) =e of k f (Re), f (Re) = Oy exp I ioe \ Hy ae} (8) 
0 


while the next (third) approximation, which we employ in the present paper, is 


Re 


(ees 
0 


Rp 
Ie : 
exp - ina | x, dk, 
0 


F (ta) de) (9) 


0 


where 


” 7p’ W if 2 3E 
BA go FPO BET VAO'R, 1.050" Rinog pleelinn anes pa we 
eer ure re }ipaoPe | AP, 1 42P Ox An 


We write the eigenfunction in regions II, IV in the form f= Af, + Bf, where f and f, are the even 
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and odd solutions, respectively, in these regions. From the condition of equality of the eigenfunctions 
and their derivatives on the boundaries of the regions, we get the equation (p is a new, continously vari- , 
able quantum number corresponding to a quasimomentum in a periodic field): 


, , i 4 hl 1 a? §(b) 
cosp = {fil thf + hi — ale (fife)’ is, + a fife (apm — afx,)]}5- cos 25 — 
0 
, fal ; | | oe Ser Ca) | 
se (f1 fa)’ fe(aopr — ah x,)-+ | (fr fa) + file hap = : a | 
Here 

° ¢ dE | 
S(t) =2 | rdks, D=fif—fif» © =| Fake, P= 5, (11) 
ap 0 | 


and the values of all quantities are referred to the point k, =b. 
This equation defines the possible values of the areas of intersection, i.e., it gives the possible values | 
of the energy in implicit form. We write Eq. (10) for the case in which kK, =k) is small on the cell 
boundary (for k, =k). 
We expand E(k, ky, kj) in a series about the point (Ko, kp) (retaining only the terms we have written: 
down ): 


OE = e 
+7 (te — ha)? si (12) 


E (1, ky, ks) =E (10, Ro, Rs) + (4 — 0) Sm = > (4 > iG) ee am 


Here the terms of first degree in k), — kg are absent in view of the obvious [ following from Eq. (2)] van- 
ishing of the corresponding coefficients: 9E/dk) and E /OK4 Ko. 
We shall consider that the expansion (12) is sufficiently accurate up to the point k, = b; in the oppo-- 

site case, we can keep the succeeding terms of the expansion (which would naturally make the subsequens: 
calculations more involved). Inasmuch as the expansion (12) refers to points on a curve of constant en- 
ergy, it determines the dependence Kk, (k,). In our case, this dependence has a hyperbolic form, the equa+ 
tion of which is written: 

x? = xe + (x9 / R) a3 (Re — Ro)”. (13), 


Here, K = a4ky, Ko = 4,Ky) is the value of kx on the boundary of the cell (Fig. 3). R is the dimension- 
less radius of curvature of the curve k,(k,) at the point ky. Replacing xk by the operator (5), we get ai 
second-order differential equation: ; 


O?f (Ox? + (A+ x?) f = 0. (14) 
Here 
= (Fey — ho) /2(R/%0)") R= (%o/*)? VR [0- (15) 


As is evident from (10), we are interested in the values of the function f and its derivatives at the point | 
k, = b, for which k > ky and, consequently, in accordance with Eqs. (13) and (15), 


x2 =z (x9 / R) a3 (b — kp)? = =x) xa Re 
Making the substitution 
2=— ix", | = e-=7'0)@), (16 } 


in Eq. (14), we get an equation for u(z): 


ae ee = Te (17) 


from which it follows that u is a degenerate hypergeometic function.’ This allows us to write the exact 
solution of Eq. (14). The two independent solutions, the even f, and the odd f,, have the form 


fi =e? F (a, % Z), fo = e722’ F (g— 4 + i? 2, Z\ % = (A+ i) / 4i, Y= 1/2. (18) 
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aE eit) b 
P(e 1 2) = pe ay (— 2° G (a, a— 7 + 12) +E eG (ya, 1—a, —2), 


G (a, B, y= AN fy erat, (19) 


2mi 
G 


jand the integration is carried out over the contour C surrounding the point t = 0 and extending on both 
oranches along the real axis to —~, The function G (a, B, Z) can be represented in the case of large z 
joy an asymptotic series: © 

| 


Cae) ee ts Sle) PON ae (20) 
| We assume that the expansion (12) [and that also means Eq. (14)] remains valid up to such large val- 
Res of kK, (b) (Fig. 3) for which Eq. (9) for the quasi-classical solution is also valid. The correspond- 
ang approximation for the exact solution will be such for which we keep only the first and second terms. 
iThe functions (18 ) in this approximation take on the form 


fy =Re(BF), f.=Re(CF), B=1(5)/'(G iz), C= emur(3) (TF +14), 


oe 4 : Ti ~ Be if BY IEG AN SO Ny 
Fsexp|—qinx—G +iping+i5}(1— SERS m ) (21) 


; omputing the brackets in Eq. (10) [by means of (21)] and making use of the properties of the I func- 
‘tions, we transform (10) to the form 


a  , 2 4 a2 
cos p = V1 + e-™ lee 2 cee s}. (22)) 


Here S is the area of intersection (in one cell) of the surface E = const with the plane kg = const, 

1x2 = (K/e rv R/ko, rX is from (15), Kg is the dimensionless momentum on the boundary of the cell, k, 
sthat on the boundary of regions I — II (Fig. 3). Expansion (20), and therefore (21) also, is valid for A 
o—~ X. 

| . The boundary of region II is that point k, = b where the dispersion laws (12) or (13) are still valid. 
‘It is assumed that at this point, the quasi-classical approximation (9) is also valid (kK ~ e1/2 usually sat- 
lisfies both these conditions). If the quadratic expansion (12) takes place even for x larger than ~ et/ a 
ithen we must take the point with the largest possible x as the boundary for the region, since the larger 
jthe «x, the more accurate both the asymptotic expansion (20) and the quasi-classical solution (9) will 
be. 
Initially, we throw away the small terms (~ x”) in (22). For A’ «1, we then obtain cosp = v2 

|x cos ( a?S/2). Thus, for very low levels, the allowed and forbidden intervals are identical, with accu- 
tracy up to the discarded terms. Upon increase in i, the width of the forbidden intervals decreases; for 
1A >> 1, the forbidden intervals are already determined by terms ~ x and also, generally speaking, de- 
‘crease with increase in energy. 

The smaller the ratio R/ko, the larger the number of levels located in regions of those values of A 


/for which the square root v1 — eT, is still significantly different from unity. 
If we keep terms ~ x7! in (22), then, as is shown, this reduces not only to the addition of similar 


Perms to the coefficient of the sine in (22), but also to the appearance in (22) of a new component of the 
form xe7™/2 sin (a2 S(b)/2) [S(b) is the area within the boundaries (-—b, +b)]. The chief peculiarity 
here is the fact that the frequency with which it oscillates (for a change in the energy or magnetic field), 
differs little from the frequency of the basic terms of (22). This leads to a non-monotonic change in the 
width of the forbidden intervals for a change in the magnetic field. A similar phenomenon has already 


been pointed out in Sec. 1. 
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3. CASE IN WHICH THE MOMENTUM OR ITS DERIVATIVE HAVE DISCONTINUITIES 


Let the momentum «, or its derivative «x; =dk,/dk, have a discontinuity at k, = b (three individual 
cases are drawn in Fig. 4). For the functions f, and f,, we use the quasi-classical expression (8), 
which is valid in those cases when the momentum k nowhere takes on too small a value (kK > €). 

We introduce the notation 


y= 2S), =¥—Yy Y= BS()/2, Pi=9E/dq, P2= OE /O%, (23) 


Kk, and Kk, are the values of x on the two sides of the discontinuity. We 
denote the derivaties with respect to k, by primes. With this notation, Eq. | 
(10) takes on the form 


(%j = %)? : 
eis sin Y, SIN Yy | 


COS p = COs Y — 


py 


a 1 : 
2a? P,P, SHY COS Ya + a cos y, sin 1) 


x 


+ (Pi Ps — P; Py)? sin y, sin y, / 804 x, %2 Pj Po. (24) — 


FIG, 4 


If the momenta on the boundaries of the regions, kK, and kK», are small 
and we can apply there the quadratic dispersion laws E = Qk?/2 + o(ke), 
then P, =Q,ky, Py =Qgk. (Q, and Q, are constants) and the equation is simplified. We consider two 
particular cases: 

1. Ky # Ko, Ki =k,. To abbreviate the expressions in this case from the general formula (24), we omit) 
all terms except the first two (generally, the remaining terms are of much higher order of smallness; 
however, in special cases they can be large, and must then be retained). Returning to the earlier notation. 
we have: 
a2 


az a2 
cos p = cos-5-S — ros (6)-sin--[S — S (6)]. (25) 


2x1 Xe 


2. ky =Ka, Kk, #Ky. In this case, we get 


2 , 2 ' 2 
a x, — XxX. a 
cos p = cos-5 S + 5 > sin 7S 
1 


nae 2 a a2 
ee sine? Syst SaaS ee) 


Aas D> 
8a, x, 


ae x 

There are terms in Eqs. (25) and (26) which have a frequency different from the frequency of the fun- 
damental term. As will be evident from what follows, their presence leads to fluctuations in the width of 
the levels upon change in the magnetic field or the energy. 

Let us find what value one ought to expect for the derivative x’ at the discontinuity of x and what 
value for the derivative x” one ought to expect for the discontinuity in x’. The answer to this question 
furnishes the requirement (see Ref. 1) that in the expansions applied in the quasi-classical method (in 
powers of ¢*) each successive term would be much smaller than the preceding. Investigation shows that 
if at each point the inequality 


NN eg I SOS I WEN SBT H, (27) 


is not satisfied, then we must expect that a discontinuity occurs (either in « or in Kk’) at this point. 


4, APPLICATION TO THE THEORY OF THE DE HAAS-VAN ALPHEN EFFECT 


In a previous paper,° starting from the approximations of electrons that are weakly and strongly cou- 
pled, it was shown that the broadening of the levels (if it does not change monotonically with change in en- | 
ergy and magnetic field H) leads to the phenomenon of “beats” on the curves of the dependence of the mag- 
netic susceptibility and other physical quantities on H. In the approximation of weakly coupled electrons 
(in the anisotropic case ) just such open trajectories occur about which we spoke in the preceding sections. , 
In almost all cells, the curve k;(k,) is an ellipse and is sharply distorted only at the boundary. 

In the present section the phenomenon of “beats” is again considered but outside the framework of the 
approximation of weakly or strongly coupled electrons. In Secs. 1—3 we considered a series of equations 
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eo determine the energy levels and contain terms of different frequency, which produce oscillation of 
the levels. We investigate the simplest of these —Eq. (25) [Eq. (26) is entirely similar ]. 
Using the notation 


mS/2 = y, (96/2) (S—S(b) = 1, (4 — %2)%/2% = 28, (28) 
{we write (25) in the form: 
cos y — 28 sin yy-sin y(1 — y) = cosp. (29) 


Since y and f do not depend on the magnetic field, it is possible to assume them constant and consider 
that only y changes. Let y satisfy the inequality y <«< 1. We consider two cases: 8B «1 and B > 1. 
lt is expedient to rewrite (29) in the form 


| V 1+ 48 (1+ B) sin? ty cos (y+ 91)==R cos (y+¢,)= cos p; sin 9, = 20H, (30) 
For 6 « 1, the left side of (30), as well as the function p=y+q,, has the form shown in Fig. 5. 


| It is not difficult to show from (30) that the area of intersection in Fig. 5, corresponding to the center 
jof the level will be 


2m 4 pis yl 
S= 2 (n ae = sin 2ny(n-+ +). (31) 


The connection between S, n and p inside the level is expressed by the formula 


= 29S Be ee 2 1 
n= >> + — sin yaoS — — arc cos (cos p/ R), (32) 
jand the width of the level is equal to 
Ay= z=—4/8 sin? mny. (33) 


The width of the level changes periodically with the change in the number of the level, n. 
The effect of broadening on the de Haas-van Alphen effect can be studied by computing the partition 
{function 


} We x +a 
| Z(E, H) ~\dp s k= > \ dp | dnerrierke, (n, p). 


n=0 q=—-@ 


jWe transform the inner integral to the form | dp | dks ALUMS P) and substitute for n from Eq. (32). 
We then obtain 


5 : aps 
— 428 | q| cos [agSm + 28 sin (a¢Sm%)] sin? (; ae (34) 


|\(Sy is the extremum area of intersection with the plane kg = const. ) 
| Terms of such form all enter into the expression for the magnetic susceptibility instead of the simple 
cos (a%Sm + 5) which is obtained in the absence of level broadening. It is evident that the broadening re- 
| duces to (1) a decrease in the amplitude of oscillation by a factor B, 
(2) the appearance of a factor sin? ( yar Sm/2) which leads to beats, 
and (3) the appearance of an additional small oscillating term under 
the sign of the cosine. 

The beats are not necessarily expressed by a factor similar to 
that used in (34) and capable of completely absorbing the oscillations 
(at absolute zero). This factor has another form in the case B > 1, 


when we get, in place of (34), 


2 a2 ; a2 Z 
cos [9 Gon = oo a Sn| I) (2/A), A=fsin > 7Sm+sin USS (35) 
on of order zero. Equation (35) is valid in the region in which the argument 
Ij does not vanish, but oscillates slightly, similar to what is obtained in the 
sidered in Ref. 5). Thus we have made it clear that both 


Here I, is the Bessel functi 
I) remains < 1. Therefore, 
approximation of weakly coupled electrons (con 
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complete and incomplete beats of oscillating physical quantities are possible (Fig. 6). 
Both these forms of beats are encountered in experiment.®? The beats can also be connected with the <« 
presence of two groups of electrons having neighboring parameters. If the beats are connected with the 
broadening of the levels, the period of oscillation of the curve x ( H7!) ought, generally speaking, to be | 
much less than in the case in which these beats are produced by the ex- 
istence of two electron groups. 


pad Both beat mechanisms account equally well for the great sensitivity 
ie H of the beats of the angle made by H with one of the crystalline axes 


x4 (but the large sensitivity to the arrangement of the crystal, i.e., to the 
emergence of H from the fundamental crystallographic plane, is better | 

a y accounted for by the mechanism described here). The vanishing of the 
beats on increase in temperature is also equally well explained. If we | 


FIG, 6 expand (34) into monochromatic components, then each of them (after | 
integration with the Fermi distribution function in the calculation of the | 
thermodynamic potential from the partition function) will have its own temperature factor. For suffi- 
ciently low temperatures, these factors are all close to unity, but upon elevation of the temperature, one | 
of the factors remains significantly greater than the others and the beats disappear. | 

The dispersion law (34), can lead, for certain values of the parameters, to the “crescent-shaped” 
character of the change of the amplitude of oscillation of physical quantities observed in experiments on 

In this work we have not considered the interesting case in which the equation for k,(k,) is more than 
double-valued (for examples, quadruple valued). Such trajectories are frequently encountered.® In the 
dispersion equation for such trajectories, there appear terms with a large number of different frequen- 
cies, Corresponding to this case the oscillations of the physical quantities can have a more complicated 
character than is shown in Fig. 6. 

The author takes this occasion to express his sincere gratitude to Professor I. M. Lifshitz for his at- 
tention to the present research and for his discussions. 
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The kinetic equation for the interaction of electrons with thermal excitations in He II is 
solved by the Fokker-Planck method. The electric current density is determined for fields 
of various strengths. 


| Tre study of the behavior of foreign particles in liquid He II is of considerable interest toward under- 

| standing the nature of their interaction with the elementary excitations. The only substance soluble in 

| He Il is He’, the behavior of which in solution has already been investigated both experimentally! and the- 
| oretically.” 

A. I. Shal’nikov has called attention to the possibility of studying the behavior in He II of light particles 
) such as electrons, obtained through ionization of the helium by some type of source. If the effective mass 
| m of the electron in solution is of the order of the value for the free electron, the average velocity of the 
_ electrons in a state of thermal equilibrium will be substantially greater than that of sound over virtually 

| the entire temperature interval down to T ~ 107%. In such a case the interaction of the electrons with 

) the phonons will take place primarily by a single-phonon mechanism, i.e., the electron can emit and ab- 

} sorb phonons, thereby altering its direction through some angle without appreciably changing its energy 

| (we shall perform the corresponding calculations below). In its interaction with a roton the electron is 

) scattered by the latter, again changing its energy only very slightly in the process. 

This circumstance makes it possible to apply the Fokker-Planck method, in the form developed by 

i Davydov,? to the solution of the kinetic equation. 

| It is possible to determine experimentally the mobility of charged particles in electric fields. Esti- 

| mates show that for various reasonable fields and mean free paths the values to be expected for the elec- 
| tron drift velocity are much greater than the velocity of the normal component. In such a case the exci- 

' tation gas may be regarded as at rest and in thermal equilibrium. 

We shall seek a distribution function for the electrons in the form of a series in Legendre polynomials, 
| limiting ourselves to the zero and first terms of the expansion (the convergence of the series is demon- 

| strated in Ref. 3): 


Pro +1 COS oe « 


Here 9% is the angle made by the electron momentum with the direction of the electric field. 
As Davydov has shown, the equations for fp and f, can be represented in the form 


: Ae 
a “ap (Peek Dias op? P(A Op + Asfo): S 

eE Of, / Op = — Bhi; (2) 
B=((1—cosy) dw, A, =n)? de, (3) 


| dw is the probability for scattering through an angle w, and 6p is the corresponding change in the ab- 
| solute value of the momentum. 
The collision integral in Eq. (1) has, 
values of the momenta of a certain current 
s = A, 0fo /Op + Aifo- 


as it should, the form of a divergence in the space of absolute 
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The coefficient A, may be found from the requirement that s fall identically to zero for the Maxwell 
distribution fy ~ exp (—p*/2mkT), and turns out to be A, = Ayp/mkT. | 
From (1) and (2) we obtain the equation for fo: | 


1 0 e2E? Wola p . 

‘p? Op p* [( : 4 A) 3, + A; mkT fo| 0. 

The first integral corresponds to constant current s. The constant of integration is to be set equal to / 

zero; in the alternative case the current goes to~ at p=0. / 
From the equation obtained for fy the following quadrature is found: 


aes i Asp dp | 
jo = Cexp {—| eee (oi) 
° | 


The constant here is determined from the normalization condition. The function f, is readily expressed | 
in terms of fy) with the aid of (2) and (4): 


age QB, Asp j 
TON OB VnkT (CES Ba SAs 


Knowing f, it is simple to obtain the electric current density 


co 
4n e?E \ foAsp* dp ¥ 
3 mkT \ B(Ay + @E*/ 3B) ’ (5) 
0 


j=\e2* fptdpdo = 


from which it is possible to determine the electrical conductivity and the mobility of the particles u = 
j/ne*E. 

Equations (4) and (5) completely solve the problem, provided concrete expressions are known for A, 
and B; we now turn to the computation of these. 

The probability for phonon emission is found from the usual perturbation theory formulas, where the 
interaction energy is to be set equal to 


V = (0A, / Op) 6; 


p is the variation in the density due to the presence of the phonon, and dA./8p corresponds to a depend~ 
ence ¢€=Ag + p’?/2m of the impurity (electron) energy upon the density. 

Calculations similar to those performed by Zharkov and Khalatnikov’ lead to the following formula for 
the probability of phonon emission: 


ale / Ss) , i} = 
dive p= — 258 (p—p — q)6(e—¢’ — sq) dp’-qdq, n= (e~salhF — ])71, 


n is the Planck distribution function for the phonons, which we take to be in thermal equilibrium, s is 

the velocity of sound, and the notation A = mph*/m3( pdde/dp 7 is introduced for the sake of brevity. 
We integrate the probability expression over dq and over the absolute value of the momentum p, ob— 

taining as a result | 


S n+1 pp Oke |} 0 = re, 
x pms IE de | oat eae 


sq) | (6), 


dWe ph— 


The probability for absorption of a phonon is obtained from (6) by replacing n+ 1 by n: 


a @—2 +50)]. (7)) 


dia pi= = Taaw 90 ie | 
From the energy and momentum conservation laws for the phonon emission process (these results are 
sufficiently accurate for the case of phonon absorption as well): 
p? {2m = p®/2m+ sq, p—p'=q 
we find 


q? = 2p*(1— cos), (6p)? =: (p’ — p)? = 2m?s? (1 — cos 9), 


} 


i} 


i" 


{ 


i 
( 


| cross-section for which is inde 


setting Ap < P~BP, we obtain 
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where w is the angle between p and 
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Evidently 6p/p~ms/p ~ (ms?/kT )¥/2 which justifies the application of the Fokker-Planck method. 
| We can therefore in Eqs. (6) and (7) set p’ ~ p and the quantity 


No difficulty is now encountered in determining ame =e), J (8p)? (dw 


Arh = 10S" ve — cos ) 


In accordance with (8) 


In considering the scattering of an 


|x (¢—e’ + sq)| =], ahh sq~ sp< #_. 


ph dw ph) with the aid of (8): 
s 2n+ 14 d kT see cal 9 
ie) Ss x 
aes IP 7 = ars) \ Na coth — dx, x=sq/kT. (9) 
0 
BPP APY mas2, (10) 


electron by a roton it is reasonable to take their energy of interac- 


tion to be a 6 -function of the distance between them. This leads, obviously, to isotropic scattering, the 
pendent of the electron and roton velocities; there is, moreover, no neces- 


sity for introducing a relative velocity for the electron and roton, since the velocity of the latter is al- 


represented in the form 


_ways very small. The probability for scattering of the electron through some arbitrary angle can thus be 


dw =(0/1)do/4n, 1/1=N,, (11) 


Oo is some unknown cross-section, and N, is the number of rotons per unit volume. 


From this we obtain directly 


Bt = \(1 —cos 9) (0/t) do/4e = 0/1. 


To compute Ay it is necessary to find the value of < ( bp)? as averaged over the roton EN 
The energy conservation law yields (with P the roton momentum): 


— pp /m = [P’ — P? — 2P, (P’ — P)] / 2p. (12) 


Pa= P 


| P’ can be found from the momentum conservation law 


— Ap; Ap=p--p> Ap’ ~ 2p?(1— cos); 


— / P? — 2PAp + Ap? = P — PAp/ Py + Ap? /2Po— (PAp)?/ 2P%. 


(Sp)? 


| Setting this value in (12) and squaring, we find 


2) 


4 m\2{P— Pf Ap? _ pA : (PAp)? a 
=a) | Po (= PAp) - el 
| We must now average this expression over the roton distribution. The average values of P—Po and 
_PAp fall to zero in this process. Indicating by x the angle between P and Ap, we obtain: 


(Pao 


2 < D BAW A} — O ; 
1 <p), = 5,2(2) {pt (1 — cos ee 1>,| + 20% (1 cos) <(p — po), eos? } 


It is easy to obtain 


<(P — Po)? = eT; <cos?y>e = 1/8; Ccost ye = 1/5. 


° . ° ° 2 i 
Integrating over the angle Wy we obtain finally* (in view of the inequality »kT « P9): 


*A similar computation for the collision of electrons with the ions of a plasma yields 


The first term was found by Davydov, 
extremely strong electric fields. 


ee (=) (mer + a 


2 l 


and is the dominant one; the second becomes important only for 
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sa eom. $e (GET 8) | 


Substituting in (4) and (5) the values 
A, = AN*+ Al, B= BY, BY, 


we obtain the solution of the problem under consideration. 

For the sake of brevity, we shall discuss here only a few simple limiting formulas, for pure phonon 
and pure roton gases. 

For the phonon gas in extremely weak fields, for which eEA «(kT )8/2/(ms?) 1/2 it is possible to take 
ee? « A»B, The usual Maxwellian distribution is then obtained for f»). Computing BP? from Eqs. (9) 
and (10), we can take sp/kT «1, and obtain the value 


Bex pkT [ dm?s®, (14), 


with the aid of which we obtain from Eq. (5) the current density 


| 

j = 2), V2) ene’s*m'bhE (AT), (15), 
in this case depending linearly upon the electric field intensity. | 
In the region for which the electric field intensity obeys the inequalities 


(kT) / (ms?)"® < eEX< (kT)" | (ms?) ", 
we have 
A.B @E?, 
and Eq. (14) for BP) is still applicable. In this case we obtain for the distribution function the value 
fo ~ exp {— 3p*kT / 4m3s? (eEX)?}, 
and the current density turns out to be proportional to E/ 2, 
j=(V2n/3"T (3/,)) nes mE | (RT). (16) | 
If eEA > (kT)/2/( ms?)3/2, thent sp/kT >>1 and we obtain 
BP_ 4p? /5 kms. 
The expression for fy for this case includes in the exponent the sixth power of the momentum 
fo ~ exp {— 8p® / 25 mFRT (eF))?}, 
and the current density is proportional to EIA, 
j= (5"PC/.)/6V x) ne'sk "EB / (kT). (17)) 


For the case of a pure roton gas we shall also discuss three ranges of magnitudes for the electric 
field. For fields fulfilling the condition eEA « (m/p)1/ *kT we have e?E? « BA,, and the Maxwellian 
distribution function is again obtained for fy). Calculation of the current density yields a linear depend- 
ence upon field intensity 


j="JsV 2/uneE | oN, (mkT)*. (18) ) 
In fields for which the inequality 
(m/p)'kT <eElL< (p/m)'2kT, 


is fulfilled we have e?E? > BAy Pandan A> it is sufficient to stop with the first term iN = mpkT/3pL. 
Using this value we readily obtain the distribution function 


fo~ exp {— p* / 4mp (cE!)?} 


*Taking the average value of p over the distribution. 
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ind the electric current density 
| j= (V2e/3T (2/4) ne"*E"* oN (mp). (19) 


Finally, for eEL > (u/m)1/ *kT the second term in the expression for Ad predominates, and i = 
2p?m/15Ly 2, 
In this case* we obtain for the distribution function the value 


fo ~ exp {— p®/15 my*kT (eEl)?} 
ind for the current density 


#7) vidi (7/3) nel Els 
3716516 Va (No) |* (mu2kT) Ie : (20) 


_ These formulas contain the unknown parameters 1, 0, the effective mass m, and also the number of 
electrons per unit volume n. If it were possible to perform measurements in all three ranges of electric 
‘ield dependence, all of these unknown parameters could be determined. It should be remembered, how- 
ever, that the magnitudes of the parameters can cause overlapping of the phonon and roton regions and 
vhereby complicate somewhat the interpretation of the experimental results. For example, the condition 
i p/ m)!/ 27T <«< eEd corresponds to eEf >A, and the creation of several rotons, as well as phonons, 
ean accompany the scattering of electrons by a roton. In this case the dependence (17) will be observed 
n place of (20). Experimental investigation of the behavior of particles of small effective mass in He II 
would be of definite interest. 

I would like to express my deep gratitude to L. D. Landau and I. M. Khalatnikov for their helpful dis- 
sussions of this work. 
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Thermal convection which arises above the limit of stability is investigated for a plane liquid 
layer. A dependence of the amplitude of motion on a parameter which characterizes the de- 


parture from critical conditions has been obtained. Possible symmetry of the flow is discussed. 


*An analogous situation can in principle arise for the scattering of electrons by heavy atoms. Here an 
or the current is also obtained, but with different numerical coefficients; this is un- 


~E2/3 dependence f 3 
In this case, however, the electrons have sufficient energy 


derstandable, since A, is different for ions. 
for ionization, which must be taken into account. 
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HEAT transfer in a plane liquid layer with constant temperature gradient was studied experimentally _ 
by Benard,! who showed that for certain values of a downward-directed temperature gradient pure ther- ‘ 
mal conduction is replaced by convection with certain characteristics in a stationary mode; the flowis | 
divided among regular vertical hexagonal prisms and thus possesses hexagonal symmetry. The critical 
gradient at which convection occurs has been calculated in several papers (see Ref. 2), but the utilization 
of linearized hydrodynamic equations permitted the determination of only the magnitude of the periods. 
The determination of the symmetry and amplitude of the motion for supercritical gradients requires study, 
of the nonlinear equations. The present paper presents the results of such an investigation for modes 
close to the critical value. 

A plane horizontal liquid layer of thickness h is bounded above and below by two planes between 
which a constant temperature difference is maintained. The boundary conditions can be taken in three 
forms: (a) two rigid planes, (b) one rigid plane and one free surface, and (c) two free surfaces. The last — 
case is distinguished by the simplicity of its equations. Benard’s experiments were performed under 
conditions (b). We shall write the basic equations of stationary convection as follows (see Ref. 3): 


(vv)v=—4+.%—pgh tod, divv=0, (vV)— Av, = yA0, (1) 


Here p and @ are small deviations, due to convection, from the equilibrium pressure P and tempera- 
ture T: 


P=py—pgz+p; T=—Az+T,+8, 
v is the velocity of the motion; B= =Oa(O p/oT),,. The boundary conditions at the rigid surface are: 
G0, 0, = 0. 00.) 02 — Ul (ee) (la) 
and at the free surface: 
O = O50 Uy == 014 070, 2" eee (Gy) = Sy, =) (1b} | 


For convenience we shall retain the vector notation only for variables in the horizontal plane 
X =(x,y), separating the z coordinate; for all quantities we shall employ a Fourier expansion in these 
variables: 


V(x, Y, 2) = Dy Vn (2) e& (2) 
Rk 


and similarly for v,, p and @. By virtue of the boundary conditions vy, = 0. The velocity Vj, (Z) is rea 
solved into components which are parallel and perpendicular to the wave vector k;: 


Vi = Vin +k (kVp) / R?. 


The second and third equations of (1) become 
t (kv;) + dVpz | dz = 0, (3) ) 


da F d 
I ie ee ke?) Op + AUnpz => res i! (kv;-) Opn a. ae (Up'2 on)! . (4) 


Eliminating the pressure in the first equation, 


a2 dv,» ; a) F d 
F=f Bw) PED [i ckvey hve) + Zloretbovay}, 


Whi = 


we also obtain 


(Zw) ot epee = fei dv) on. 


hi +h" 


+ gy Owe Ove) | +i gi (kw) (vee) + Z (Owe (kvie))]}, 


(ew) = Sy felony fee 2] 4 8 ove EON ) 
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Finally, we give the equations for the Fourier components with k = 0: 


a0, d _d (dv 1 d, d 
@ kf 
Before proceeding to study the equations which have been derived we shall determine the vectors k 
of the oe series (2). As was shown by the investigation of stability in Ref. 2, when the critical tem- 
perature gradient is attained there arises convective motion of the form 


f( z) eikx with a certain value k = ky which depends on the experimental con- 


ditions (a, b or c). In (2), and similarly in the expansions for v, and 6, we J LSAN 


shall call v,., with k = ky the principal term. It is easy to determine all WAY, 
such vectors of the flow. Indeed, as can be seen from (3)—(6), corrections ‘ 

to the principal terms with k = Ky will consist of terms with wave vectors 

which are again equal in magnitude to ky. Therefore, if (2) contains a term a b 


with the wave vector x(|k|=K 9) there must also be terms with the vectors 
a and b (a=b=Xpo), thus forming the equilateral triangle of Fig. a. It is clear that there are altogether 
six such vectors k,a,b,x,a,b, which are represented together in Fig. b. The Fourier components which 
are thus designated, for all quantities, comprise the set of principal terms of the solution; the remaining 
terms correspond to wave vectors representing various sums of the six principal vectors and will be 
small for temperature gradients near the critical value. 

We shall write the principal terms in the form 


Viz = Xj f (2); — Xip (2), 


where 


{(d? / d2* — x2)? + (ABgxe /xv)} f(z) = 0; 9 (2) = (v/ 68g) (a? / dz? —x2)?f (2). (7) 


It will be sufficient hereinafter to confine ourselves to terms of the third order in X, i.e., to take into 
account all triple combinations of the principal vectors. This means that all quantities v,, and 6, can 
be obtained up to terms of the second order in X; in other words, in addition to the corrections dv,, and 
60, (and similarly for a, b etc.) to the expressions in (7), it is necessary to obtain the Fourier compo- 
nents for the velocities and temperature corresponding to wave vectors each of which is a sum of two 
principal vectors; for example f=K +b, 2K, o etc. We note that by virtue of the equation of continuity 
(3) expressions of the form ( av) in (4) and (5) can be rewritten as 


(qvr) = (qv) + é (ql) £? dor. | dz. 
From (6) it follows, to terms of the second order, that 


da aD : (qk”) (q1) (1k”) d dU), 2 1k’) pry Cpny 
(& —_ i?) (qvz) =1 f >, ; {[ a ra iE (owe - ) = = } 5 


ht 


Substituting the expressions in (7) we see that for all required £ and q the right-hand side vanishes. 
Second-order terms in (qvp) vanish so that in (4) and (5) we can write 


(qvz) >i (ql) 2? doje / dz. 
For brevity we introduce the notation 
Dy =a") de2 — x?). 
From (4) and (5), including third-order terms in X, we obtain 


: Re A 
Diy + FFE Oy = 


, , dv 
1 y pid (kk’) p72 eS [4 Rees (eae 
Tyee Ve (One 9x") — pa ae a seo tied i Nigg (Che Ones) pa ae | 


(kk”) d =. 
+ pr az Re? de “dz ~ de 


(kk’) Uj r2 dO," d dyn 2 (8) 
One2 dz ) Md 


The magnitude of the dimensionless parameter y = Abgh*h v determines the pose Dy of the existence 
of stationary convective motion. The critical value y) at which instability arises is for two rigid sur- 
faces 2 1708, for one free surface ~ 1100 and for two free surfaces © 657. We shall write (8) for the k 


component as follows: 
Dy 0, + Yor. oa ae Ay, + Ry (6%) 
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where R, (6°) is the right-hand side of (8) and Ay =y—yY. The homogeneous equation has the solution 
y(z), with yo possessing the same meaning. The condition I 

| f (Rx (08) — Axf,} dz = 0, (9) 
which is required for the solution of (8), leads to the determination of the amplitude of motion X. This 
condition has the form 


A dpe Ax§ k’) Wprz 
OY x, \ fede = + bn 3 {2 (ove Oa) — CAD See Our de + 2 f a | (owe 012) — A) TE? oprah de 


7 
oe Bs. h/LR 


AC df (kk”) Win 2\ _ (kk’) py 2 pez) 
+5 \z > Wz [z(° EARP: lie Redz) Naz |e: 


k/-th" =x 


Second-order terms in X drop out, as is shown by substitution of (7) into the right-hand side;* for 
the purpose of calculating third-order terms it is necessary to obtain the corrections to vz and 0. Such 
corrections appear for the following quantities (see Fig. b): 


Bg = XpXuki (Z); 8p = XyXaby (z)s Bp = XnXcka (z)s 0g = XaXuks (2); Blan = Xxbs (2); 


809 = (| Xal?+| Xai? + | Xx |?) &4 (2). 9002 = XPXxM (2); 80p2 = X~XxNy (2); OUse = XxX po (2); 
8Uge = XyXao(Z); 800% = X2Ns (2). 
Using these designations (9) becomes 


we \ GD) de = (| Xa + | Xo) \{F (DH'f (um +e) + 2F' Di] — DF (a + + &) — FFG ba + 2} de 


+1 XP AUP PP + [ba (DF — DP —* Zep] ae 
where primes denote differentiation with respect to z. Two other equations are then obtained directly by 
the substitutions: K—a, ab, b—kK, or K—b, a—Kk, b—a. 

The solution of these equations is obviously |X,|=|X,|=|X,l; the amplitude of convective motion is 
then proportional to the square root of the parameter A., which characterizes the supercritical heat 
transfer mode. But our equations contain only the absolute value of X so that the phase relation cannot 
be determined. It is clear how this has come about: when we write (9) for 6,, say, we must select in R 
all combinations corresponding to any three principal vectors whose vector sum is x. It is easily seen 
from the figure that any such combination must be of the form X,1X;I 2 so that X, is cancelled and (10) 
contains only the square of the modulus of X. Fourth-order terms in X in(9) obviously drop out. In the | 
fifth order it is possible to obtain a combination which is not Proper ioual to X,: the sum 2a + 2b +k in 
the right-hand side gives a term which is proportional to Xn ~ x eG Writing X = |x] e165, we obtain be- 
cause of the reality of the coefficients the following phase relation: 


b,- 6) — 00, 


In the first case it is possible to make all phases equal to zero by shifting the coordinate origin. The 
principal term in the solution becomes 


U; =B(% \F@ z) Vee {cos xo + cos 5 (Y+V 3x) + 60s" s(y—V3 x) (11a) 


where the y axis is parallel to xk. This solution possesses hexagonal symmetry; in the (x, y) plane it 
represents a periodic structure of regular hexagonal prisms of the length 47/ky along each side of the 
base; the liquid flows upward at the center of each prism and downward along the walls.” 

In the second case, with a suitable choice of the coordinate origin, the solution can be written as 
follows: 


= 8(2)1 VE fin +39 +5053 V3) —sin sa a 


This flow permits three-fold rotations around the vertical axis (the z axis) and is symmetric with re- 
spect to the x axis, but changes sign with the substitution y——y. In the horizontal plane it breaks up 


*For symmetrical boundary conditions this is clear from simple considerations, since the solution of 
f(z) is symmetrical with respect to z = 0. 
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| into alternate equilateral triangles of side length 41/\8k,, in each of which the liquid flows upward or 

| downward, respectively, | 

| a feeision as to which of the two types of flow will occur in reality could be reached theoretically only 
| by investigating fifth-order terms in X in the basic equations of convection, but in actuality it would be 


| difficult to do this. For a liquid layer on a rigid plate experiment! favors the first type of flow. 
The equations for the é functions are 


[D4 aay => - {D*(F*F" + D1) —~2° (pr +4 vy}, 


x6 Bg v2 
3x2 ¥ ) , 2 
[wag +" )e, Fag (O29) (1D = Dt) EPpy} (12) 
2 4x6 y “ 7 . 
(0-8-2 ] 6-0 - age go — font ry — APY) at (ae? = 2 /r§Ber) AUD Ia, 


| and the expressions for the 7 functions are 


An, = —YDa +2 (fe +e ef); Ate = — x (D — 2x2) & + 2 (fo’ — 1/2 of’); Ans = —x(D — 3x2) é + (fo’ —f’9). (18) 


The calculation of these quantities subject to the boundary conditions 1a and 1b would be very laborious 
) for the general case. The problem becomes simpler only in the somewhat hypothetical case of a liquid 

" with two free surfaces. We present the results in so far as they are of a general character. 

In this case the critical value is yp = 27 n4/4, kK? =7°/2h" and f(z), which determines the dependence 

} of the vertical velocity component on height, can be taken in the form 

mez 72 7) 


9 
PZi= cos ; ( or @ (2) = 55 ope ©O8 4 


Equations (12) and (13) can be solved simply and give for & and n 


: _ vr [9+ x/¥] rs _ All + 8¥/] 
*l 52ybgh I Gry, _ nz 
. Ove [124 + 27 / J Sore Os eiylelt eh? 
ee 2500; 6gh PU 8 Ne i Ae Diey 

= Shes 

“4 ZyBgh 
ee 


) By substituting these expressions in (10) we can determine X. For example, the temperature distribu- 
; tion for the first type of flow is given by 


4Ahy [By cos (rz / h) 
B(xy2)= Se VY V1.35-10.08y/v+ 0.142 /v 


{cos 52 + cos x (y + V 3x) + cos 7 (y — V 3x) (14) 


The development of convection is conveniently characterized by the ratio of the maximum temperature 
change in the (x,y) plane, Tmax — Tmin: to the vertical temperature difference T, — T, = Ah: 

ee os 
: Tes Twin AY 2Y(1.95 40.08 240.148)” 
| We note in conclusion that the form of the dependence of the coefficient in (14) on the Prandtl] number 
| is the same for any boundary conditions. This results from the fact that the solution of the linear equa- 
tion f(z) =f(z/h) depends only on the critical value yo, and also on how (12), (13) and (10) contain the 
| different dimensional quantities. Thus the strength of stationary thermal convection in a plane liquid 
layer for modes near the critical point is proportional to the square root of the parameter which charac- 
| terizes supercriticality, whereas dependence on the Prandtl number appears in a denominator as the 
square root of a polynomial of not higher than the second degree. The flow belongs to one of the two 
| types of symmetry represented by (11a) and (11b). 
The author is indebted to Academician L. D. Landau for valuable suggestions and assistance. 


1H, Benard, Ann. chim. et phys. 23, 62 (1901) 
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This article considers the contraction of the positive column in a gas discharge located in 
an external magnetic field directed along the discharge axis. 


Ir has been shown experimentally!” that in the positive column of a gas discharge in an external mag- 
netic field there occurs a redistribution of the current density through the cross section. The current 
density increases at the axis, and decreases at the walls. A generalization? of Schottky’s ambipolar dif- 
fusion theory to a column in a longitudinal magnetic field failed to explain the observed phenomena. 
Fabrikant* feels that this is due to insufficiencies in the boundary condition used by Tonks. Similar con- 
clusions can be reached on the basis of the recent work of Engel and Bicerton.®> Since the behavior of a 
plasma in a magnetic field is of great interest, we feel that a theoretical treatment of the current-density 
redistribution due to a longitudinal magnetic field is of value. 


10 

4, 

Tid - {MA 

f en 

J | cme J 
30 
2 as 
20 20 
18 
oe 10 
a5 
i a) Fi 00 wo AIG) 0 tn 200-0 «00 YD (6) 0 OY O08 2 16 20 24 r(cm) 


FIG. 1. The root of the trans- 
cendental equation (6) as a func- 
tion of the magnetic field. The 
graph is for argon, with p = 
0.0037 mm Hg, I = 300 ma, and 
R = 2.2 cm. 


FIG, 2. Wall-to-axis concen- 
tration ratio as a function of the 
magnetic field in argon with the 
same parameters as those of 
Figo, 


FIG. 3, Current density dis-/ 
tribution over the cross section} 
(with the magnetic field as a 
parameter). The calculations 
are performed for argon with 
the same conditions as in Fig. 


1. Curve 1—H = 0; 2—H = 167 | 
1. As in the previous work of Terletskii and the author® we start our gauss; 3 —H = 365 gauss. 
consideration of the positive-column plasma with the hydrodynamic 
equations for ideal electron and ion gases uniformly distributed through the cross section in a neutral 
gas. The magnetic field is accounted for* by adding to the right side of the equations of motion the forces 
exerted by the magnetic field on the moving charged particles. We consider the radially symmetric case 


with the field directed along the Z axis. Then on the assumption of a stationary state for ambipolar dif- 


fusion, + we obtain 


*For sufficiently low currents one may neglect the magnetic field due to the current, compared with 


the external field. 


+The equations referring to flow along the axis are not included. They are not changed by the addition 


of the magnetic field. 
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where Neg and Np are the charged-particle concentrations, H is the magnetic field strength, me, Vey; 
Vey Ye» and Qe, are the mass, velocity components, coefficient of friction, and temperature (in ergs) of 
the electrons (and similarly for the positive ions), and ZH is the number of ionization events per second 


per electron. After eliminating the velocities and field from Eq. (1), the assumption of quasi-neutrality 
Ne © Np = N for the plasma leads to the equation 


10 (RON 1A ass 
r ra or ) De Noes, (2) 
for the charged-particle distribution through the cross section, where 
HO D,b,+D,6, 
Da = FF, 4,4} +b, 1 +e, /aF (3) 


is the ambipolar diffusion constant in the longitudinal magnetic field, we and Wp are the Larmor fre- 
quencies for the electrons and ions, and be and bp are the mobilities of the electrons and ions in the ab- 
sence of the magnetic field. 

The boundary condition proposed by Schottky’ for the walls does not lead to the current distribution 
found in experiment,* so that we have chosen another condition, mentioned by van de Groot and used by 
Granovskii® in de-ionization theory. If one neglects the creation of particles in a layer at the walls whose 
thickness is equal to the mean free path,” this boundary condition can be written 


— Di aN" | dr|ror =1/,N%c,— DEON" /dr\=r, (4) 


where Cp is the thermal velocity of the positive ions. 
2. A solution of Eq. (2) with a finite concentration on the axis is of the form 


Ney (Vm a (5) 
H 


where Nj is the charged-particle concentration on the axis in the presence of the magnetic field. If one 


accounts for the fact that pi > DH, Eq. (4) leads to the transcendental equation f 


2De pn” fepR = Jp (pa) /J1 (Vx); (6) 
which defines by = ) ZH/ iB) R. Graphical solution makes it possible to determine Hy as a function of the 
magnetic field (Fig. 1). 

3. In order to compare the calculated results with experiment, let us consider the charged-particle 
concentration and current density in the tube cross section. On the assumption that the total current is 


the same with and without a magnetic field, as well as that the fraction of the total energy expended on 
ionization is field independent, we obtain the following relation between the concentrations on the axis of 


discharge: : ee 
NONe= V Dae Jk) aia) (7) 


This equation makes it possible to express the charged particle distribution in the magnetic field in 
terms of the concentration at the axis in its absence, namely 


[Dy hw) ae (8) 
Jeb / a 1 rene, 
Ne No Y ptt J, (Uz) Jo ( pit ‘ : 


*It should be noted that for a stationary current-density distribution, the concentration increases over 


the whole cross section. 
+For small values of the mean free path perpendicular to the tube axis, Eq. (6) can be reduced to a 

linear equation for py. In general one cannot obtain an explicit expression for py as a function of the 

discharge parameters and the magnetic field, and it was therefore necessary to perform a graphical 


solution. 
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Equation (8) can be used to calculate the wall-to-axis concentration ratio as a function of the magnetic 

field: | 
NGINo = Jo (Hx), (9) 

where ni is the charged-particle concentration at the wall. The graph of this function shown in Fig. 2 


gives satisfactory qualitative agreement with experimental results for helium.* 
Assuming that the current passing through the column is due only to the drift motion of the electrons 


and that the longitudinal gradient is determined by the equation 


E% = (pa/R) V DE la, (10) 
we obtain the following expression for the current density distribution through the cross section: 
. Vi ey Mer \ 
Ja ~~ IrR2 Jey) Jo( R ae (11) 


Here I is the total current passing through the cross section of the conductor. Curves of the current 
density distribution (Fig. 3) show that the magnetic field redistributes the current, increasing its density 
at the axis and decreasing it at the wall. This is in qualitative agreement with the observations of 
Reikhrudel’ and Spivak.! The difference between the theoretical and experimental results can be due to 
uncertainties, but it would seem that it is partly caused also by the neglect of cascade processes and the 
magnetic-field dependence of such parameters as the electron temperature. The calculations performed 
indicate the significant role that processes taking place at the walls of the discharge tube play in the con- 
traction of the column. This role is not the same at different gas pressures, and should be decreased by 
a pressure rise for a given magnetic field strength. The disappearance of effects due to the magnetic 
field, which one may expect at high pressures,+t may not occur, since the current redistribution is deter- 
mined not only by processes that take place at the wall. Among the determining factors, is, in particular, 
the magnetic-field dependence of the discharge parameters. 

In conclusion I consider it my pleasant duty to thank Professor Ia. P. Terletskii and Lecturer A. A. 
Zaitsev for their valuable advice and comments in performing the work, as well as to Professors G. V. 
Spivak and E. M. Reikhrudel’ for discussing results. I express my gratitude also to Professor A. Engel 
for acquainting me with his work. 
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*It is impossible to speak of a quantitative comparison in the present case, since the calculation was 
performed for argon. 

*The author is familiar with no experiments in which the influence of the magnetic field vanishes in 
this way at sufficiently high pressures. 
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It is proposed that the region of maximum concentration of the nuclear magnetic moment 
values be delimited by introducing, along with the Schmidt and Dirac lines, new lines as 
boundaries of these regions. Empirical data are presented as a proof of the real signifi- 
cance of these lines. It is noted that the quenching of the anomalous part of the nucleon 
magnetic moment in nuclear matter, which takes place in addition to that from deforma- 
tion of the nucleus, is, apparently, more important for the formation of nuclear magnetic 
moments than usually considered. 


Tue values of magnetic moments are usually divided into two groups—those near the upper and lower 
Schmidt lines.! Together with these, Dirac lines have been proposed.? A more detailed classification of 
the values of p is both possible and necessary, as follows from the following considerations. 

1, For 1=2 +% 
(for both odd Z and 
for odd N) the over- 
whelming majority of 
values of p, as is ev- 
ident from the table 
and Figs. 1 and 2, 
are concentrated in 
a comparatively nar- 
row strip, running 
parallel to the Schmidt 
line but remaining a 
considerable distance 
from it. Only a few 
values of p lie between 
this strip and the 
Schmidt line. This 
is one of the reasons 
to separate, for I = 
£+'%, a group of val- 
ues constituting this 
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FIG. 1. Classification of magnetic 
moments of nuclei with odd Z and A. 
(1) Schmidt line, (2) line a (Ag, /2 = 
1.04 n.m.), (3) Dirac line. 


Re iyebdery 0e eg et 
the boundary between these groups. The 


tion of values of p for 1=2+"% 
should draw a special line, which, a 
height of approximately — 0 
proximately 1.4 n.m. from i 


1 =£+ '/ to distinguish in the area between t 


te I i UD Ip] 


FIG. 2. Classification of magnetic 
moments of nuclei with odd N and A. 
(1) Schmidt line, (2) line a (Agg/2 = 


0.8 n.m.), (2') line b (Ag, /2 = 1.4n.m.) 


(3) Dirac line. 
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strip, on the one 
hand, and a group of 
values lying between 
this strip and the up- 
per Schmidt line, on 
the other. We desig- 
nate the line Aa as 


Dirac line is the other limit of the strip of maximum concentra- 
for nuclei with odd Z. For nuclei with odd N and with I=2+ 1%, one 

s is shown by values of p for spins 1/, 4 and *4, should pass at a 

5 nuclear magnetons (n.m.), parallel to the Schmidt line, at a distance of ap- 
t. We designate it as the line Ab. In connection with this it is possible for 
he Schmidt line and Dirac line (for odd Z—the lower Dirac 
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line) three groups of values of uw, which we call A-1-Z, A-2-Z, A-3-Z, A-1-N, A-2-N, A-3-N, where A 
serves as a designation of parallel orientation of the Spin and orbital moments. Here the group A-3-Z 
coincides with the “forbidden zone” between upper and lower Dirac lines. | 

The moments for the nuclei with Z = 33 and 53 lie in the “forbidden zone.” The magnitude of the mag- 
netic moment of the nucleus As® with Z = 33 is nearer to the lower Schmidt line than to the upper. How- 
ever, with respect to its spin ( %) this nucleus does not differ from the series of nuclei preceding and 
following it, whose spins and orbital moments are parallel. Also, from the point of view of the shell mod- 
el, there is no basis to propose the state d 34 in this case. The nucleus I'?’ with Z = 53 has the same 
spin UE as the nucleus Sb”! with Z = 51 and I=2+ ee Therefore the magnetic moments of the “forbid- 
den zone” can be attributed to group A. 

For I =2 ety the deviations of values of uw from the Schmidt line are, on the average, considerably 
smaller than for I = 2+ eb and the majority of these values are concentrated in a strip bounded, on one 
side, by the Schmidt line, and on the other by the line Ba, which is analogous in nature to the line Aa 
(B designates an antiparallel orientation of spin and orbital moments). For I =2-— TE the groups B-1-Z 
and B-1-N can be distinguished between the Schmidt line and the line Ba, and the groups B-2-Z and 
B-2-N within the line Ba and the Dirac line (for odd Z—the lower Dirac line). 

2, From Figs. 1 and 2 and the table it is clear that for I= 0+ '4 the values of yp which form the upper 
limit of each of the groups A-2, almost all deviate from the Schmidt line. For odd Z and I =2£+ , they 
show precisely the same dependence on nuclear spin as the upper Schmidt line, forming the series 1.6, 
2.8, 3.8, 4.8, 5.7n.m. For odd N the difference between the Schmidt numbers and the values of p which 
form the upper boundary of the group A-2 remains almost constant with change in I. Since this differ- 
ence for both odd Z and odd N does not exhibit any appreciable dependence on the magnitude of £ and I, 
it is possible that it comes from the change of only the spin part of the magnetic moment g, /2, on ac- 
count of its deviation from the magnitude of the magnetic moment of a free nucleon. 

Thus, for the value of » forming the upper limit of each of the groups A-2, we can take, to a good 
approximation, the formula 


He an gil 3 85,5) (1) 
representing a Schmidt formula, with the part relating to the spin moment changed. Here it is possible 
to take for protons gp = 1, ggi/2 = gg/2- 1.04 n.m. and for neutrons gy =0, ggi/2 =g5/2 + 0.8 nm. 
There is an analogous line for I =£— ‘4. Its formula is 


w= g, (2 +1) (21 — 1) (20 + Ig, (22 — 1) /2 (21+). (2) 


The line Ba, representing this formula, for odd N coincides sufficiently closely with the values of » which 
deviate most from the Schmidt line. It is important that the value of Ag, /2 for the lines Aa and Ba is 
the same. For odd N one thus observes the coincidence of maximum deviation of gg /2 for I =2—'4 with 
the minimum of mass deviations for I=2+'%. For odd Z the line Ba for 1= 4, %4, *4 is near to the 
maximum limit of the deviations, and for I = Vp it coincides accurately with their minimum limit. The 
lines Aa and Ba for odd Z are somewhat further from the Schmidt line than for odd N, as is to be ex- 
pected. 

3. The nuclei whose moments enter into groups A-1-Z and A-1-N are characterized by several par- 
ticularities intheir shell structure; almost all of them have only one nucleon above a closed orbital term* 
(or above a doubly-magic core), whereas all relate to the first half of the periodic system where, follow- 
ing the closing of the orbital term, a much greater change occurs in the energy level than in the second 
half {after closing a sub-orbital term the deviation from the Schmidt line is almost always very large, 
that is, after (a) 14, 28 or 82 protons or neutrons; (b) 50 protons; (c) 126 neutrons, especially in the Bi 
nucleus, after the simultaneous closing of two sub-orbital terms]. It is interesting that of nine values of 
uw relating to group A-1, the deviations of the four which differ most from the Schmidt lines are, for both 
odd Z% and odd N, practically the same and near to 0.6 n.m. 

4, Mayer and J ensen,® in considering the appearance of isomers, indicate that the magnitude of the 
matrix element for the M-4 transition can be brought into agreement with experiment if, in the relevant 
equations, the value 0.8 n.m, is substituted for up rather than its value for a free nucleon, and the value 


209 


* By orbital term we understand the totality of adjacent nucleons of the same type having the same 2; 


by sub-orbital, having the same j. 
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0.6 n.m. for p,,;. The magnitudes of these are near, for protons, to one of the Dirac lines, and for neu- 
trons, to one of the lines proposed by us (Ab). 

We have justification to expect that in the future other phenomena will be found confirming the real 
significance of both the Dirac line and the line proposed by us. 

It would appear that the simplest and most natural explanation of the characteristic properties of the 
lines proposed by us could be given by the hypothesis?’*’> about the quenching of the anomalous part of the 
magnetic moment of the unpaired nucleon in nuclear matter. (We note that acceptance of the theory of 
quenching means acceptance of the single-particle model only as applied to the spin, and not to the orbital 
part of the nuclear magnetic moment.) In several cases the influence of the quenching appears very 
clearly, for example, in relation to p of Bi2Z™, the value of which (4.08 n.m.) almost exactly coincides with 
the Dirac line (4.09 n.m.). We add that the value of p for Bi2” cannot be explained either from the theory — 
of j;—j coupling between proton and neutrons * according to which there should be no deviation from the | 
Schmidt line in the given case, nor by the collective model,’ in view of the small value of the quadrupole | 
moment of this nucleus. The calculations of Blin-Stoyle® give only a very ill-defined value for the devia- | 
tion, 0.81—1.68 n.m., and the calculations of Arima and Horie? a value of 0.81 n.m., with an overall de- | 
viation of 1.46 n.m. 

Together with the coincidence noted above of the deviations for four values of yp which are part of the 
groups A-1-Z and A-1-N, it is impossible to believe such facts to be purely coincidental as, for ex- 
ample, the exact agreement of the deviations of the pair of nuclei 37Rbgg and 39Zn37 if a change in the g.- 
factor is taken as the deviation. It is characteristic that just these two nuclei differ from all preceding 
odd nuclei also by other particularities: a spin *4 in place of *%4 for 1=2— 4 in place of 1=2+ '4. To- 
gether with this, in the majority of other cases it is necessary to combine the theories of quenching and 
deformation. Deformation has a particularly great influence on the values of » in group A-3. However, 
the influence of quenching apparently is none the less more important than many authors have assumed 
(see Ref. 10 and others) and it is possible that their ideas concerning this question should be considered 
only as evidence of the incompleteness of contemporary concepts about nuclear properties. This would 
signify that the theory of quenching needs further development on a substantially broader basis. 
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A strong electromagnetic field of frequency w and amplitude F induces radiation of lower 
frequency Q) [Eq. (12)] in a molecular gas. The intensity of this radiation is computed. 
Quantum-electrodynamical considerations are presented which corroborate the applica- 
bility of the correspondence principle in the investigation of this phenomenon. 


1. INTRODUCTION 


Tue phenomenon of radiation by molecules in the presence of a strong high-frequency field has been 
examined by the author.! In the present paper we develop a more detailed analysis of this phenomenon. 

Let E; and E, be two non-degenerate energy levels of a molecule, pj; and p22 the dipole moments 
(electric or magnetic) of the molecule in the states with energies E, and Ep, and pj. the dipole moment 
of the transition 12. Thus E, and E, can be components of the Stark splitting of the levels, whence 
H41 and poo are electric dipole moments. Furthermore, let a strong electromagnetic field act at a fre- 
quency w, close to the resonant frequency of the molecule wy4. = (E;— E,) (i= wy. As is known, such a 
field excites transitions between the states 1 and 2 of the molecule. As a result of such transitions a 
change of the dipole moment of a molecule takes place from p4, to fa. and conversely. This change 
takes place with the frequency of transitions between the states 1 and 2. The number of such transitions 
per unit time has the order of magnitude 

Qo = |p| F/h, (1) 


where F is the amplitude of the field of frequency w. Every change of dipole moment, however, must 
give rise to emission of energy. It is evident that such emission must have the frequency %. The ex- 
perimental determination of this frequency permits very accurate evaluation of the product of the dipole 
moment of the transition py. by the amplitude of the high-frequency field. 

By such a method, in principle, with a known dipole moment, a precise measurement of high-frequency 
fields is possible. On the other hand, if the intensity of the high-frequency fieid is known, there is the 
possibility of direct determination of the dipole moment pj. 

We note that the effect described here is to a certain extent analogous to the Stark and Zeeman ef- 
fects. In fact, the Stark effect gives the possibility of observing radiation of a frequency proportional to 
the product of the intensity of the constant electric field by the electric dipole moment in a given energy 
state (in our case p14, OF fl9); the Zeeman effect gives the possibility of observing a frequency proportion- 
al to the product of the intensity of the constant magnetic field by the magnetic dipole moment (diagonal 
element of the magnetic dipole-moment operator). In the presence of a strong high-frequency field, how- 
ever, there appears a radiation of frequency %, proportional to the product of the amplitude of this field 
by the magnitude of the dipole moment p14. of the transition. 

We shall first calculate the effect described here with the aid of the correspondence principle and 
then indicate quantum-electrodynamic considerations that confirm the existence of this effect. 


2. ANALYSIS BASED ON THE CORRESPONDENCE PRINCIPLE 


Based on the correspondence principle, we shall describe a molecule by means of quantum mechanics 


and the radiation by means of classical electrodynamics. ah 
We shall assume that the following conditions are fulfilled: 
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(a) Ty KX 1/w «T, where Ty is the duration of a molecular collision and 7 is the mean time between 


collisions; ty, = 
(b) | o—) | =| @—o, | <1/t and| ©— Om, | 1/5, 

where m, nf l, 2; 
(c) A molecular collision returns a molecule to the state with energy E, or Ep; 
(d) wo >. 
Let an isolated molecule have levels E; which are characterized by the eigenfunctions W exp (iE;t/h )., 
Then 


HW: = Ei, (2) 


where Hy is the Hamiltonian of a free molecule. In the presence of interaction with an electromagnetic 
field of frequency w, the Hamiltonian of a molecule in an external field will have the form 


H =H, —pF (t) =H, + Vsinot, 


where F(t) =F sin wt and p is the dipole moment operator. 
The wave function of a molecule in an external field satisfies the Schrodinger equation 


ik OW /dt = (Hy + V sina?) ¥. 


We shall seek the solution of this equation satisfying the conditions (a) through (d) by a method given in 
the book by Landau and Lifshitz. 
In the presence of interaction, we seek a solution of Eq. (4) in the form 


Y(t) = 4,8, +a. (5) 
Here we have used condition (b). At the instant of collision, t =t), according to condition (c), let* 


a,=0; a=1. (6) 


Using conditions (b) and (d), we obtain upon transformation the following equations for a, and ap: 


., da Vio i 5 pe, OG 1 a 
ik Fi = — oH elsiq,; in = 57 Vane“! ay, (7) 
where 6 = w)»—w. We make the substitutions 
D= | 2, }? me | qi I°s Cee a,a,; Ce aa, (8) 
and obtain the equations 
b=— [Viooe'F? + VoiCy9e~!**]/h, (9a) ] 
C1 = (V2/2h) De, on = (Vo,/2h) De-*. (9b) | 


Equations (9) can be solved exactly. Differentiation of Eq. (9a) and substitution in Eq. (9b) gives 
D = — #2 | Vy. ? D — (i8/%) [Vigca1e®! — Voce]. 
Again differentiating and using Eqs. (9a, b) we obtain 
D = —{(|Vio |/)? + 83D. (10); 
The general integral of this equation is 
D = «cos Q) (ft —T) +B, 


where 


O45 = (|Vi2e|/%)” + & (12) | 


*One could choose the other possible initial condition a, =0, a; =1. The final result, as is clear from | 
physical considerations, does not depend on which of these conditions is assumed. | 
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anda, B and T are real constants. The initial conditions [Eq. (6)] can be rewritten in the new notation 
in the form 
Cio = Coy = OQ, D == 4 for t = bao (13) 


If the first two conditions are substituted in Eq. (9a) we obtain D =0 when t = to; whence T =ty in 
Eq. (11). Analogously we find the constants a and 6. As a result we obtain 


D = (AQ)? {| Vag 2 cos 2 (t — ty) + (8)2}. (14) 


i wer us now determine the mean dipole moment of a molecule at an instant of time t. Using Eq. (5), we 
in 


= i (2) we P (£) dq = | ay? par + [G2 |? roo + Cre pre emHe! + CoyelOrt thor. (15) 


Using the corresponding principle as a basis, we can now find the emission and absorption of the mole- 
cule, The gst ee, terms in Eq. (15) give the contribution to absorption of electromagnetic radiation of 
frequency w.*’’ Therefore, we shall be interested in the first two terms in Eq. (15): 


<tr> = 11]? tha + | Ge |? tos = 4/2 [thir + pros + (poo — ti) O45 °8"] + 1/y (RQ)? (fos — P11) | Viz |? cos Q (¢ — tp). (16) 


Here we have used Eq. (14) and the fact that |a,|?+|a,|? = 1. The contribution to the emission is given by 
the variable part of the moment 


<u) = flo COS Dy (f — th), ene) 
where* 
Ho = 4/2 (thee — thir) (AQ)? Vie}, (18) 
in the case of strict resonance 6 = 0 and 
Bo = */o (Hoe — Par); 20 =| Vie] / 2. (19) 
Taking into account that the times T between collisions are distributed according to the law 
a (20) 


w (t) dt = (1/t) exp (— t/t) dt 


(this occurs for a sufficiently rarefied gas), one can find that the spectral intensity of the emission of a 
molecule has the form 


I (Q) > [(M — 2)? + 2 (21) 


The total intensity of the emission is equal to 


I 08 /3c*) 12. (22) 


total ( 


This emission is essentially a non-equilibrium process. It proceeds only under the influence of an ex- 
ternal driving field (in our case the strong field of frequency 4). Therefore Kirchhoff’s law does not ap- 
ply here and the absorption by a molecule of a field of frequency © will not bear the resonance character 
of Eq. (21). 

In fact, in addition to the strong field of frequency, let a weak field of frequency 2 close to the fre- 
quency 2» act on a molecule. Then the Hamiltonian of a molecule in an external field can be written 


H=fy)+V sine? + WsinQt. (23) 


In this case in place of Eqs. (9) we obtain 


*In Ref. 1 in the expression for py there is an additional factor Dy = fost —/p Hy or, in the notation of the 


present work, Dy = (| ay |? Ty lai!) = tye This quantity, however, has a modulus of unity (see the preceeding 


footnote) and we therefore omit it here. 
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D=— = [Viseore! + Voreye~ 194] + se [W p1e!'Cy — Coy Wy 90!™']; 
: C 1 i sin Qt Tom wr 
bia = oh ViaDe™ + 3 sin Ot [Wrre!! + cr (War — Wos)ls Cox = ag VasDe!™ — 5 [Wayelont + nr (Wir — Waa)]- 


If we discard the non-resonance terms of these equations we obtain 


D=— ts [Viecoe + VorCyee—4]/h; (24a) 
Cyy = (Vi_/2h) De’ + — (Wir — Woe) Cray Cor = (Vo /20) De? — Se (Wii — Woe) Cor. (24b) 


Examining, solely for simplicity, the case of strict resonance 6 = 0, differentiation of Eq. (24a) yields 
D +h? |Vi2PD= a sin Qt (Wy, — We) Vi2ee1 — Vorlre)- (25) 


In the absence of a field of frequency ©, the right side of Eq. (25) is zero. If absorption of the fre- 
quency Q exists, it is caused by the term on the right side of Eq. (25). It is easy to see, however, that in 
our approximation the right side is zero. As a matter of fact, one can substitute Eqs. (9b) for cy, and 
Co, in the right side. But from these equations we have (for 6 = 0): 


(d/dt) [(V12Co1 — VoyCy2] = 0. 
At the initial moment t = to; cy. = Cg; =0 and consequently for all time 
Vi2Coy — Voilye = 0. 


Thus a weak external field of frequency 2 © {9 does not change the character of the motion of a molecule 
and consequently, resonance absorption at the frequency Q, does not exist. This also follows from the 
physical considerations presented above. 

Let us now examine the question of the coherence of the radiation from the individual molecules of a 
gas. Let for example, E,; and E, be components of the Stark splitting and py, and pio. be effective di- 
pole moments in the states 1 and 2. (In this case it is necessary to assume that the effect of a constant 
electric field is taken into account in the Hamiltonian of the “free” molecule Hy.) Then py [see Eq. (18)] 
will have one and the same value for all molecules and consequently, the amplitudes of the radiation 
fields of all molecules will have one and the same value.* The phase of the radiation however, is random 
and depends on the time of the last collision for each molecule. The total field intensity of the radiation 
of all the molecules will be:® 


E= >, Ajcos® (ty) = A > cos (Qt — ¢,) = Ey cos (Qt + 9)» (26) 
Ej, = A? (> cos ?,) an (> sin :) | (27) 
tan¢ = S}sin 9; / cos Pi (28) 


Equation (27) can be rewritten in the form 


E} = A*|n + 2 3) cos(e,—¢,)], (29) 
i,k 


where n is the number of molecules and the summation is carried out over the cosines of the n(n—- 1)/2 
phase differences between the separate molecules. 

Let us estimate the possible values of the phase differences €ik = Pi —9,- For alle ik <1 E2 = n2A? 
and the radiation is coherent; for ¢€;,, which take all possible values from 0 to 2m and higher, the sum in 
Eq. (29) is equal to zero and the radiation is incoherent. In our case 


Sin = 02 (Lig — Trg) 
For an estimate one can assume that ty)—t,9 varies from 0 to 7 —the mean time between collisions. But 


*In the example under discussion it is supposed that the molecules are separated by distances much 
smaller than the wavelength of the emitted radiation. 
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it is obvious that the condition 2 T > 27m is essential for the existence of the spectral line 2). Thus we 
can rewrite Eq. (26) in the form: 


E = AV ncos (Qt + &), 


and the intensity of radiation of all the molecules is obtained as the product of the intensity of radiation 
of a single molecule [Eq. (22)] by the number of molecules n: 
J;= (Q4 / 3c?) pon. (30) 

Reabsorption of radiation at the frequency 2) can be disregarded because there is no resonance ab- 
sorption at the frequency Q9. We note that, in contrast to the intensity of spontaneous emission, which is 
proportional to the number of active molecules Nact = Dg—ny (see, e.g., Refs. 7—9), where n, and ny 
are the numbers of molecules in the upper and lower levels, it is the total number of molecules which en- 
ters in Eq. (30). This is related to the circumstance that the intensity of radiation at the frequency Q,) 
does not depend on whether a molecule is found in the upper or lower level at the instant of collision. 

The effect described here of radiation in the presence of a strong high-frequency field occurs only in 
a case where the difference (pio2 —y4,) is not zero. Generally speaking, a check of this condition is not 
necessary in each specific case. One can say at once, however, that the indicated difference does not 
vanish for the case where E,—E, = fiw) depends on a constant electric (Stark effect) or magnetic (Zee- 
man effect) field. 


As a matter of fact in this case the energy of interaction with the constant field F, is included in the 
Hamiltonian of the “free” molecule 


it, = es ‘ae wF, 
(the steady field F, is directed along the z axis). Further, since 


(OH i} OF) =="), = OL, / OF, 


nn 


(see, e.g., Ref. 5), we have 
Ce) 6 (EA EOF. 


Let us introduce the appropriate matrix elements for diatomic molecules and symmetric-top type mole- 
cules. 

We examine first the diatomic molecule. If the molecule consists of different atoms (or of different 
isotopes), it has a constant dipole moment un, where n is a unit vector directed along the axis of the 
molecule. It will be necessary for us to determine the matrix elements pz =ynz. 

In Hund’s case a (see Ref. 5) 


E(J,My,Q)=Ue-+A,Q+ ta, (0+4/2)+Be [J (J+ 1) —202)—F pM jQ,/ J (J+). 


Here E is the energy level of a molecule in the presence of an electric field F,; Q=A+z2 is the pro- 
jection of the sum of the orbital and spin moments of a molecule on the axis of the molecule, J is the 
total moment of the number of motions of the molecule, and My is its projection on the z axis. Ifa 
high-frequency field F is directed along the z axis, the selection rules AJ = +1; and AMy = 0 apply. 
The difference of the energy levels is 
2M ,Q 
E (I-41, My,Q)—E (J, My, Q) = 2B. + 1)— Fee sayy 


whence 
(p-z)22 — (Hz)11 = 2uMjQ/J (J + 1) (J + 2). 


We note that in the absence of an electric field there is degeneracy over the quantum numbers My 
which is completely removed by the linear Stark effect. Thus in our case the presence of an electric field 
is necessary since in the absence of the field the mean value of (uz )o2— (Hz)11 OVEr all the degenerate 


sublevels of My is zero. 
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The matrix elements (wz)4. in the present case have the form? 


J+1, My, Q Vis 3 il (J +1)? — OQ? ‘ 

Ca enn = eV (J. 1)? == M7 nV ee | 

In an analogous way one can find matrix elements for Hund’s case b. In this case the energy of the 
Stark splitting is 


1) —$(S +4) + K (K +14) 
2K(K + II +N 


dais 
+H ica hin ae oe 


Here A is the projection of the orbital moment of the electrons on the axis of the molecule, S is the total 
spin of all the electrons of the molecule, and K is the sum of the orbital moment of the electrons and of 
the rotational moment of the nuclei. 

For non-linear molecules of the symmetric-top type it is easy to find® 


J+1, My,k 


RS ae Fl J+12%—# | 
(M2)22 — (Mz)ar = 2p M yk/J (J + 1) (J + 2); (tz), My ha V(i+ ye Mi VSS ? 


where J is the moment of the top, Mj its projection on the z axis and k the projection on the moving 
axis connected to the molecule. One should note that the matrix element (y, )12 which determines the 
transition LL A between the levels E, and Ey», generally eee, is different from the matrix | 
element (i )42 which corresponds to the transition between the levels E? and E$, where the index 0 de- | 
notes levels of the Hamiltonian Hy (without a constant field). In case, goatee the energy of the Stark 
splitting is much less than the difference of the levels of the non-perturbed Hamiltonian (only under this 
condition are all the formulas written down here correct), the difference of these elements is rather 
small. 

With the aid of the formulas written down here for the matrix elements one can estimate the value of 
the intensity of the radiation Eq. (30). Let 6 =0, then, according to Eq. (19) 


Qo = F (pz)re/%3 to = "V2 [(t4z) 02 — (z)ai] 


and for the symmetric-top we have* 


F2us es = i Me (J ++ 4)? — 2 22k? 
sens" PTD (T+ oP eT + ed 


Js = 
Let k = 1, My =1 and J =1, then 


hg = 1 SLO ree FSW. 


Here p is in Debye units and F is cgs units. If we take yp = 12 (for the CsI molecule, see Ref. 10), 
n=10" and F =5 statvolts/em = 1.5 kv/cm, then J, = 1.4 x 10°’ w 

The intensity of radiation can be substantially raised by means are a molecular beam in which all of the 
molecules are in a single energy state. If a high-frequency field begins to act on a molecule in such a 
molecular beam, then in the first instant the system will radiate coherently with an intensity proportional 
to n’, the square of the number of molecules in the beam. The dipole moment of the entire system will 
be equal to npy cosQy (t—ty). Newly arriving molecules, however, will decrease the dipole moment of 
the system since the sum of the dipole moments of these molecules is close to zero. 

Actually, let the field begin to act at the time ty. Then the dipole moment of the entire system at the 
time t is equal to 


Ne (t) 
P = ny (t) p) cos Q, (ft — to) + »> t¥o COS Q, (tf — th — z;/v;), 
i=1 
where no(t) is the number of molecules newly arrived in the time t—ty [Ng(to)= 0] and n,(t) is the 
number of molecules still remaining of those which in the initial moment filled the entire region in which 
the field was acting, [ny =n-—n,]; z; and v; are the coordinates and velocity of the i-th molecule. 
At the instant of time t) + 7, where T is the mean time of flight of a molecule through the condenser 
(in which the high-frequency field acts) nj (ty + T) = 0 and the dipole moment 


*The same is true for diatomic molecules in a state with spin equal to zero if one substitutes J, M 
and k for K, Mx and A. a) 
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P= >) Pio COS Qo (£ — tp — 2; /0;) ~ 0. 


t=1 
The radiation becomes completely incoherent. If the field is now switched off, then after atime = T ices 
at an instant of time to’ = ty + 27, all of the molecules in the condenser will be newly found in a single 
energy state. If at this moment the field is again switched on, radiation ~n? once more resumes which 
after a time T completely goes over into non-coherent radiation ~ n. 
| Thus in order to attain coherent radiation of a frequency Q it is necessary to supply a high-frequency 
field in pulses of duration t,; <7, where the time between pulses t, must satisfy the condition t, =T. 
_ Then in the time interval t, the radiation 0) will be approximately proportional to n? while in the inter- 
val t, the intensity will be zero. Thus, for n = 10!° (this is a fully attainable number of molecules in a 


molecular beam; cf. Ref. 11) n? = 10?°, this gives an intensity of radiation ~10° larger than that calcu- 
lated earlier. 


3. QUANTUM-ELECTRODYNAMIC ANALYSIS 


The occurrence radiation at the frequency Q 9 [Eq. (12)] can be explained on the basis of simple 
quantum-electrodynamic considerations. 


Actually a system which consists of a molecule and of an electromagnetic field of frequency w, is de- 
scribed by the Hamiltonian 


H =H, +H°2+V/2, (31) 


where Hp is the Hamiltonian of the free field of frequency w and V/2 is the interaction energy [the 
coefficient ys is needed to retain conformity with Eq. (30)]. We shall seek a solution of the equation 


HY =E¥ (32) 
in the form of a superposition of solutions of the equation 


(EISEEUH Ves Ge 


Let us write 


where 


WY = VinOy, (N); Ya” = Fam ®w,41 (NV) 
are wave functions which correspond to energy levels of the system molecule + field: 


Gi = Ey + Noho; ) = E, + (No +1) ko, 
Here ef?) wei”; win and w5°), are wave functions of the free molecule, @y,(N) and dy, 44 (N) are 
wave functions of the free field and N is the number of Photons he 
Substituting Eq. (33) in Eq. (32), multiplying first by W; and then by + and integrating, we ob- 


_tain two equations 


Cy (6? — G) HeV2/2 =0, CVo4/2 + 2 ( Oa: (34) 


The condition for the existence of a non-trivial solution to these equations gives 


Era = (GO + OV EZTV (EP — EP) HV. (35) 


Thus, transitions of the molecule +field system are possible with radiation of quanta of energy 


é1—€2= V #2 (@) — )? + | Viol? = BQ). (36) 


This is the same expression for the frequency of the emission which we obtained earlier [see Eq. (12)]. 
On the basis of the correspondence principle we have found that the intensity of radiation is propor- 
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tional to |py, —pg2l?. A quantum electrodynamic examination must lead to the conclusion that the matrix 
elements of the operator of the energy of interaction with the electromagnetic field of frequency 2g which 
correspond to the transition £,— €y, are proportional to |p4,—H2l. We shall demonstrate that this ac- 
tually occurs. 

The operator for the energy of interaction with the field of the emission can be written as 


W=W.(q) dy (ae + ar) = Bed) (ar + an): (37) 
k k | 


Here Wo (q) depends only on the coordinates of the molecule, B is a constant and a, and ay, are 
operators of absorption and creation of photons of frequency Q = ck. The prime on the summation sign 
denotes that terms with frequency close to w) are dropped from the sum, these terms being taken into ac-; 
count in Eq. (31) in the interaction energy V/2 with the external field of frequency w. The matrix ele- 
ments of the operator Eq. (37) have the form: 


( Deon (V,), W, (9) pa (Qe a ay) Fe Pyo +41 (Na). Ge) 

Let further | 
Be = cPim@y, (N) + CoV om Onta(N), Le, = 6 Pin ®n, (VW) +05 Yam ®n, 4 (W)- (39) 

Then the matrix element which corresponds to the appearance of a photon of frequency 2, is 


(G1, 0} W G2 14) = CG; (Wo 9) + ee (W, (9))ox2 = B (AG Gig Ge M29). (46) 


Here we have taken into account the orthogonality of the functions ®y and ®n, 4 > The probability of a 
transition with the emission of a photon with frequency © is proportional to the square of the modulus of © 
the matrix element Eq. (40) and is essentially different from zero under the condition that ©; =€,+ fi. 
This condition coincides with Eq. (36). 

It is still necessary for us to find the coefficient c,, cj, cp and cj. From Eqs. (34) and (35) we find » 


ey/ts = Via IGS — GO LV GO = G2 41 Vall. C/G ore eee (43. 
Using Eqs. (40) and (41) we find 
(6: | W | 62+ #4Q) = Beye (411 — 22). (423 


Here under py, and po it is necessary to understand the projection of the vectors py, and po in the di 
rection of polarization of the emitted quantum fQ. 
Thus the quantum electrodynamic approach justifies the application of the correspondence principle im 
our case. 
In conclusion I should like to express deep thanks to Professor V. L. Ginzburg for his valuable advice? 
and thorough discussion of the results of the work. 
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A number of electromagnetic effects involving strongly interacting particles are discussed. 
The calculations are carried out within the framework of quantum electrodynamics by intro- 
ducing form factors. It is shown that by studying the considered effects it is possible to ob- 
tain information on the structure and the characteristics of strongly interacting particles. 


tr is well known that the absence of a theory describing strong interactions make it impossible 
to interpret experiments involving 7-mesons and nucleons in a unique way. In particular, it seems not to 
be possible on the basis of such experiments to substantiate the current ideas of the electromagnetic 
structure of strongly interacting particles. Therefore it is of interest to investigate such electromagnetic 
effects involving strongly interacting particles which can be interpreted within the framework of quantum 
2lectrodynamics. 
{ The experimental investigation of effects of this nature could give direct information on the structure 
and the electromagnetic characteristics of nucleons and t-mesons. However, at present it is unfortu- 
aately rather difficult to perform such experiments. 

The present paper will treat the creation and annihilation of t-mesons and nucleon-antinucleon pairs 
‘in “pure” electromagnetic processes, i.e., in the case where atomic nuclei or similar strongly interacting 
particles are absent in the initial state. In addition, electromagnetic 7-7 scattering will be treated. 


| 1. CREATION OF 7-MESON AND NUCLEON-ANTINUCLEON PAIRS IN 
THE ANNIHILATION OF HIGH ENERGY POSITRONS 


We now consider the creation of t-meson and nucleon-antinucleon pairs in positron annihilation. We 
el assume that quantum electrodynamics is valid up to an energy in the center of mass system Eg; 
‘= M where M is the nucleon mass! (the units are such that fh =c =1). This assumption strictly speak- 
ing does not allow to discuss antinucleon creation, while the treatment of m-meson pair creation particu- 
larly at not too high energies seems to be fully justified. Therefore the possibie deviations from the re- 
sults obtained within the framework of quantum electrodynamics can be ascribed to the “anomalous” elec- 
tromagnetic properties of the strongly interacting particles. Thus, the interaction of m-mesons with vir- 
tual nucleons will lead to a finite electromagnetic size of the particle,” i.e., to the form factor of the 
mesons. For nucleons the interaction with the real vacuum will lead in addition to the “smearing out” of 
the particle also to the anomalous magnetic moment. Another reason for such deviations would be a 
strong interaction between the particles of the created pair; this would also show up as a form factor .? 
However, as will be shown below there exists an energy region where the nature of the form factor can be 
‘uniquely established. 
The smallest energy of a positron (electron) necessary for the creation of a meson pair equals p in 
in the c.m.s. where p is the mass of the m-meson. In the laboratory system this corresponds to a posi- 
tron energy E, = Qu? /m = 76 Bev. This large difference of the energy in the two systems evidently shows 
that the only feasible way of performing experiments of this nature is by means of colliding beams of fast 
particles. The differential cross section for creation of a 7 pair in the c.m.s. is given by 


ds = (x/16) ro (p / E)? (1 — uw? / E?)* sin? 6| F [2d (cos 4)» (1) 
where E is the energy of the particle in the c.m.s. and @ is the angle between the momentum of the pos- 


itron and the 1+-meson. The form factor F which is a relativistically invariant function of the energy 
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and the momenta does not depend on the angles in the c.m.s.> Therefore, after integration over the an- 
gles we obtain 


3 = («/12) 73 (w/E)® (1 — p?/ E*)"| F (2B? / Mi). (2). 


The quantity My in the argument of the form factor corresponds to a certain reciprocal length, charac- 
teristic for a m-meson (evidently » = M) = M). For x=0 we have F(x) 1. Therefore it is essen- | 
tial to calculate the form factor for E 2 Mp. 

At the threshold of the reaction, for E close to p, we have 


o = (x/12) 73(1 — p? /E2)""| FP. (3) 


We note that the annihilation of an electron-positron pair in singlet states into a nm pair is forbidden for 
reasons of conservation of parity and angular momentum. (See also Ref. 4.) On the other hand, the cre-_ 
ation of the meson pair in an S-state is excluded since the transition matrix element is proportional to 
the meson momentum.’ Therefore the smallest possible angular momentum of the meson pair is 2=1 
(P-wave). This circumstance renders the interaction of the mesons in the pair unimportant at small en- | 
ergies in view of the short range of the interaction. It therefore follows that for small energies the form 
factor is uniquely given by the electromagnetic dimensions of the 7-mesons. 
In the relativistic case E > we have 


3 = (5/12) 3 (e/E) | FP. (4) 


pace oe the form factor the cross section (2) has its maximum at E = 1.58y. There it has a value 
= 0.5 x 107%! em?. The form factor which decreases with increasing energy will shift this maximum to 
a Me eies energy. 

Equations (1) — (4) are also valid for the creation of K-meson pairs if one substitutes for p and Fo 
respectively the mass and form factor of the K-meson. 

The minimum energy of the positron (electron) in the c.m.s. for creation of a nucleon-antinucleon __ 
pair equals the nucleon mass M. In the laboratory system this corresponds to a minimum positron en- 
ergy Mp =3.4X 10° Bev. Here one has to take into account also the “anomalous” magnetic moment of 
the nucleon which can have a magnitude different from the static case. In an analogous way the cross 
section for creation of nucleon-antinucleon pairs can be obtained. In the c.m.s. it is given by 


c= ale 7) OH ar)" {(1-+ ges )-jp Sem + 20h aa (1+ ee > )hiF P, (5} 


where E is the positron (electron) energy, and the full magnetic moment equals (e/2M) + p4. 
In the nonrelativistic approximation E <M Eq. (5) becomes 


o = (2ne?/ M)(1 — M?/ E*)* {e?/4M — ye + piM}| FP. (6) 


Putting e = 0 in the curly brackets of (5) and (6) we obtain the cross section for creation of a neutron- 
antineutron pair. As seen from these equations the anomalous magnetic moment contributes the main 
part to the cross section for py, > 1. Then the form factor is determined mainly by the basic strong in- 
teraction between the particle and the antiparticle of the pair and evidently depends much less on the 
electromagnetic size of the particles in contrast to the above treated case of m- and K-mesons. 


2. ON THE ELECTROMAGNETIC INTERACTIONS OF 1-MESONS 


At present there exists considerable interest on the problem of a specific meson-meson interaction. 
Definite data on this interaction obviously can be obtained only in an experiment involving two colliding 
meson beams. It is therefore of interest to split off the purely electromagnetic part of the meson-meson 
peeeeac ens To this end we shall investigate the scattering of mesons by mesons and the annihilation of 
a m* anda m with emission of two ‘y-quanta or a pair of light fermions. 

The differential cross section for scattering of -mesons of the same sign of the charge in the c.m.s. 
is given by 

4 2 2 2 oin2 2 
ds a= is ipa |- a ca ++ 1 oo al 


2p? 2 r 
sin dQ 
(aig i) (7)) 
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iwhere p and v are the momentum and the velocity of the mesons respectively and 6@ is the scattering 
| angie . The form factor F describes the electromagnetic size of the m-mesons. Since the electromag- 
netic interactions are important only for small angle scattering, i.e., for large impact parameters, we 
- not take into account the influence of the short range specific meson-meson interaction on the form 
) factor. 


In the limiting cases of small and large energies we have 


dQ 
sint® * 


dononre) = 4 (pv) sin49 | F|2?dQ, d =(1 bsint 2 4 


) 6 )2 
Sorel p? COS | Pe? 


/In the nonrelativistic case (7) is identical with the first Born approximation to Mott’s formula® derived 
f for the scattering of slow a-particles in helium. 


For mesons of opposite charge the scattering cross section is given in the c.m.s. by 


ee Com eu tecaicas21(Gg/,2) 
ds = 75 aol sin® (0 / 2) 


: 
| — vt cos "| F Pda. (8) 
a The first term in (8) corresponds to scattering of spin-zero particles while the second term is due to the 
( possibility of meson annihilation. 

In analogy to above we have 
eee: 1 1 e P26 0 
Usp onrel 16 (pv)? sin4(/2) | FE Ie dQ, doe} = 7645! a sin* = + cos mal | F Fe 


a 


dQ 
sin4(0/2) ° 


} Comparing (7) and (8) one sees that the differential cross sections for small angles are the same for 
© both processes. 

| The differential cross sections for annihilation of two t+-mesons into two y-quanta is given in the 
'c.m.s. by 


do = 13 (Eye — pce + mere) | FPP, 


Vie 2 — p® cos?0 (E2 — p? cos? 6)? 


( where E is the energy of the m-mesons, vj. the relative velocity of the annihilating particles, and yp 

| the t-meson mass. The form factor F is here essential because in annihilation small distances are im- 
| portant where the influence of the short range forces may be great. The total cross section in the c.m.s. 
) neglecting the form factor is given by 


' es ofure Cian ue 2 a 

c= (fy + & — yma? B) pypeas (2) 
i In the nonrelativistic approximation Ep and 
| 6 = Qn? / v4. (10) 


| At large energies we have 


o= ard (»/E). 


The total cross section for annihilation of mesons with creation of a pair of charged fermions of mass 
i m and anomalous magnetic moment py = Ho — e/2m is 


-2(S(0- 2) -SP EB) eye a 


Here the form factor F as shown above at not too large energies is given essentially by the electromag- 
, netic size of the t-mesons and does not depend on the angles. Putting y= 9 we have for the annihilation 


of m-mesons into an electron-positron pair 
o = (net /3E%) (1 — p?/ E*)”. (12) 


In the nonrelativistic approximation this becomes 
o = KLoU1>/6. (13) 


For relativistic energies of the annihilating particles we have 
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a = (mro/3) (¥ / E)?. 


We note that Brown and Peshkin" have given formulae for the electromagnetic annihilation of antinu- 


cleons. 

Finally we shall discuss the properties of an atomic system comprising amt and m7~-mesons (m-me- 
sonium). Such a system might appear in nuclear reactions producing a pair of m-mesons. Near the 
threshold the ratio of the number of created -mesonium atoms to the number of free m-meson pairs is 


given by 


4 


Gbound / free = «® (Eyre, 
where a =1/137, and A (A «,z) is the excess energy above the reaction threshold. 
From (10) one can estimate the lifetime of -mesonium in the 1S state with respect to decay to two 
y-quanta: 


~0.9 x 107! sec (14). 


Toy = {(FU12) 00+ 0 | FY (0) PF 4 = any, 
We note that in the annihilation of t-mesonium in the 1S state the polarization of the produced photons is 
parallel, in contradistinction to the annihilation of parapositronium where the polarization of the photons 
is perpendicular. 

The mean life of m-mesonium against decay into an electron-positron pair can not be obtained from 
(14) since in the approximation used no S-waves participate in the process (see Sec. 1). In the next ap- 
proximation the mean life to r-mesonium in the 1S state against decay into an electron-positron pair is 
of the order 


a(e* + 6) ~ (137)? ty. 
We also note that 
c(et +e )~7(2(e* + €)), 


where the right hand side is the mean life of t-mesonium in the 1S state against decay into two electron- 
positron pairs. 
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Isotropic decay into two particles is treated in the laboratory reference system. It is shown 
that the distribution of the secondaries with respect to the quantity v defined by Eq. (42) 
has a number of simple properties (“symmetry properties”) which are independent of the 
energy distribution of the primaries. Formulas are given which enable one, from the v-spec- 
trum of one of the secondaries, to determine the v-spectra of the other secondary and of the 
primary particle. Symmetry properties are also found for the spectra of the products of a 
cascade decay. Similar formulas for the energy spectra can be obtained by a simple compu- 
tation. When the angular distribution is taken into account, these formulas are approximately 
applicable to the high energy part of the spectrum. In addition to quantitative applications, it 
is pointed out that the relations derived here may be used for identification of the mass of the 
primaries and for establishing the isotropy or the cascade nature of the decay. 


of this relation results in a number of general properties of the spectra of secondary particles in the 
laboratory reference system. For decays into two photons, these properties were explained by Carlson 
et al.! Subsequently, Sternheimer? solved the problem of determining the high energy part of the spec- 
‘trum of the parimary particle (including its angular distribution) from the spectrum of its (arbitrary ) 
decay products. In the present paper, after simplifying the computational procedure, we explain the in- 
spectrum and the mass of the primary particle from the energy spectrum of the secondary particle, as 
‘well as the problem of finding the spectrum and mass of one of the secondaries from the spectrum of 


1, PRIMARY FORMULA 


Suppose that in a certain volume there occurs the reaction A — a, + a, of decay of the particle A 
having mass M, momentum P and total energy E, into two particles characterized by my, mp, Py; 
Py, €4, C2. We shall use an asterisk to denote these same quantities in the center of mass system 
(c.m.s.). Only the energy e, of the particle a, is recorded, without regard to its direction of motion. 
‘The following assumptions are made: the decay of A occurs isotropically; the energy distribution of A 
is given in the energy interval from Eyjn=M to Emax; all the particles a, are recorded; the statis- 
tics are sufficiently good so that the shape of the energy distribution is precisely known. 

The distribution of A in energy and angle is given by N(E,3)dEdcosd. We know that, for the case 
ofa two-particle decay with isotropic distribution of the decay products in the c.m.s., the energy distri- 
bution of the secondaries for a fixed energy of the primary is equal to the constant (M/2Pp’)de,, if e 
‘satisfies the inequality e; min = €1 = imax 2nd is equal to zero outside of the interval (€1 min» &1 max): 
‘The energy e, reaches its largest (smallest) value when the particle a emerges forward (backward) 
relative to the motion of particle A. Lorentz transformations give 


& min My Be, Eien" 
omc NA cae 


(1) 


i max 


The number of particles with energy e; in the interval of width de,, produced from particles A 
with energy in the interval dE and direction in dd, is 
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(M /2Pp*)N(E, 9) dE d cos 9 dey, 
while the number of particles a,, formed from particles A with arbitrary 4, is 


(M /2Pp*) N (E) dEde,, 


where N(E) = | Xen, 3)dcos $ is the average of the energy spectrum of A over all directions. In ad- 


3 : 
dition, the number density of particles a, in the energy interval de,, formed from the decay of parti- 


cles A of arbitrary energy, will be 
Emax | 
7 (e:) = \ (M/2Pp') N (B) 4B, (2) 
Emin 
where Emin and Emax are the smallest and largest energies of particles A which produce particles 
with energy e,. 
We proceed to simplify Eq. (2). To do this we shall characterize the motion of the particles by posi- 
tive quantities u or v according to the formulas 


E = Mcoshu, €1,2 = M2 cosh Uj,2. (3 ) | 


It follows from (1) that under Lorentz transformations the arguments for particles a, which move for- 
ward (backward) are expressed simply as: 


VUimax = 0; ++ u (forward), Ujmin = | Oe u | (backward). (4} 


CPT LON ANE as u increases from 0 to ~, vy max GREER: from vi; to ©; vimin decreases from 
vi to 0 2 the interval where u increases from 0 to Vv; » and then increases from 0 to ~ when u goes 
from vj; to ©, From (4) it follows that Ente a, with argument vy = vj arise only tapes particles 
A with arguments in the interval (v, — vs hire Vi Ne ee PERE: a, with argment vy = Vi come 
from particles A with arguments in the interval ( ae Vas Vit Ve). Equation (2) can therefore be writ- 
ten as 


u+0; 
ny (04) =k \ N (w) du, (5) 
lu—v, | 
where 
k=M/2p*, a n,(v)=7,(m,coshv), N (u) = N (Mcoshu) 
are the “densities” for the energy distributions of particles a; and A converted to the arguments v 


and u. It should be remembered that to get, say, the number of particles with arguments between a@ and | 
B, 14(v) must be weighted by the factor m, sinhv: 


q 


8 
(im, sinhun, (v) d 


The transformations (3) are not applicable when the rest mass is zero. However, if we map the half- 
line e; > 0 onto the line v,; by means of 


€; = €, eXp V4, (6) 


then the Lorentz transformations take the form v; max =u (forward), Yimin ~ ~U (backward), and the 
relation into which (2) goes for m, = 0, 


ty (e:) = \ (M /2Pp*) N (E) dE 


E min 


becomes 
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| fig (04). =F \ N (wu) du. | (7) 


dere we have 
Ny (03) = Ny (€, EXP 04). 


[he simple form of (5), (7) makes them convenient for further calculations. 


2. RELATION TO THE MASS OF THE PRIMARY PARTICLE 


} Let N(u)=0 for u =U, where\ U = Vin Then the upper limit in (5) is U. Since the integrand 
N(u) is non-negative, it follows from (5) that n,(v,) is a monotonically decreasing function of the 
er limit |v, —- vj]. Its maximum value is attained for V;=Vi, and nj(v,) = my (v}) for all View 
/Thus we find property A: the spectrum of the secondary particle, in the case where the arguments of 
joarticle A do not exceed U =< vj (i.e., its energy is no greater than E!) = Me} /m,), has a maximum 
(peak or plateau) at the point with abscissa v, = vi . The spectrum of gamma quanta shows a similar 


0, = (v' + 0") /2, (8) 


|where v and v’ are the abscissas of points in the spectrum with equal ordinates. 
| Similarly, the spectrum of gamma quanta has the property 


v tv" =0. (8’) 
| Properties A and B enable us to determine the mass of one of the particles if we know the masses of 
ithe other two in the reaction, since vi is given in terms of the masses of the particles by 

(M2 + m? — m2) /2M = m, cosh 03. (9) 

The expression for M has the form 

M | m, = coshv; + [sinh? 0; + (mm /m,)2]". (10) 
For my =Mm,=m, Eq. (10) reduces to 
M = 2m cosh Uy (LE) 
)The set (10) and (8) determine M either from the position of the peak or from the abscissas of the 
(points on a horizontal line. Returning to the usual energy spectra gives 
M = [(eer + papi +m’) [21 + [ever + pips + 2m, — mi) / 2)"; (10’) 
for, for m, = m, = m: ; 
| M = (2 (ee + pip + )1", (i1’y 
iwhich reduces, for m=0, to the formula M = 2(e4e5 iz derived in Ref. 1. From (8’) or (10’) we can 
‘also get the formula for the case of m,=0, m, # 0: 
| M = (eer)"" + (ee, +m)". (12) 


Se (10), (10 yy (11), and (11’) are valid in the absence of primary particles with energies above 


EM) = Me} /m,. Later we shall weaken these restrictions. Formula (12) is valid without any restric- 


}tion of this sort. . yi 
Property B might be called the logarithmic symmetry of the spectrum of secondary particles,” since 


‘the argument is given in terms of the logarithm 


has a simple physical meaning: for values of u higher than vie 


*We note that the condition u =v} uw highe 
i.e., there is a limiting angle of 


the secondary particle can only move forward in the laboratory system, 
emergence. For u < v;_ there is no limiting angle. 
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0, = In[(é: + pi) / m1] (1m, + 9), (138) | 
0, = In (e1 /e1) (m, = 0). (13’) 


For non-relativistic energies, v, coincides with the velocity of the particle. 
Property B can also be used to determine my when m, and M are known: 


My = (M? + m, —2Mm, coshy,)”, (14) | 


3. DETERMINATION OF THE SPECTRUM OF THE PRIMARY PARTICLE 
We differentiate (5) with respect to vy for vy = vj: 
kn, (0)) = N (01+ 03) — W (v1, — 2)- 


, . * 
To solve this difference equation for N, we set v, — vj =u and give u successive values u + 2vj, 
u + 4vi, ... Summing these equations givest 


N (u) = —k 1 D>) % [u + (29 +1) o). (15) 


v=0 


The summation ends when ny = 0. Thus the number density of primary particles with argument u is 
proportional to the sum of the derivatives of the spectrum of secondaries at points with abscissas form- 
ing an arithmetical progression with difference 2v; and initial term u+v{. In the usual notation, (15) 
has the form 


N (E) = — (2p" / M) D\(eP + pr £) fi (aE + prP), (159 
a 


where 
& = —-coshdv} , p, = 77 sinh Xv*, A = 1, 3, Lie ect do (16) 
while vj is given by Eq. (9). 
The high energy part of the spectrum (where E ~ P) can be determined from the equation 


N (E) =~ — (2m,p* / M2) E dexp(iwi) ty (E exp hv,). (17) 


As an example, we consider the reaction 9° -—- 27. Here ve = 1,18, so that 
N (E) = — 0.829 {(0.5 P+ 0.415 £) n’ (0.5 E +0.415 P) + 4.84(P + E) n’ [4.84 (P + E)\} +--+}, 
and for large E, 


N (E) ~ — 0.829 E [0.915 n' (0.915 E) + 9.69 n' (9.69 E) +...]. (18) 


The last formula coincides with (42a) of Ref. 2, although it was derived under different assumptions. 
Later we shall explain the reason for this coincidence. 
For the case of m, = 0, the formula for N was derived in Ref. 1. In our notation it has the form 


N (u) = — kn, (u) (19) 


and is valid even for m, #0. 


4, THE SPECTRUM OF THE OTHER SECONDARY PARTICLE 


By substituting in the expression for the spectrum of ay (Mp # 0): 


vt. 
Ny (U2) =k \ N (u) du 


| 
Uv: Uv 
g 2 | 


{The prime denotes differentiation with respect to the argument. 
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Bthe spectrum of A as obtained from (15) or (19), we can construct the spectrum of a, from that of a: 
Ny (U2) = Dm ( | U2 — 02 | + 40;)— my (0p + 0g + A03)] (my, my), (20) 
Ny (V2) = ny ( | Vg — 03 | )— 7, (22 + 03) “(a = 0, -m, == 0). (21) 


movallisums, A =1,35 15, ...5 
lt m, = 0, the spectrum of a, is expressible in terms of the spectrum of ay by means of (7) and (15): 


Ma (U2) = Dy my( | v2 | +doL) (m0, my = 0). (22) 
a 


i 
* Reverting to the usual parameters, energy and momentum, we rewrite (20) — (22) as 


Ne (€2) = pa [n, CAS = By pe) r= ny (axe, = 8+ pe)] (C2< €), 


i 5 (20°) 
Mts (€2) = > [1 (4 €2 + Bx Ps) — My (a; ey ++ Bape n(n= 5 ), 
| A 
jwhere m,, m, #0, and 
a im cosh * 
e+ 4 —- ainhee Uz + A). (23) 
OFor m,=0, m, #0: 
I (Co) = ny [eM (€2— po) / m3] — ny [e.M (€2 + pe) / ms] (C2< €3); (21’) 
Ny (€2) = ny [e, (€2 + pz) /M] — ny [eM (€2 + pe) | m3] (> 3). 
For my, # 0, Mo = 0: 
Nz (C2) = Syral(me “4 e, / 2.e3)+-(mmye”1e3 /2e2)] (ex <3); 
3S (22") 


zx 


lee Dinl(me™ es (2e%)-+(mye se / 2e,)} (ey > €). 


} we give some particular cases of these formulas. For the reaction =” — Nee To; epn- = 1.1192) Bev; 
ny (€a) = Ne (0.17 en + 0.11 pa) — na (0.20 eg + 0.15 pa) + ne (0.81 en + 0.80 pa) — ne (1.05, + 1.04 pa) +... 
For the reaction 29 — A’ + y: 
Ny (€n) = Ny (0.065 (en + pa)) — Ny (0.075 (@n + pa)) (a > 1.1126 Bev), 
Ny (€y) = ny (6.7 e, + 0.046 eF*) + ny (5.8 e, + 0.053 e,") +... (ey < 0.0773 Bev), 


Ny (ey) = a (7.7 ey + 0.040 e7?) + ny (8.9 ey + 0,035 ey") +... (@y > 0.0778 Rev). 


5. INTERNAL PROPERTIES OF THE SPECTRA OF SECONDARY PARTICLES 


| Equation (15) shows that the spectrum of A can be determined from that part of the spectrum of a, 

« for which v, = Vi . On the other hand, the spectrum of A determines the whole spectrum of a4, anes 
i ing the region vy = vie There must therefore be a relation between the regions vy; =v and w= v.f 

{ In fact, substituting (15) in (5) and setting vy = Vip we get (property C): 


ny (01) = my (20, — 01) — My (205 + 1) +m (401 — 1) — my (4 0} + 01) +... (24) 


In Sec. 2 we presented a method for determining vi and indicated the limiting energy up to which this 
| procedure was applicable. Formula (24) enables us, at least in oes acrae a NCaN oe gkiatl meter tee 


/ inate this restriction on the energy of the primary particle. 


+M. I. Podgoretskii called my attention to this point. 
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The gee eit of the successive terms on the right side of VS) vary respectively within the inter- 
vals (vj, 2v4)s (Qvr, 3Vi), eter fiU = Vie then V4 max = 2v;, and all terms in (24) except the first 


vanish, so that we are left with the equation 
Ny (Vy) = ny (2 0; — 01) (25) 


which is a statement of property B (cf. above). Next, let vi= U < OV" Then vy max = U + Ve < 3Vas 
and we must take two terms on the right of (24). OE: for sulicicny large v, the second eels is 
identically zero. This begins when the inequality Qvi +vy = U+vj{ is satisfied, so that OG =>U-vj, 
and the argument of the first term on the right is 3vi — U. We fi- 
a nally get the foo result: if vj < U < avi» then (25) is valid in 
the neighborhood of vj, in the interval (U — Vi , 8v, — U); outside of 
this interval, in the fer pibor toed of 0 and 2vj;, i.e., in the intervals | 
(0, U —vt), (3v{ -— U, U+v}), we have the equation 


71, (U,) 


fy (01) = ty (2 05 — 01) — 1 (2 0; + 4): (26) 


| Having found three points TaN v” such that (26) is satisfied 

! (ize. ny We = ny (v” ) ny (v’”)] and for which 2v’ =v” — v”, we de- 

ER Ee LL a2 termine vi =(v +v’)/2 (property C; see Fig. Ly, | 
FIG. 1 Similarly, we can oe that if 2vj = U < svi , then in the ue 

+ ASS ees borhoods of 0 and 2v};, inthe intervals (0, 3vi —U), (U-Vvi, 

5vi - U), Eq. oy is satisfied, oe outside, in the neighborhood of vj and 3v;, i.e., in the intervals 

(3v{ — U, U —v}), (5vji — U, U + vj), the condition is 


Ny (V3) = ny (20; — 0) — ny (20-0) (27) 


Cue 
Thus, from U~0 up to ul?) = Qv4 there is a portion of the spectrum where property B manifests 
itself, while from U') = vj up to U®)= 3vf there is a part of the spectrum showing property C’, etc. 
The limitation on the energy of the primary particle which was given in Sec. 1 is thus removed. 

In the table, we give the limiting values of the energy, 


Limiting Energies of Primary Particle Ef), Be) Ef) corresponding to uf), u@, UB for sev 
(Bev ) eral decay reactions. For light secondaries (m; « M) 
these limits are exceedingly high and go far out in the 
Reaction Spec- F(t) (2) (3) relativistic region. 
Eee The spectrum of a, has an integral property (prop- 
erty D). Integrating (24) between the limits v;=0 and 
Hap noihs us oe - = Poe v; =v}, and making a change of variables of the form 
Nop x p | 41.115 | 1.13 | 4/46 2vvj + vy; =t in each of the integrals, we get 
A0 > p+ x 1.33 oA 3.6 z ‘ 
2+ p+ no T LOT 9.3 16 v, Qu, 3U, 
Bo A® + 17 Te 1.88 4.0 956 
20> A0+ ¥ Y (oo) — —— | m (01) doy — ( Ny (V;) dv, + (2 () doy —... = 0, (28 ) | 
9 v. ou. 
1 il 


i.e., if we break up the spectrum of the secondary particle into pieces of length vi (where the last piece 
may have a shorter length), then the sum of the areas of the even-numbered pieces is equal to the sum 
of the areas of the odd-numbered pieces. By finding a length v, such that property D is satisfied, we 
determine vis =v and M to an accuracy exceeding that attainable by using properties A to C. 

Formula (28) can also be expressed in the usual notation as 


* * * 
g €,(20,) @,(305) 


sa e=P al eee —...JB@ae, = 0, (29). 


0 * * 
e€1(r, ) €1(20, ) 


where e, (xX) = m,coshx. 
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6. THE SPECTRUM OF THE PRODUCTS OF A CASCADE DECAY 


uy us consider the case where one of the products of a decay A — ay+ a, in turn decays into two 
particles, ay— a,+ a). Examples of this are the cascades 


Gen + Afsn (x tp) or e+ (n° +1), BOD) Ao 4 29> AP4 27, A9 n+ nn 4 24. 


f the last three cascades, for low energies, the two decay processes occur practically at one point. The 
a cram of a, has axial symmetry, so that the spectrum of a, should have some additional symmetry. 
jfn order to reveal this additional property of the energy spectrum of the products of a cascade decay, let 
us assign to the particle a, the argument w with the characteristic value w*, and assume first that 
ithe mass of a; is not equal to zero. The distribution of a, with respect to the argument w will be 


w+w* v+u, 

v(w) = \ kodo ( kN (u) du, (30) 
eee lu—v_ | 
il 


R, =m, /2mz,sinhw*, ky = M /2 p*. 


Let us assume that vj < w*. This condition is satisfied for all the cascade processes cited above. 
| Also, let us first assume that w = w* + Vie Then the absolute value signs in (30) can be dropped. Dif- 
ferentiating (30) twice, we get: 


(Ro:)2¥" (w) = N (w+ 0" +0)) — Nw +0 — 0;) —N@w—w' 403) +N (w—w' — 03). 
'The procedure for solving this difference equation is a repetition of the computations we did earlier, and 
‘leads to 


mins 


N (u) = (Rika)? Dd) Dd (UE Rew + lndi)> Rn = 2° — 1, Im = 2PH— 1; mn=0,1,2,... (31) 


m=0 n=0 


Now that we have determined the spectrum of A from the piece w = w* + vi of the spectrum of a, by 
‘using (31), we can relate other portions of the spectrum of a, to this one. Setting kyw* + &yvf=A and 


and substituting (31) into (30), we get: 
w+w* atu, 
y(w) = >» \ dv, \ vy” (u+h) du. (32) 
v |jw—w*| jo—v_ | 
1 


First let w* < w <= w+ vi. Then the computations give 
y(w) = H[2v0Q) Fyw+wo + or 4) —v@—ow' +9, 4))—y\@+oH—744)—1(—w+o ++). (33) 
a 


Next, in the interval w* — vi = w < w’ Eq. (33) is again satisfied. Finally, for w < w-—vi, 
v(w) = Sow +o + vf +2) —v(w— 0" 0, +7) —v(—w + w 0,44) 4+9(—w—w +0, 4d). 
a 
The complexity of the formulas is an obstacle to a demonstration of the symmetry of the spectrum. How- 
ever, if the spectrum of A cuts off at U = ee and as a consequence of this the spectrum of or is cut 
off at U + w+ vi < w+ 2v;, then in (31) all that remains of the sum is the first term v(u + w+ vi); 
while in (33) we are left with v(w) = 2v(w* + vj) — v(-w+ 2w* + 2vt), which can be written in the form 


[v(w) + (20 + 20;—w)]/2=vw +0) (34) 


which shows that the pieces of the spectrum in the intervals (w’, w+ vf) and (w* + vj, w*+ 2vt) are 
transformed into one another under inversion in the point (w* + vi, v(w* + vf)) (see Fig. 2). If in addi- 
tion 2v; = w*, then vj max < w*, and the spectrum of a; should also possess axial symmetry with re- 
spect to the line w= w*, (The image is shown as a dotted curve in Fig. 2.) AS we extend the range of 
the arguments, the connection between the parts of the spectrum becomes complicated. 
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We must also consider the case where the mass of a, is equal to zero. Considerations entirely anal-. 
ogous to those used above give | 


N (w) = (Rika)? Div" (w + (20 + 1) 04), 


* * 
from which we get the following connection between the parts of the spectrum: for — vy = w= Vy; 


y(w) = [2 (01) —»(— w + 203) —» (w+ 203) + [2 (303) —v(—w + 40,) —v(@ + 40) +-- (35)) 
for w = —Vvi: 
v(w) = v(— @). 
If, as was assumed above, the spectrum of A ends at U = vaG then (35) reduces to 
v(w) = 2v(vj) —» (20; — 2), (36 }) 


i-e;, the point ( vi , v( v1)) is a center of symmetry for the portions of the spectrum in the intervals 
(0, Vi) (is OA AY. It is easy to see that the point (-vi> v(—vj)) also has this property (see Fig. 3). 

If the maximum value U satis-_ 
vw) fies the condition Me = Ul= vil 
the central symmetry disap- 
pears and (36) becomes more 
complicated: 


v(w) = 2v(v;) —v (2 0; —@) 


Vi) 


Ly[w*ru;) 


V[(W*+U/) 


—v(20, +a). 


W*-2Uf W*-U,° W* w*ry? wW*tlu;lu* Ww 
The properties we have found. 

may make it possible to distinguish 

the cascade decay A — aj + ay 

— (Q; + @,) +a, from the three-particle decay A — a4 + Q_ + a,. We may expect that in the latter the 

spectrum of a, will not posses symmetry because of the anisotropy of the decay. From the location of 

the center of symmetry of the spectrum we can also estimate the mass of the primary particle. 

Now let us consider the reaction m~ +p — 2° + apes CN oe vy) + K°, The directions of =° and K°® will 
not be distributed isotropically in the c.m.s. so that we should not expect any symmetry in the spectra of 
=° and K°, However, the decay =o — “+ can occur isotropically, so that the spectra of \ and Y 
have the usual symmetry properties A to D of one-stage decay processes. The detection of such prop- 
erties in the spectra of and Y may serve as an indication of the cascade character of.the process. 

In addition, if the spectrum of A’ is symmetric, we cannot admit any production of via the process 
tT +p— N° + K°, which is anisotropic. Obviously, similar considerations can be applied to other reac- 
tions in which particles are created and which culminate in the decay of one of the produced particles. 


FIG, 2 FIG, 3 


7. EXTENSION OF VALIDITY OF FORMULAS 


Throughout all of the preceding, the angular distributions of the secondary particles was not taken 
into account. It is possible to simplify Sternheimer’s derivation’ of the formulas relating the angular 
and energy spectra of the high energy primary and secondary particles. This will enable us to extend 
some of the results obtained above to the case where the secondary particle is observed in a definite 
direction. 

Suppose that the particles a, all appear at the same point. Also let us assume that a definite direc- 
tion of motion %’ is selected, and that we record the energies of particles a, moving in this direction. 
We take this direction as the polar axis. We shall assume that the distribution is uniform in azimuth. 
The probability for particle a, to have a direction in d#’ is 


M de; 


3 ent ene, 2) OP ee oe ee ae , 
IPp* does (@ 9) 4 08”. 
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Therefore the total number of particles moving in the direction 3’ =0 will be 


dcos® | \W(E, 9)dEdcos9 = 


M 
2Pp* dcos 


hee 
- 


i , 

ji we require that cosd and e, lie in the intervals (1, 1+dcos%’) and (e,, e, + de,), then we must 
prher treat E as a function of e, and 3 or 3 as a function of e; and E. The first assumption was 
‘made in Ref. 2. The number density of particles then takes the form 


Sy stair, dE (4,5) M de, (%) 
fy (é1, 0) in [£ (1, 3), 3] de, 2 Pp* areas re COS 3, 


|which necessitates further messy calculations. But on the second assumption, 3 = 3(E, e,;), we imme- 
ijiately get 


Emax 
7, (e,0) = (M/2p") | N{E, 9(E, e)] pede. 
Evin 
(This formula is essentially the same as (34) of Ref. 2, but is exact. Transforming to arguments u, vy 
jin place of E, e,, we can express the distribution with respect to u and vw, as 


vo" 
ny (0,,0) =k \ N (u, 9 (u, 0,)) du, (37) 
ln—v | 
iwhere 
9 (u, v1) = arc cos [(coshu cosh v, —cosh V,) / sinh usinh 0]; Ny (04, 0) =, (m,cosh?, 0); N (u, 9) == N (Mcoshu, 3). 


‘For high energies (large values of u and v, ), the angle of emergence 3 is close to zero, and (37) can 


be replaced by the approximate equation 
ato; 
ny (01,0) = k \ N (u, 0) du. (38) 


* 
|u—v,| 


‘This equation is identical with (5). Therefore all the consequences of formula (5) which are not depend- 
jent on the condition that the energy be low are also valid for (38). So formulas (15), (17), (20) — (22), 
|(20’) — (22’) are also valid for the case where the secondary particles are observed at a definite angle. 
\Now they give the spectra of A or a, in the direction of observation, and not their spectra averaged 
lover all angles. This explains why Eq. (18) of this paper coincides with (42a) of Ref. 2. 

| We present formulas, valid for high energies, which give the spectrum of one of the secondaries in 
terms of the spectrum of the other: 


My (€2) = Dy (ty (C2¢ 2 2) — ry (ene"24)] (rm, my 0); (39) 
A 
Ny (C2) = Ny (2 €1€2 | M) — ny (2 ei Meg / mz) (m, = 0, m, 0), (40) 
a (Cp) = ity (mye 2€2/2€2) (1% 550 my = 0). (41) 
Xr 


‘These formulas are applicable when the limiting angles of emergence of both secondary particles are 


‘small. 


| 8, CONCLUDING REMARKS 


Thus, in a two-particle decay, to make clear the connection between the energy spectrum of the decay 
products and the energy spectrum of the primary component (averaged over all angles), it is conveni- 
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ent* to introduce the parameter 


(4 
v = cosh*y =cosh*(e/m) = In aa! : (42 ) 

The distribution of the decay products with respect to this parameter (the “v-spectrum”) has simple 
properties which are independent of the energy distribution of the primary particles: (A) Ina certain 
range of energies of the primary particles, the distribution of the secondaries has a maximum at a point 
v* which is determined by the masses of the particles. (B) In this same energy range, the distribution 
of secondary particles is symmetric with respect to the vertical line through the point of the maximum, 
(C) When the energy range is extended, we retain the simple relation (24) between the points of the 
spectrum in even (2vv*, 2vv* + v*) and odd (2vv* + v*, 2vv* + 2v*) intervals of the v-spectrum. (D) 
The total area under the v-spectrum in the even sections is equal to the total area of the odd sections. 

In principle, the use of properties A to D enables us to identify the mass of the primary particles. 
These properties of v-spectra occur under the following assumptions: presence of only two decay prod- 
ucts; isotropy of the decay in the center of mass system; absence of competing decay processes; limita- 
tion of the range of energies of the primary particles; absence of systematic errors in counting of sec- 
ondary particles; absence of any preferred direction of observation; good statistics. We shall assume 
that those assumptions are fulfilled which depend on the arrangement of the experiment, and limit our- 
selves to the first two assumptions. Nothing in this paper shows that these are necessary conditions for 
the symmetry of the v-spectra. However, from physical considerations, it does follow with a definite 
probability. We can assign this same degree of reliability when (subject to the fulfillment of the other 
conditions ) we apply the symmetry criteria to prove the isotropy or cascade character of a decay (as 
was recommended in Sec. 6). 

The formulas for determining the energy spectra of the particles are suitable for use in experiments 
in emulsions or chambers where it is possible to avoid selection of a definite direction of observation. 
However, the existence®~° for certain angular distributions of “isotropic” directions, along which the 
flux of particles is the same as for an isotropic distribution, enables us to use these formulas in counter 
experiments also. 

I express my gratitude to M. I. Podgoretskii for his interest in the work. 
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We consider electromagnetic waves with narrow transition regions between the initial and 
final states, and in particular, a converging cylindrical wave. It is found that as such a wave 
converges its amplitude increases without bound. A qualitatively new phenomenon, cumula- 
tion, is found. This is the occurrence of infinitely strong fields, at finite distances from the 
axis, on the front of the wave reflected from the cylindrical axis. This property is not pecu- 
liar to electromagnetic phenomena, but is related to the cylindrical geometry. Acoustical 
waves have the same property, but for them this solution is valid only for weak waves, where- 
as this restriction does not apply to electromagnetic-field waves. 


1. FORMATION OF WAVES AND THICKNESS OF THE WAVE FRONT 


Conswer semi-infinite space filled with a perfect conductor and bounded (along the x = 0 plane) by a 


. 


: 


vacuum with a stationary magnetic field Hoy - Leta plane shock wave be emitted by this conductor, with 
its whole surface instantaneously attaining the velocity u toward the field; then an electromagnetic shock 
wave with velocity c propagates into the field. 

Since the field flux between the surface of the ideal conductor and a line at x = ~ is constant, the mag- 
netic field satisfies an equation similar to the equation of conservation of matter: 


H,c = Hy(c—u). 


Here H;= Hoy, the field behind the wave. Thus H, =Hyc/(c — u). When H changes on the wave, so 
does E, and AE, = — AHy (where A denotes the change at the wave front), so that behind the front E 
= —Hou/(c — vu). 

We note that in the coordinate system moving with the moving wall, there is no electric field. Indeed, 
on going from one coordinate system to another, the Lorentz force is conserved, that is 


E +[uxH]/¢ = E’ +[uxl]/c. 
In the coordinate system moving with the moving wall (denoted by a prime) u’ = 0, so that 


Ayu 
= 


k 
E’ =E+—-[uxt]= —k + wi, = 0. 

Let us further calculate the pressure of the field on the moving wall. The pressure due to the magnetic 
field Hy on the wall is po = Hi/8m, so that the pressure on the moving wall is pj, = H’?/8, On going, 
over from one system of coordinates to another, the quantity H2 — E? is conserved, so that H’? — E’ 
=H? — E?, and since E’ = 0, we have 


pi = (Hi — E}) /8. 


Let us evaluate the thickness of the electromagnetic-field wave front due to a shock wave from a per- 
fect conductor. This thickness does not vanish, since the front of the shock wave moving with a velocity 
D = 10° cm/sec is spread over a thickness of the order of the lattice constant a * 107-8 cm of the con- 
ductor, or over a time of the order of T = a/D & 10714 sec. This causes waves spread out in the vacuum 
over a thickness of the order of £#%Tc = 3X 1074 cm, which is extremely small. In actuality the spread 
is determined by the finite electrical resistance of real conductors. This may be of several orders great- 


er than the above; let us consider it in more detail. . 
In order to evaluate the thickness of the wave front in the vacuum, let us first consider the wave in the 
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conductor, and then knowing the time characteristic of its spread we can find the thickness of the wave in 
the vacuum. 

Consider a shock wave moving through a real conductor containing a field Hy, this shock wave in- 
creasing the density of the material by a factor 5. Let us assume that behind the wave the matter every- 
where has the same velocity and density. Let us consider the electromagnetic field accompanying this 
wave. 

In the coordinate system in which E is along the z axis, H is along the y axis, and j is along the 
z axis (where j is the current density), Maxwell’s equations with «e =y=1 can be written 
dE dH ani 4 dH 2 bak ips ise se (1.1) 


t dx co! Gat Gee 


Here . is the conductivity, and u is the mass velocity of the substance (in front of the shock wave 
u=0). 

For a steady wave propagating with a velocity D, the quantities H, E, and j depend only on q=x 
—Dt. Then Eq. (1.1) leads to 


Cuidg dq ° 


D dE _ dH aerate nd (DwaIGE (1.2) 


From this we obtain 
aE | dq? = (— dE / dq) 4%(D — u) / (c? — D?). 
Let us write the solution of this equation in the form 


4nd D 
A, exp \- pr g} + By for: >>. 0), (1.3) 


4m (D— 
A, exp} C= gh +B, fOr OU. 


ea! 


The second of Eqs. (1.2) gives 


Hy +5 Ai (1—exp{— — a}) for 7>0, 


Hy +5 As (1—exp{— "SC gh) for g@<0. 


(1.4) 
Here Hy, is the field on the shock front. It is obvious that H cannot change discontinuously on the front, 
since this would mean an infinite current density, which cannot occur if A is finite. 

The solution given by (1.3) and (1.4) contains five constants which are determined by the following con- 


ditions: in the unperturbed region H(q=+) =Hy, and E(q=+) =0; far behind the front E(q = —~) 


# ©; on the shock wave E is continuous, or E(+0) =E(—0). 
The last condition can be obtained by considering a rectangular circuit of dimension a by b, whose 
sides of length a are parallel to the wave front. For such a circuit 


J 


C(g jal) dt = const \ ee = const A®, 


where © is the magnetic flux. But $jdl = ja — jga (where j, is the current in the left member, and 
jo is that in the right member of length a of the circuit, and there is no current in the members of 
length b). But in view of the fact that the process is stationary, 


+co +00 


\ id= \ jadt, i.e. A®=0, Hoab= aH (— 0) 


so that finally H(—) =H 6; this means that far behind the wave front the magnetic field strength has 


increased by the same factor as the matter density. 
Without going through the simple operations, we present only the final result: 


Lacy ak a ae fOEMG a= 0; Ea vas, Gia Rae for g>0, 
Hp for q<0, —(D/c)H)(@—1) for q<0, (1.5) 
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ape He Ta q>0, ,_ @—p 
0 for 9<0, ND 


The total current is 
+00 
fs DY 


ie | idg=— Hye —1) 2 =” 


—co 


As can be seen from (1.5), the perturbation in the magnetic field leads the shock wave by an effective 
length £ or atime t=£/D. On coming to the boundary of the conductor and the vacuum, this wave causes 
an electromagnetic wave in the vacuum with the same characteristic time of spread, or with a front thick- 
ness* b=rTc. For the usual conductors this quantity is much greater than the spread related to that of the 
shock wave in the matter itself; for instance, in copper (at room temperature A = 5.8 x 10!" sec™!) b 
=14.8 cm (we have taken D=5 km/sec). We note that the thickness £ of the wave in the copper itself is 
2.0. 

The wave front can be decreased greatly by cooling the conductor to decrease its resistance. For in- 
stance, when copper is cooled to — 253°C, its resistance is decreased by a factor of 170, and the spread 
of the wave in the vacuum decreases to 14.8 cm/170 = 0.9 mm. 

We note that the total current I accompanying the shock wave in the conductor is independent of the 
conductivity, and that behind the shock front the current vanishes, so that the conductivity plays no role 
behind the shock wave. Thus if one is able to achieve a narrow front by increasing the conductivity by 
cooling, this result will not be affected even if the high conductivity is destroyed by the shock wave itself 
(for instance, because of heating). 

In the following sections we shall consider a converging cylindrical electromagnetic-field wave, assum- 
ing it to be a mathematically rigorous discontinuity. 


2. CONVERGING CYLINDRICAL FIELD WAVE 


In principle a converging wave can be obtained by suddenly turning on a circular current simultaneously 
over the whole surface of a cylinder, by reflecting a plane or diverging wave from a curved mirror, or by 
moving a cylindrical conducting surface in a magnetic field towards or away from its axis. 

In the case of cylindrical symmetry, Maxwell’s equations (H is parallel to 
the x axis, and E is circular, i.e., perpendicular to r and x) become 


ORIN YOH « AVOH) WR AO(E) 


EO “Op > @a@p - OF ° (2.1) 
Eliminating H or E from these equations, we obtain, respectively, 
A, 2B a dal elo) a 2.2 
ee ale or | 0, ( ) 
I OPH, ie 180 aay Lp 
or oF va orale wre (2.3) 


The equation for H is simply the wave equation for the cylindrical case. That 
for E is not the wave equation. 

Let us consider the variation of the cylindrical wave amplitude as it moves 
towards the axis, first treating a wave within a cylindrical cavity of radius R, 
in an ideal conductor. The motion of the conductor and the wave in this case are 
shown in Fig. 1. 

The total flux of H in the cavity is conserved, so that 

Re 
Oe an \ rH dr=const. 


= a = 2 0 
* Here we have obtained only the width in the vacuum corresponding to the field perturbation in front 


of the shock wave. The amplitude of this part of the wave and its profile can be found only by the complete 
solution of the problem of the wave leaving the conductor. 


FIG. 1. The forma- 
tion of a converging 
cylindrical electromag- 
netic-field shock wave. 
The vacuum lies to the 
left of the heavy line. 
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Differentiating this identity twice with respect to time, using (2.3), and dR¢/dt = —c, and dR, /dt= 
(where Rg is the radius of the wave front), gives 


1(H~ — H,) OH d (HAR. U) 


The second group of terms, which refers to the boundary, vanishes. This is easily seen by considering 
a field due not to a sharp shock wave, but to one which is somewhat spread out. Then the first group of 
terms vanishes, and the second, which contains only quantities referring to the boundary, does not change.* 
Therefore the first group also vanishes, which leads to 


H,—Hy = const- Rp”. (2.4) 


Thus the amplitude of the converging cylindrical wave increases without 
bound as Rei? in its approach toward the axis. We have obtained this result 
for the special case of a wave within a cavity in an ideal conductor, although it 
is valid for any cylindrical shock wave, since waves from the surface of the | 
cylinder do not catch up to the shock wave; therefore the behavior of the wave | 
amplitude on the front is determined entirely by its magnitude (that is the initial | 
amplitude at the point at which the wave is formed) and is independent of other 
field changes on the boundary of the cylinder. 

On the cylindrical wave front Es — Ey also changes according to 


E,;— E, =const Ree (2.5) 


Equations (2.4) and (2.5) are not approximations valid only for large or small 
amplitudes; they describe the behavior of a field with the same accuracy as do 
Maxwell’s equations. 
For a complete description of H and E behind the shock wave we must 
FIG. 2. solve (2.2) and (2.3). 
Henceforth we shall consider only the particular solution corresponding to 
a converging wave, which describes the limiting behavior of a field close to the 
axis and close to the time of focusing, which means that we shall solve the self-similar problem. 


3. SELF-SIMILAR SOLUTION FOR A CONVERGING CYLINDRICAL WAVE 


Since we know how the wave amplitude varies, we may immediately assert that the self-similar solution | 
is of the form 


B= Gy Le, H=Hj+ HY A(x), Ce 
where t=ct/r. Here t is the time calculated from the instant of focusing (before focusing, t < 0), and 
£5 and Ko are the amplitudes of the electric and magnetic fields on the wave front at the time when the 


wave front is ata distance ry from the axis. For a wave moving towards the axis, Ny = — ey. Ona 
converging wave front, T= —1, so that 


e(—1)=1, A(—1)=1. (3.2) 
A diagram of the phenomenon in the r, t plane is shown in Fig. 2. 
Inserting (3.1) into Maxwell’s equations (2.2) and (2.3), we obtain equations for the new functions 


e” (1 — 7?) — 2te’ + 3e/4=0, h” (1 —*?) — 2th’ —h/4=0. (3.3) 


We solve these equations by means of a power series in (1+) with the conditions (3.2) for the interval 
—1=7T=1 (between the incident and reflected waves), obtaining 


oy ees (2n + 1)!! (2n — 3)!! (4.2), (3.4) 


n=l 28” (nl)? 


* This reasoning is due to B. P. Mordvinov. 
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h(t) = ») [= as | (1 a | (3.5) 
(for n=0 we take (2n —1)!! = +1). 

These series converge for T < 1, and diverge for tT = 1, so that as a result of reflection from the 
axis there arises a wave whose amplitude is unbounded not only at the cylindrical axis, but also at a finite 
distance from it. 

Such a cumulation is a qualitatively new phenomenon. In converging waves previously considered, un- 
bounded amplitudes arose only for small times and in small regions of space (at the focus). In our case, 
however, unbounded amplitudes arise at all points of space, not only at the cylindrical axis. 

We note that nowhere in the solution have we assumed that we are dealing with a compression wave, 
so that all the results obtained refer also to a rarefaction wave, which can be formed, for instance, by the 
sudden expansion of a cavity in a conductor. In this case the field strength on the wave front Hg = Hy — AH 
will decrease as the amplitude AH increases, vanishing at some distance r and thereafter approaching 
Se io8 

We wish, further, to find a solution of the equations for e and h inthe interval 1 < T < ~, that is 
behind the wave reflected from the axis. We write this solution in the form of a power series in 1/7 with 
the condition e =h=0 when t= (that is with the condition E(r=0) # and H(r=0)# 0), 

obtaining 


Ding 
he Linif-rl+1 10 


Bee Sore ee pee oa (3.6) 


gl onlin 4) 2” gle Se eee 


These series converge for tT > 1, but diverge for 7 = 1, so that 
close to the reflected wave and behind its front E and H increase 
without limit. 

The as yet unknown quantities ag and by can be obtained from 
the following two conditions: first, from Maxwell’s equations, and 
= second, from the condition that e+h are conserved on passing 
through the wave front reflected from the axis (see below). Let us 
0g consider each condition separately. 

Inserting E and H in their self-modeling form (3.1) into the 
second of Maxwell’s equations (2.1), we obtain 


dh [dt + cde/dt—e/2=0. 


Ve Linl-rle ai? Inserting the expressions for de/dt, dh/dt, and e behind the wave 
1 il into this expression, we obtain 


FIG. 3. The self-similar solu- by == 409: (3.7) 
tion for a converging cylindrical 
electromagnetic-field wave: H 
=Hy — const x h/Vr, E = const x 


aS E—H = Go 9. — Hy Vro[th — Ho = GoVio] 1 (+h) — Hy = const, 


Let us now consider the second condition. On the front of a diverging 
wave, AE =AH, or E, — Hy, = E; — H,; = const. In our case 


so that e+h=const. Using (3.4) and (3.5), we find that in front of the wave 
eth=2|1— 5) =e) (3.8) 
n=1 


gan (n!)? 


This series converges, so that the invariant e+ h has a finite value on the wave front. ; 
Using the solution (3.6) for the region behind the front, as well as relation (3.7), we find that in that 


region 


oN in —1)!! = 
e+ h= — 84 | 1 > eo |: 
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Comparing (3.8) and (3.9) we obtain ag in the form of the ratio of two series; numerical calculation gives 
ao = 0.3536. It would seem that the accurate solution is 


ao = —1/2)/ 2; so that b= V2. 


Let us consider in more detail the divergence of e and h close to the reflected wave front. Introduc- 
ing the new variables z=7—1 and y=e/e’ into Eq. (3.2) for e, we are led to 


(l—y)y72(2 + 2) 2 (1-2) (yf 0. 
When |z| «1 and |y| «1, this equation can be simplified, becoming dy/dz = 1+ y/z. We then have 
y =z(Inz-+const) =e/e’ 


and finally 
e=A,.+ A,In|1—7|. (3.10) 


This equation describes the asymptotic behavior in the neighborhood of the diverging wave front on both 
its sides. 

Let us determine the coefficient of the logarithm in this expression. We shall choose Ay and A, such 
that the difference between the exact expression eg, as given by (3.6) and the asymptotic one e, as 
given by (3.10) vanish for t= 1. Let us write egy and eg in the form of power series in (1+ T): 

eo Lt San(L+9)", eo = Ay + AyIn2(1— ~$*) = A, + Arin2— A, >} Chee 


Date 


n=1 n=1 


Cex Ca = 1 — Ay— Ay In 2+ YY (Gn+Ai/ 2" 2) (1 + )’. 
n=1 


The series in the last expression should converge when t= 1. From this it follows that 
lim (1 + a,n2"/A,) = 0, 
since otherwise the series diverges as 2 1/n. Therefore 


: : 1 (27 — 3)! 
A, = — lim 2”na, = lim Ce ee 
n+ co n> co 2?" n! (n — 1)! Tv 


(in order to calculate the limit, it is convenient to express the factorials by Stirling’s formula). 

The coefficient of In |1—7]| in the asymptotic expression for e behind the front is found in the same 
way, andis A, = —ag2V2/n. With the exact equation ay = —'%v2, we have A, =A,=1/m, which means 
that the coefficient of the logarithm in the asymptotic expressions for e on both sides of the wave front 
are the same. It is clear that the coefficient in the asymptotic expression for h differs from this only in 
its sign (e +h is finite on the front). 

Using the same method to calculate Ay and the analogous quantity for h, we obtain asymptotic expres- 
sions for e and h which are found to be of the same form on both sides of the waves, and are given by 


e=—Injl—2|+017, k= ——In]1—c]4 1.10, (3.11) 
Close to the cylindrical axis after focusing, 
e>— 1/227" = —(r/Qct)", h>(2/2)?=V Orel. 
From this it is seen that the electric field close to the axis is 
E=— Go. V 10/4 (r/ 2ct)* = — Gore'r | (2ct)"*, 
so that E = 0 on the axis. The magnetic field is 


H = Hot- Gon V oto ers 


so that on the axis H — Hy decreases as t'2 after focusing. 

The fundamental quantitative results of the self-similar solution are shown in Fig. 3, which gives graphs 
of e(T) and h(T) calculated from the formulas for the exact solution. The same figure gives the asymp- 
totic formulas describing e and h in the neighborhood of the reflected wave and the axis. 
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4. FURTHER REMARKS 
(a) Region of Applicability of the Self-Similar Solution 


As can be seen from the solution itself, it is applicable for waves of arbitrary amplitude, not only for 
strong waves as in gas dynamics. The solution gives an exact description of all the phenomena in a finite 
(r,t) region if, for instance, the surface of an ideal conductor surrounding a cylindrical cavity moves 
with r(t) corresponding to the solution obtained. If, however, this surface is suddenly caused to move 
and thereafter moves in an arbitrary way, the self-similar solution is not valid in the whole (r,t) region, 
but describes only the behavior close to the axis at the moment of focusing. 


(b) Reflection of a Diverging Wave from a Conductor 


It is not difficult to see that the radius r(t) of a cylinder within which the total flux &® is conserved 
has, in the case of the self-similar solution and a compression wave, the form of the r(t) curve shown 
in Fig. 2: in view of the unbounded values of H on the diverging wave, this curve should be tangent to the 
line r=ct, which means that the conducting surface should move away from the axis with the velocity of 
light c (behind the front the velocity decreases again). 

If before r=ct the conductor does not start moving sharply in the other direction, but moves as shown 
by the dotted line, then a wave of infinite amplitude will be reflected from it at point K. We have not con- 
sidered the further behavior of such a wave as it converges, although it may be of interest. 


(c) Cylindrical Acoustical Wave 


Let us consider a weak converging cylindrical shock wave for which u «c, where c is the velocity 
of sound. The solution of this problem reduces to solving the wave equation for the pressure 


1 Op ASROMALOp 
c2 02 or a ar) =O 


This equation for p is exactly the same as (2.5) for H in the electromagnetic wave problem. Therefore 
their self-similar solutions are also identical, and on the wave front reflected from the axis the pressure 
is also infinite. Thus this qualitative property of cumulation is not peculiar to the electromagnetic nature 
of the waves, but is a property of converging cylindrical waves described by the wave equation. 

We note that for a spherical acoustical wave one may obtain a solution without the assumption that it is 
self-similar, and this makes it possible to verify the assertion that the self-similar solution describes the 
limiting form of the solution at the center close to the focus. A test shows that the self-similar solution 
for a sphere is indeed identical with the limiting form of the general solution, although in this case no 
singularities occur on the wave reflected from the center. (The amplitudes of the incident and reflected 
waves are equal, but opposite in sign; between the waves the pressure is maintained at every point.) 

In conclusion we thank V. P. Mordvinov, D. G. Lominadze, A. B. Govorkov, and A. A. Bunatian, with 
whom we have had extremely valuable discussions of the material contained in the present article. 


Translated by E. J. Saletan 
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We derive a quantum mechanical transport equation for electrons in a metal in the field of an 
electromagnetic wave. In contrast to the usual treatment, our equation is not based on the as- 
sumption that the photon energy is small compared to kT. 


Dvrine the last decade there has been developed a theory of the skin-effect in metals* based on the fol- 
lowing transport equation for the electron distribution function f(p, r, t) | 


Of (Ot + (p/m) Of/Or + e E Of/dp = 1 (f), (1) 


where I(f) is the collision integral. In this equation the electrical field E plays the role of a classical 
force. However, if the frequency w of the electromagnetic field is sufficiently high, one must take quan- 
tum effects into account, even if the threshold for the internal photoeffect, i.e., for a transition of an elec- 
tron into another band, is not yet reached. From the quantum mechanical point of view the interaction of 
an electromagnetic wave with the electrons takes place through the absorption and emission of photons 
(with a simultaneous absorption and emission of phonons in the lattice). If in these processes the change 
in the electron energy Hw is small compared to the breadth of the tail of the Fermi distribution kT, 
one can consider the gain of energy by the electron to be practically continuous. 

As long as the condition 


ho << kT (2) 


is satisfied, one can thus use classical methods and use the transport equation (1). We notice that condi- 
tion (2) is extremely far reaching. At room temperatures (T = 300°) it involves 7 >40y andfor T= 
10° we have A >> 0.2 cm, which means that quantum effects can be of importance even in the radio range. 

If hw2kT, it is necessary to treat the problem quantum mechanically. This is, in particular, true 
for the infrared region of the spectrum, where usually inequality (2) holds in reverse. Although this fact 
has been known for a long time (see, for instance, Sec. 53 of Ref. 2) up to the present nobody has carried 
out anything like the complete investigation of this case. The only attention paid to this problem was ina 
paper in 1954.° Holstein has calculated the volume absorption in a metal using perturbation theory. In this 
case he assumes that the electron distribution and the field do not depend on the position coordinates. 
Holstein’s results are therefore, generally speaking, only applicable in the case of the normal skin-effect. 
On the other hand, if we exclude the region of very high temperatures, the skin-effect in the infrared 
region of the spectrum is usually anomalous. It is thus necessary to construct a method which enables us 
to consider simultaneously quantum effects and the anomalous character of the skin-effect. The present 
paper is devoted to obtaining such an equation. 

For the time being, to fix our ideas, we shall consider a system of N electrons ina macroscopic 
volume V. 

Such a system can in ania mechanics conveniently be described through a density operator F 
which satisfies the equation‘ 


OF / Ot = (A, F} =(1/ih) (HF — FA) (3) 


and the normalization condition Tr F = 1; in Eq. (3) Al is the Hamiltonian of the system. 
The operator F gives a complete quantum mechanical description of the system since the average 
value of any dynamical variable R can be calculated from the formula 


Ra Spine (4) 


*See, for instance, the survey article by Ginzburg and Motulevich.! 
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In quantum mechanics one normally uses the density matrix p(x,x’) which is the x-representation of the 
operator E 
We cna use the so-called mixed representation of the density matrix which is determined in the follow- 
ing way 


Laie ea (2eh)*"\ deg (x ee eee 


The “quantum distribution function” which is introduced in this way does not have the meaning of a prob- 
ability density for the state with coordinates p and x, as can be seen, in particular, from the fact that 
the function f(p, x, t), as follows from its definition, though essentially positive is not always so with- 
out fail. However, if we use it, we obtain the most complete analogy with the classical case. In particular, 
Eq. (4) for the averages now becomes 


CR (B, >, = \dp de R(p, 2) F(p, *, 8). 


For the sake of simplicity we shall consider one-particle distribution functions. If an external electro- 
magnetic field is present this function can be determined as follows 


PARAT. t) = (2nh)-*\ de o(r = ro +) exp —*(P Le A), 


Cc 


where P is the generalized momentum and A the vector potential of the field. For physical reasons it 

is convenient, however, to deal with distribution functions of the ordinary momenta. We change at the same 
time the normalization of the distribution function in such a way that it gives the average relative occupa- 
tion number with respect to the momenta. We make thus the following substitution 


N (2nh)*f (P, r,t) =f" (p, 1, #); P=p———A(r,#). (5) 
Since the time is involved in the transformation we have 
(6) , Z Ole, 
N Qn) FP. = sh Orn N+LAl. bs f(r 2b) 


The primes will be omitted in the following. 
It can easily be shown that the electrical current density can now be written in the usual way 


Finally one obtains easily the relation 


Fe» = qoapr yr? af ganar (6) 

We consider a system consisting of electrons, photons and lattice phonons. We shall use methods ob- 
tained from the transport equations developed by Bogoliubov and Gurov.®? 

The conclusions below are based on perturbation theory; this means that we assume the interaction of 
the electrons with the lattice vibrations and the electromagnetic field to be small. In metal optics the 
occupation numbers of photons are always large compared to unity. The electromagnetic field can thus be 
considered to be an external, classical field, satisfying Maxwell’s equations. Under our assumptions, the 
density operator of the system F will depend on the coordinates of N electrons (rj, rg,..., ry), on 
the momenta of S phonons (qj, q%,---.» Gg), and on the time t. 

We write the Hamiltonian of the system in the form 


A 


N Ss 
ieee ered rion ee) tao (dy ice Seco UML ale), 


By de) \ 4 leas poy b b 
A= (In + Eats Alam mh Rp 


2m 
where bt and bg are the creation and annihilation operators of phonons of momentum q, 


q A  —__———— A oo 
Cea Nest. (11841 N,) =V Ne. 
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Finally, the operator of the interaction between electrons and phonons is of the form, 


O (1, qe C(Alql/VIMay™ (One © ese ee), 
where C is a constant of the order of magnitude of the average electron energy in the metal,? M the 
mass of an atom in the lattice, u the velocity of sound, and A the volume of an elementary cell in the 
crystal. 
We introduce now operators that depend only on a fraction of all the particles, defined as follows 
POs Nevtqies eq ety =" Sp Urs (ieee aged ate 


Hee) 


Applying this operation to both sides of equation (3) we find 


= cee k=1 


eo =| NAO + a FY +3) SiO 


aN > Sp[U(v-+1,q,) Pt"? +3 y Sp [Uti qytPoaeals 


k=1 (v+1) i=1 R=o+1 


Hence it follows in particular (N > 1) 


a Sy a, Pe of x i 
=A), FON + YSPC, a) Fadl, y= (a), Pal + NSpIG(, a), FUL, a} 
kai 
A Ss 
a = 1A )+8 @),+ OL, 4), FUL, @)) +N Sp {0 (2, q) F (1, 2; q)]+ DSPld (1, 4,), F (1s @ 4). a 
z h=2 


If there is no interaction operator, the dependence on the coordinates of several particles is obviously 
of the form of a product of one-particle operators; in particular, 


Ua PUP), ee ey ee re 
F(1,2;q)=F(q)(1— Pu) PUI FQ), Fs a, a’) = F (1) F(a) FQ’), 


where Be is the “permutation” operator.* If the interaction is not zero we introduce instead of F ( 1,q) 
the correlation operator 


G (1, q) = F(1, q) — F(1) F(q). 


Since we have assumed the interaction between electrons and phonons to be small, the operator G is 
obviously also small. For problems connected with the behavior of metals in an electromagnetic field 
(in particular, for calculating the current) it is sufficient to restrict ourselves in the transport equation 
to terms quadratic in the magnitude of the interaction between electrons and phonons, Correspondingly 
one can retain in Eq. (7) only the terms linear in this quantity. In the same approximation we can take for 
the state operator of the phonons its equilibrium value 


(Na! F (q) | Nq) = 8(NqNq) 8 (Ng Nq), Ng = teal *?— 1), (8) 


where hvg =ulq|is the energy of a phonon of momentum gq. If, at the same time, we take into account the 
fact that the operator U(1,q) is non-diagonal in the occupation numbers of the phonons we obtain easily 
the following set of equations 


OF (1) /dt=[H (1), F (+ 3) p10 ( a, (1, a] (9) 


k=] 


* The operator F is symmetrical with respect to the permutation of identical particles. However, in 
order to calculate matrix elements we have to deal with antisymmetric combinations of one-electron wave 
functions, which is inconvenient. It is better to use certain methods to antisymmetrize the operator F 
after which one can take the matrix elements with respect to a product of one-electron y-functions. The 
meaning of the operation Py. is clear from the equation 


(Pi, P2| Pra F (1) F(2)| pi, py) = Fy. P! Fy oi. 
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dG (1,q)/ot = [H(1)+ Alq), GI+(0 (1, q), PU) F(@)I—WSp (OQ, q), Pro? (1) F (2) Fd), (10) 
A (2) , 
where F(q) is of the form (8). 


We go now over to an expansion in terms of the magnitude of the vector potential of the electromagnetic 
field which we write in the form 


A(r, t) = Ao(r)e'*? + Ag (re 
If there is no field the electron distribution is homogeneous and does not depend on the time; any deviation 
from this distribution will be assumed to be due to the electromagnetic field. It is therefore natural to 
represent the quantities we are trying to determine in the following form 
(1, 4) =Fo(1) + Fy (1,4), G(1,q,t) = Go(1,a) + Gi(1,4, 2). (11) 


In these equations the operators Fo and Gy do not depend on the time and describe the equilibrium state 
of the system of electrons which are interacting with the phonons; however, the operators a and ee 


which represent the influence of the electromagnetic field will be proportional to the amplitude of this field, 
Ap, and be of the form 


Fy (1, t) = Fro (1)e* + P(e, Gi(1, a, 4) = Gio (1, q) et + GH (1, q)e-i#t. 
Using the notation 


B(1, q, t) =(0 (1, q), F(1) F(q) — NSp (U (2, q), ProF (1) F (2) F (q)I, 
we can write Eq. (10) in the form 


oG/ot — [A (1) + H(q), G)=B. (12) 


In the same way as in Refs. 6 and 7 we impose on the solution of this equation the condition that the corre- 
lation vanish when the particles go to infinity, 


T+ CO 


t 
lim Si4.G (t +7) Sh. = 0, 8, = exp {— et (1, #) + (a) : (13) 
0 


Carrying out the differentiation, we have by virtue of (12) 
oS +984. = Sf G+ 7-H (Lt+9+A@), 6¢+9]} Sh. = 84.Bb+ 954. 
Hence we have after integration 
$14.6 (t +7) SA. — SG(t) SF = (aS. 0B + v)She, 


) 


We now go to the limit t— ~; then, by virtue of (13) the first term vanishes and we obtain the solution 
of (12) in the form 


co t+ tor 
G(t) =—\ deexp{—% | a tc, t)+ Agi} BE ++) exp{+ a dt’ ( (1,0) +H (@))}. 


If we restrict ourselves to terms linear in the field we find thus after some simple calculations 
(P, Nq| Go| P’, Nq) = —2nh8, (Ep — Ep + (Nq— Na) hry) (P, Nq | Bo| P's N 
(P, Nq| Gio | P’;Nq) = — 2nhd, (Ep — Ep: + (Nq — Na) hq + ho») 


X (P, Nq| Bio | P’, Nq) — 2nh —— (Ay. P— P’) [8, (Er — Er 


4 (Nq— Nq) hy + ho) —8, (Ep — Ep: + (Nq — Na) hy4)\(P ,N,|Bo[P’.N 
eo By (1,4) =[U (1,4), TOS een 
Bao (1, 4) = (0 (1, a)pPio (1) F (a) — NSP (0 (2, 4): Pre (Fie (1) Fo 2) 


+ By (1) Pye (2) Play], 8, (*) = 2/28 (x) + i/ 2ex. 
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If we now want to obtain the transport equation it is sufficient to substitute into the right hand side of 
Eq. (9) the correlation operator S given in this way. We restrict ourselves for the moment to the case 
of a spatially homogeneous distribution. The operator F is then diagonal in the p-representation and we 
have in agreement with Eq. (6) 


(P| F [P’) = N+8(P — P’) f(p,t). 


Since the operator Fy does not depend on the time, its matrix elements can depend only on the generalized | 


momenta, 
(P| Fy |P’) = N78 (P — P’) fo (P). 


On the other hand, the distribution function can naturally be written in the form 


i (p, t) = fo(P) + fio (P) etof 4. (p) me 
Then, in accordance with (11) 


(P| Pio | P’) = N83 (P — P’) [fro (P) + > Aofo/OPI.- 


For the sake of simplicity we shall drop henceforth the index w. Equation (9) has in the zeroth approxi- 
mation (with respect to the field) the form 


whe 


Pe (1, qx), Go (1, qx)] = 0. 


Going over from a sum to an integral we have in the p-representation 


V(2nn)y? | dq >) (P,Nq (0 (1,4), Go(1, q)]|P’, Ng) = 0. 
Iqi<a9  Ng=0 
The limiting phonon momentum q is connected with the Debye temperature © of the material in the 
well-known way: hygo = ud9=ke. After simple, but rather lengthy calculations the equation of the zeroth 
approximation is of the form 
I’el) (fo (P)) = 0, (14) 


where 


1D (F() = oer ar) 449 8(a) Nef (P+4) (1 —F)— a+ DIM) —F +4) 


IqI<Go 


+ (6) [((Nq + 1) f (p+ q)( —f (p)) — Nef (p) (1 —f(p+q)]}, a= E,— Eqip —hvq, b= Ep — Epig + hq 


is the usual collision integral for electron-phonon interaction. It is well known that this equation is satis- 
fied by the Fermi distribution function 


fo (p) = [exp (Ep — Ep) /RT + 1] 


In the case of a spatially homogeneous distribution we have [Hi (Eye F (1)] = 0. From Eq. (9) it follows 
thus in first approximation that 


ASS 
—iwF,(1)= 2 Spd (1, ge), Gr (1, qu)]. 
hk=1 


Calculations which in this case are even more cumbersome than in the zeroth approximation lead to the 
following result 


ie fx (P) + io Ay G® = T (fr(p) + Ao S-) + © (Aep) D(p). (15) 


where f is the quantum mechanical generalization of the usual collision integral, 


Tis(®)= aye mak | 44-9 {5 (8(@ + ho) +8 (a— hho)} [— q+ 1) fa (P) + Nal (9 + 4) + fo(0) fa (P+.4)+ 


IGq|<Go 


| 
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+ fo(P + 4) fa (P)] +5 [8 (6+ ho) + 8 (6 —fea)] (Va + 1) fx (P + 4) — Nef (0) — fi (0 + 4) fo (P) — fx (0) fo (0 + aif 


A mC? at Rolkr (Ep—E,)|kT 


Oa ips ia some ees aa team OG dq q (pq) Nafo(p + 4) [8 (a + he) 
0 


lq|<9o 
: —he|kT , hv [kT hy —felkT »s 
sree 6 (a — ho) + e**"" 3 (6 + ho) + e'4 3 (5 — ho)]. 


For iw — 0, T(t) goes over into (cl) (f,). In order to understand the meaning of the rest of the 
terms on the right hand side of Eq. (15) we notice that the last of them can be written in the form 


4 (Ao) D (0) = aie ak ae 44-4 (Aca) [ape (8 (@ +h) —3(a—Ra)][— (Na + 1) fo(P)(1 fo (0 + 9) 


lgI<qo 


++ Nafo(P + 4) (1 — fo(P))1 + yar [8 (6 + hea) —3 (6 — ha)] [— Nefo(p) (1 — fo(P + 4) + We +f) fo (P+ 4) (1 — fo (0))I}- 


Let us imagine further that in the equation y(cl) (f9(p)) = 0 we have substituted p= P+eA)/c and have 
carried out an expansion in terms of Ay accurate up to terms of the first order of magnitude. Then 

y(cl) (f9(p)) can be written as the sum of three expressions; the first of these is the same as expression 
(14) and is equal to zero, the second arises from expanding expressions of the kind f)(P+eA/c) and the 
third one, finally, arises from the expansion of the 6-function. It is clear that the terms 


Daa Fo and © (Ay.P)D (p) 
are the quantum mechanical generalizations of the last two expressions and cancel one another as hw —0. 
In the case of a spatially inhomogeneous distribution the method which we have just applied to obtain 

the transport equation will, generally speaking, not be suitable, since now in the transformation (5) the 
vector potential depends essentially on the coordinates, and, in particular, from Eq. (6) there does not 
follow a simple connection between Fp,p/ and the function f(p, r, t). However, it is necessary to take 
into account the fact that the distance over which the field or the electron distribution changes materially 
will always be very large compared to the de Broglie wavelength of an electron near the Fermi surface. 
In other words, if we write, for instance, f,;(p, r, t) as a Fourier integral of the coordinates, 


fi (p, r,t) = | fax (p, t) ead 


fj will be noticeably different from zero only, if 
|k|< Po. (16) 


For this reason all terms of Eq. (15) retain their form with the proviso that now A, and f, will be func- 
tions of the coordinate r. We only have to take into account the term [H(1), F(1)] of Eq. (9) which 
previously vanished. 

It can easily be shown that the left hand side of the transport equation can be reduced to the expression 


LR Si page \at dpe “OP, (py [(=, 2) (p. Ao (0) —(P". Ao (t+ $)—Ao(r—))]. 


in which the integral terms can be neglected by virtue of condition (16). i 
Introducing the electric field strength E(r) = ( iw/c) Ag(r) and the relaxation time operator T = 
—[-! we write the transport equation finally in the form 


: a a of esi 1 
fof e e s f= eE| 35 ee ops pD(p)). (17) 

In conclusion the author expresses his deep gratitude to the supervisor of this work, Professor V. L. 
Ginzburg, and also to V. P. Silin for his constant interest and valuable comments. 
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A system of transport equations has been obtained for a plasma consisting of electrons and 
one kind of positive ions placed in an electric and magnetic field. The system includes the 
continuity equations, equations of motion, and the equation of heat transport for electrons 
and ions. The electron and ion temperatures are considered to be different. The case of 
arbitrary ratio of the particle collision frequency to the Larmor frequency is considered. 
The derivation of the transport equations from the kinetic equations is similar to that of 
Chapman and Cowling. 


1. THE TRANSPORT EQUATIONS 


Tue state of a completely ionized plasma can be characterized by the electron and ion distribution func- 
tions fg (t, r, v). In the presence of electric and magnetic fields E and H these distribution functions 
satisfy the following system of kinetic equations (see, for example, Chapman and Cowling’) 


0 a ; 
Sok Wik ai (E+ ¢lvxitl) Vols + 2 Sep (jae) = 0, (1.1) 


where a@ denotes the type of particle (1—electrons, 2—ions). 
Following Landau,” we take the collision integrals Sy git afg), which give the change in the distribu- 
tion of particles of type @ as a result of their collisions with particles of type B, to be of the form: 


Sap (fale) = 


theres 4 eit, OL ai 
ap a ic} icy (od , 
ie an 


a t 
where 
Un = (UOin —— U;U,)/u, uj = 0j — Vj. 


The “Coulomb logarithm” ) appearing in (1.2) is equal to the logarithm of the ratio of the maximum and 
minimum impact parameters A = 1n(pmax/Pmin). For the smaller impact parameter one should substi- 


* Work performed in 1952. 
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tute into the above pmin * e*/mv’ & e2/T. The maximum impact parameter is determined by the fact that 
the Coulomb field of particles in a plasma is screened at distances of the order of a Debye length pmax 
* 6p = (T/4ne2n) 1/2, At high speeds when e*/hv <1 (or v/c > 1/137) a smaller value should be taken for 
the maximum impact parameter, i.e., one for which the scattering angle becomes of the same order as 
its quantum-theoretical indeterminacy pmax = 6p e*/hv. The influence of the magnetic field on the col- 
lision event itself is not taken into account in (1.2), which is permissible only for not too strong fields 
when the radius of curvature of the particle trajectory is large compared to a Debye length. 

The method of obtaining the transport equations, starting from the kinetic equations, is given in detail 
in Chapman and Cowling’s monograph,! where expressions are also obtained for the heat flow and for the 
stress tensor for a single-component ionized gas in a magnetic field, and also for the electrical conduc- 
tivity of a plasma in a magnetic field. The electrical conductivity of plasma (in particular, of a multicom- 
ponent one) in a magnetic field is investigated in greater detail by Cowling® by the same method. The 
method described by Chpman and Cowling! assumes that the temperatures of all the components of the 
plasma are the same. A calculation of the electrical conductivity and of the electronic heat conductivity of 
the plasma was carried out by Landshoff* without assuming that the temperatures of the ions and the 
electrons are equal for not very strong magnetic fields (the ratio of the Larmor frequency to the collision 
frequency lying between zero and six). The transport equations for a plasma in a magnetic field of arbi- 
trary intensity were obtained by Fradkin® for the case of equal electron and ion temperatures. 

In this paper the method given by Chapman and Cowling! is somewhat modified to obtain a separate 
system of transport equations for each plasma component. The microscopic parameters (density, average 
velocity, and temperature) for the ions and the electrons are given by the following expressions: 

0 4 3 
ny (t, t) = ae r, v)dv, v9(t, r) = Vv a(t r, v)dv, +Tx(tt)= 


ay. 5 


my Ew—M) j,(t. 1, v) dv. (1.3) 
The temperatures of the ions and of the electrons are, generally speaking, taken to be different. This 
turns out to be possible because of the large difference in the masses of the ions and the electrons. Thus, 
plasma is regarded as consisting of two mutually interpenetrating fluids — the electron and the ion 
fluids — similarly to the way in which this has already been done in the less refined investigation of 
Schliiter.® 

For subsequent developments it is convenient to introduce into (1.1) the change of variables vg= v 
— viv (ts Ly). We then obtain for fy (t, r, Vq~) the equation 


Opies 


a Ouy; of y 
at 


ae ly 
[vo xl— “| Vofe pee Ong es a Eyes to) Sep (fais) = 0 
t a 8 
Here dg /dat = 8/dt +vi V, and the index a has been omitted from Vq for the safe of brevity. 
Multiplication of (1.4) in turn by 1, Ta Vl oe 0, 2 and integration over the velocities leads to the fol- 
lowing system of equations for the macroscopic parameters of the gas a 


es dV Bi ty sale R 35 ee pe dinave 
dah, [dt +nzdivva = 0, Myf, 2 = — grad py — dives + eatta( +— [va + al) a Nae Pe 8 


ey 
mC 


+Vyfet (E+ 


Xp 


(1.5) 
: 00o : 
Sale a + div qu = Qa. 


The first of these equations is the equation of continuity, the second is the equation of momentum transfer, 
and the third is the equation of heat transfer. The following average quantities have been introduced: 


2 1 oe } 
Po = \ (02/3) [adv = Wel a, Toik = \ Me, (VaiVak <— 3: Bina) f.dv, qa = \ (m,03/2) Val AV, 


Ry = —(ymaveSuolfals) dv, Qa = —| (rma0/2) Sap (fof) av. 


Here py is the partial pressure of particles a. We shall denote the symmetric tensor mj, as the viscosity 
tensor. The vector q, is the heat flux for particles of type a; Rgand Qy,are respectively the average rate 
of change of the momentum of particles a and the rate of liberation of heat in the gas formed by particles 


a due to their collisions with particles B. aay : 
Equations (1.5) may be used for finding the macroscopic parameters after first finding the local dis- 
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tribution functions and expressing the quantities (1.6) in terms of the macroscopic parameters and their deriva-_ 
tives. The following sections are devoted to this. The expressions obtained as a result of the approximate | 
solution of the kinetic equations are given in (2.3), (2.5), (2.6), (3.16), (3.18), (3.19), (3.20), (4.13), (4.14’), * 
and (4.16) while the necessary coefficients are given in a table (see p. 364). | 

As in the case of the usual equations of gas dynamics, the condition for the applicability of these ex- 
pressions is that all these quantities should vary but little over distances on the order of a mean free 
path and during times on the order of the mean collision time between particles. This holds for not too 
high values of the ratio of the Larmor frequency to the collision frequency wt < 1. But in the case of strong; 
magnetic fields when wr >» 1 the problem becomes more complicated. For the applicability of the results 
obtained it is necessary that during the time between two collisions the particle be displaced through a 
distance so small that all quantities undergo only a small change over it. The motion of the particle 
transversely to the magnetic field is limited by its Larmor radius p which is less than the mean free 
path £ by a factor wrt. Therefore in a number of cases the conditions of applicability for processes close 
to stationary ones are relaxed, and we require only that L, > p, Ly >2£ (Ly, Ly are characteristic 
distances in directions perpendicular and parallel to the magnetic field over which the various quantities 
vary significantly). However, this is true only in the presence of a sufficient degree of symmetry. In an 
inhomogeneous magnetic field (and also in the presence of a transverse electric field) in addition to the 
Larmor rotation in a circle the particles also undergo a drifting motion across the magnetic field.’ This 
drift occurs with a velocity of the order of vp/L, (v is the thermal velocity) and leads to a displacement 
of the particle during the time between collisions by a distance of the order of §o/L,. Therefore the con- 
dition L, >>p is sufficient only in the case when the system possesses such symmetry that the particle 
drifts are not directed along gradients of density, temperature, etc. If such a special symmetry does not 
exist then the stricter condition is obtained L, >%p/L,, or L, > Vip. 


2. METHOD OF APPROXIMATE SOLUTION OF THE KINETIC EQUATIONS 


The ion and electron distribution functions satisfy a system of kinetic equations. By taking into account . 
the smallness of the ratio of the electron mass to the ion mass we can simplify the problem and solve 
these equations separately. This is connected with the fact that the electron velocities are much higher 
than the ion velocities so that the relative velocity of the electron and the ion nearly coincides with the 
electron velocity. Therefore, the cross term Sj, is to a high degree of accuracy independent of the detailed 
shape of the ion distribution function, but is determined by specifying the average values of np, vi, and T, 
for the ions. 

The tensor Uj; in the electron-ion collision integral may be expanded in powers of the ion velocity and 
integrated over the ion velocities. Neglecting the viscosity tensor for the ions we obtain: 


Qmrererne gg a 20, 30,0, — 028 
S Seni, 22 . fi my i T. ivR OO ik Ofy — Vee 3 
= m: 00; Vin dv, aE mz \ v8 per my vs ‘00, } |’ Vin = (0°8in — 010n)/0*. (2.1) 


The electron velocity is here referred to the mean ion velocity. We shall denote the first (principal) term 
in (2.1) by S4.. It reduces to zero for any spherically symmetric electron distribution function and does 

not give any change in the electron energy. Later we shall need an expression for the friction force acting 
on the electrons due to the presence of the ions in the case when the electrons have a Maxwellian distribu- 
tion (we denote it by £(0)) displaced with respect to the ion distribution by the amount'u =y} —vi. Assum- 
ing this shift to be small compared to the electron thermal velocities and neglecting terms ~ m,/my» we 
shall easily obtain with the aid of (2.1) 


RY = —{ myvSio() dv = — (mm 2) u. (2.2) 
Here we have introduced the “time between collisions” between electrons and ions 
% = 3 YV mT 3/4 V Wr deren,. (2.3) 


The ion-electron collision integral can also be simplified by expanding Uj, in terms of the ratio of the 
ion speed to the electron speed. Assuming that the electron distribution function differs but little from a 
Maxwellian one, with the difference between the mean velocities of the electrons and the ions being small 
compared to the electron velocities, we obtain: 
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R2Vofe- (2.4) 
The ion velocity is here referred to their average velocity. This collision term, as should have been ex- 
pected, has the same structure as in the case of brownian particles in a moving medium. 

The transfer of heat from the electrons to the ions by means of collisions can be easily calculated 


with the aid of (2.4). By neglecting the deviation of the ion distribution function from a Maxwellian one 
we obtain: 


3 
03 = (Ti — Ty). (2.5 


rs Mg 


This expression has been obtained by Landau.” The liberation of heat in the electron gas can be most 
simply computed by making use of the conservation of energy in collisions. Simple calculations yield: 


Qi = — Ryu — Q:. (2.6) 


By evaluating the corresponding integrals or by considering directly collisions between particles it 
may be easily seen that if the energies of the light and of the heavy particles are of the same order of 
magnitude then the times for the exchange of energy for the light particles (electrons) among themselves, 
and also for the heavy particles (ions) are much shorter than that between the electrons and the ions. Let 
the time for energy exchange between electrons be 7,, the time for energy exchange between ions be 72, 
and the time for energy exchange between electrons and ions be T3, then: 


Ti%,273 = | :V m,/tm : m,/my. (2.7) 


It is this relation which allows us to treat the problem with ions and electrons of different tempera- 
tures, since equilibrium is established within each gas more rapidly than that between them. The transfer 
of momentum from the electrons to the ions, in contrast to the transfer of energy, is not small and occurs 
during times of the same order of magnitude as the exchange of momentum between electrons. The trans- 
fer of the ion momentum to the electrons occurs during the same time as the transfer of energy, and is 
therefore small compared to the exchange of momentum between the ions. 

Thus for the ions the cross collision integral is small compared with the self integral Sg; « So. But 
for the electrons although the cross integral is not small it may be represented as the sum of two in- 
tegrals Sj. = S4, +S. such that the first of them gives only the transfer of momentum but does not lead 
to a change in the electron energy, while the second one is small (see 2.1). The kinetic equation for the 
electrons may be written in the following form: 


dvY; Up Ofy 
OX, Ou; (2.8) 


uf i 11 1 1 dv} 
Si (fafa) + Siz (fate) +hyxe)Vofs = — (on +vVfi +(3 E-- ae [vyxH]— ) Voli — 
\ 


+ Sia (fu fo — fa) +Sialafe)}- 


The terms on the right hand side of this equation are small when the gradients are small, the time 
variations are slow and the shift of the mean velocities of the electrons and the ions is small. The mag- 
nitude of the vector w, =(e,/mc) H is equal to the Larmor frequency of the electrons (we note that e; < 0, 
w, < 0). The term S4p(f;f$) has been added to and substracted from equation (2.8) in which f§ is the ion 
distribution function “shifted” in such a way that the mean velocity of the ions coincides with that of the 
electrons. The term S4,(f;, f£, —f%) which appears in the course of this on the right hand side of the equa- 
tion is small compared to S49(f,, f%) provided that the relative macroscopic velocity between the electrons 
and the ions is small compared to the thermal velocities of the electrons. 

The zero-order approximation satisfies the equation without the right hand side. The solution of this 
equation is arbitrary Maxwellian distribution: 


[0 =n, (2nT,/m,)—" exp (— m,v?/2T,). (2.9) 


The magnetic field evidently has no influence on the Maxwellian distribution. 
We shall assume that the parameters of this distribution correspond to the density and the temperature 
at the given point; the velocity in (2.9) is referred to its mean value Was In seeking now a correction to 
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this Maxwellian distribution we shall require that it should not change the values of these macroscopic 
parameters. 

Let the electron distribution function have the form f; =f) (1+ 4) where & is a small correction. By 
substituting this expression into (2.8) and discarding terms of the second order of smallness we shall ob- 
tain the equation which determines the correction. We shall replace the time derivatives of n, v’, and T 
appearing on the right hand side by their zero-order approximations. Without its right hand side the 
equation has the solutions @ =1, v’, and therefore in order for the equation to be soluble its right hand 
side must be orthogonal to these solutions. By multiplying the equation for the correction by 3 °v, mv?/2 
and by integrating over the velocities, by taking into account the condition J vile dv =0 we shall obtain the 
expression for the zero order approximations for the time derivatives n, v, T which must be substituted into 
the right hand side. The whole procedure is analogous to the one developed by Chapman and Cowling.! 

As a result we obtain for the first-order correction: 


(1) 

if 1 E 5 my v2 ~ Ri Mf 

Ty (®) + fig (®) + {OP Lvxeodhyo® = — A (Se — 3) vv In Ty + gp (21 — -F Pin) um + 
= : (2.10) 

3Vn (Tim)? ,) my 
5 Vo v3 Tet \. 
Here we have introduced the notation: 

Ty (®) = S11 FOF &) + Sy (fF ©, (), Lie (P) = Sia (fi ®, fa); (2.11) 
RY = — | myvSi2 (i, f,) dv. (2.12) 


In the right hand side of (2.10) the terms ~ m,/m, have been omitted. The integral sty (£19, f, —f§) has 
been expanded in powers of u/VT,/m, (this quantity is assumed to be small) and only the first term of 

the expansion has been retained. In the second term in curly brackets symmetrization has been performed. 
and a symmetric tensor with zero trace has been introduced 


Win = OV{/Ox_ + Oup/Ox; — 2/3 8;p div v°. (2.13) 


The kinetic equation for the ions is transformed in a similar way with, however, the one difference that 
the whole cross collision term [it is taken to be of the form (2.4)] is regarded as small and is trans- 
ferred to the right-hand side. The zero-order approximation to the ion distribution function which satis- 
fies the equation without its right-hand side is the Maxwellian distribution £0) The ion distribution func- 
tion is represented in the form f, =f, a + ) and the following equation is obtained for the small 
correction ®: 


U2 5 \ 2 < 
Ie (®) - jo [vxw,|V_,® =— i) (or — 3) vVl1in Its + or (oi —— 5 7) @rin - (2.14) 


The terms on the right-hand side associated with collisions with electrons are mutually cancelled. As a 
result Eq. (2.14) has the same formas fora simple gas (not a mixture). Thus the form of the ion distribu- 
tion function in the approximation under consideration is determined only by collision of ions withions. On 
the contrary the form of the electron distribution function is determined both by self (electron-electron) 
collisions, and by cross (electron-ion) collisions. 

3. HEAT FLOW AND TRANSFER OF MOMENTUM 


The solution of Eq. (2.10) may be sought in the form 
U2 
© (v) = ©; (0) 0; + Din (0) (Gi0n — J Bin). (3.1) 
The first term may be represented in the form: jv; = $+ @y, where 


©, = A,vu, + A, vu, + A, v[o,>xul; (3.2) 
@; = ArvV, InT; + A;vV, InT,+ Arv [w,xV1n 7,1]. (3.3) 
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The coefficients A are functions of the absolute value of the velocity. The subscript || denotes the component of 
the corre sponding vector along the magnetic field while 1 denotes the perpendicular component. It is evidently 
sufficient to find A’ and A”; the expression for A is obtainedfrom A’ by setting Ww, =0. 


Knowing ®j one can find the heat flow and the momentum transfer due to collisions (the friction force 
and the thermal force). 


Hereinafter it will be convenient to utilize the expansion of the functions A into a series of Sonine 
polynomials of order 3/2. The Sonine polynomials have the following orthogonality property: 


\ oe je (x) La (x) xl avs TP (p + 5/0) ee (3.4) 


0 
Ih place of the velocity v we introduce the dimensionless variable 


s = (m,/2T,) "Vv. (3.5) 


We write the expansion of Aj,, Aj, in terms of Sonine polynomials in the form: 
Au = — 7 Dae LE? (5%), Au = —* Di ay LE!” (5%). (3.6) 
k=1 k=1 


The orthogonality relation (3.4) leads to the fact that the heat flux is determined by the first expansion 
coefficient 


qu = 5/2 MTs (a, uy + a [o,xu)). (3.7) 


The transfer of momentum by collisions (friction force) will be expressed in the following way: 


foo) 


RIP = #/y™™ DY on (ai ty + ai [xu (3.8) 
hoa 


Here the following notation has been introduced for the matrix elements: 


, Avy 


ton = Get \ 3:15 (LE™ (s2) s;) dv, (3.9) 


where 7, is the time between collisions [see (2.3)]. The matrix elements (3.9) are calculated in the 
Appendix. 

In a similar way the heat flux and the transfer of momentum due to a temperature gradient may be ex- 
pressed in terms of the expansion coefficients. On writing Afp, Amp in the form 


Ar=% >) a,1, (5), Ap=*% >, an Ln? (s?), (3.10) 
ipil k=1 
we obtain: 
5 mT , ; 
pieces = Sa (a, Verla + a,[W, xVT,]); (3.11) 
Rr = — my >) on (Ge VT 1 + Gn [4 xVT)). (3.12) 
k=1 


Of course the al, ay are different from those in (3.7), (3.8), and the corresponding subscripts have been 
omitted merely to reduce the awkwardness of the notation. 
The equation which determines that part of the correction which is due to the transverse component of 


the temperature gradien has the form: 


G (0) (Oh ee RP) v 
Ty (®) + Fg (®) + f [vxo,1V.0 = — ff {(s — S)wv ints +} one 
We represent the thermal force in the form: 


RY = Ty (K'V, nT, + K"Lo,xV In Ty). 
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We introduce the complex quantities A =A’ + iw,;A”, K =K’ + iw,K”., For the function A we obtain 
a : 5 4 
1, (As) + Tia (As) + fof As = — A? {(s? —+)+ Kts. (3.14) 


Making use of the orthogonality of Sonine polynomials we obtain an infinite system of equations for the 
expansion coefficients a, =a + iwyay 


= id . r f 5 9 d 
D (eas + epi) a1 + ionyty ie An = 9p. (3.15) | 


7 


The matrix elements a1, @j, are evaluated in the Appendix. 

For an approximate evaluation of the coefficients a, one can break off the series (3.10) after the 
first two terms and also break off in a corresponding manner the infinite system of equations (3.15). As 
a result one obtains a system of two equations which yield the coefficients aj, aj, aj, a, while (3.11) and 
(3.12) yield the heat flux and the thermal force. For |w,|7, >> 1 one can in this way correctly obtain the 
first two terms in the expansions in powers of (w; 7,)~! of the coefficients of interest to us. For | 
| wy 74 1 there is no such formal parameter which characterizes the accuracy of the calculations, but in | 
spite of this one can hope that the coefficients obtainedin this way will give a sufficiently good approximation, 

The coefficients a, depend on two dimensinless parameters: the “magnetization coefficient” w,T, and 
the effective charge of the ions Z =n,e3/ne? & e,/|e,| (the ratio of the matrix elements aj, and aj, 
depends on the latter). 

Expressions for the thermal force and for the heat flow due to the temperature gradient have the form: 


ee ’ : : 
Ri Ae {tur¥ Ty (Bare + tar) VT ——> (Bare + tur) (ovr (3.16) 


Je. 1 79" f ie! u 
hee ae frrrV T+ a Bre + trr) Viti — ZK (Brrx + 77) % joy 
where 
Asay Ove,  xiaee, (3.16’) 


The values of the coefficients for Z =1, 2, 3, 4 are given in the following table: 
The correction to the electron distribution 
function, necessitated by the exixtence of a rel- 


Yen Z=2 | z=3 | Z=b ative velocity, is found in a completely analogous 
manner. The infinite system of algebraic equa- 
A Cpe a 
eens, 3.1646 4.8904 6.0641 6.9200 tions 10E the complex coefficients a, =a, 
Yru=Vrul3 =Yar 0.7110 0.9052 4.0158 41,0904 +iw,a, has the form: 
yn =1—Yhul8o 0.5129 0.4408 0.3965 0,3752 
8p 3.7703 4.0465 0.5814 0,4106 = ' T (k + 5/s) ’ 
By 14.79 10.80 9.618 9055 (Sat ++ ont) O12 -+ Gree tytn = Aon. (3-17) 
Bin 4,664 3.957 3.724 3,604 I=1 iT Ch) 
Ver 11.92 5.118 3.525 2,844 
eae 5/2 5/2 5/2 5/2 \Expressions for the friction force and for the 
5 te ee i. ae pe ae heat flow due to the relative velocity have the 
ey ‘ ; : , : : : 
ey. 2 681 0.9473 0.5905 0.4478 following form (in prey to obtain the total fric- 
Bx =8" 3/2 3/2 3/2 3/2 tion force the term R( ) has also been added): 
ae 3.053 1,784 1.442 1.285 ee { 
j x as qty , , 
Baw 6.416 5,523 5.226 5.077 Ru= co {—Yuutt — Uy + (Buu + Yuu) UL 
Vi 4.837 0.5956 0.3515 0.2566 Hl =e 
Br 1.704 1.704 1.704 1.704 — = (BuuX + Yuu) t [xu 
tn 0.7796 0.3439 0.2400 | 0.1957 as = peal (3.18) 
dia = — 71,1, {truth ne TK (Brux = Tu) uy 


, eee ” 
re he (Brux + ru) [Wixul- 
The expression for A is here the same as in (3.16), The coefficients are given in the table. The coeffi- 
cients ByT, YyT coincide with the coefficients Bp, Ytu This coincidence is, of course, not accidental. 


It amy be shown that it is a consequence of the principle of symmetry of kinetic coefficients (Onsager’s 
principle). 
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The accuracy of the evaluation of the coefficients given in the table may be checked by calculating 
some of them in the next approximation. If in expansions (3.6) and (3.10) one keeps not two, but three 
| terms, and if one breaks off in a corresponding manner the infinite systems (3.15) and (3.17), then for the 
{ coefficients y one obtains the values YuT = 9.7135, ypp = 3.1636, Yuy = 09-5098 (for Z =1). Making use of 
| the value of the coefficient Yuy from the table one can obtain for the electrical conductivity of the plasma 
| along the magnetic field the expression oy = 1.950 ny e{7,/m,. However, if one uses the more accurate 
) value of the coefficient one obtains o} = 1.962 n,e% T,/m,. One may consider that the coefficients in the 
» table have an accuracy of the order of 1%. 
| The equation for the correction to the ion distribution function is solved in the same manner as the 
one for the electrons. The infinite system of equations for the complex coefficients is analogous to the 
system (3.15) with only the single difference that cross matrix elements are absent. Therefore the ex- 
pansion coefficients depend only on the parameter WeT2. The heat flow may be computed from formula 
(3.11) after replacing the subscript 1 by 2. As a result of this we obtain: 


; 5 
(2e§ 73 + 2.645) VT. —( = w? 22 + 4.65) ty [WoxVT ol 
q, = — @O% {3.906 VT, + —— Mae ae Se I (3.19) 
Me o5 7 + 2.70 oF os + 0.677 : 
where 
t= 3 Vie Ts 4 V © hes fy, W, = (e,/m,c) H. (3.20) 


4, THE VISCOSITY TENSOR 


In addition to the term proportional to the temperature gradient the right hand side of equation (2.14) 
also contains a term which depends on the space derivatives of the hydrodynamic velocity. The correction 
to the ion distribution function must also contain a corresponding term. The equation for this correction 
term has the form: 


2 
I (®) + fo [vo] VO eee fo (sis i 3] Wik, (4. 1) 
The subscript 2 (ions) has been omitted in equation (4.11) for the sake of brevity. The dimensionless 
variable s has been introduced in place of the velocity. The following abreviation is used below 
Sih = SiSp — (8? / 3)8jp. (4.2) 


We choose the z axis along the magnetic field. We decompose the tensor w;,; into a sum of three tensors 
Wik = W(0)ik + W (1)ik + W(2)ik which in this system of coordinates have the components: 


"Te (Wxx + Wyy) 0 0 
Wo) = 0 1/s (Wxx ain W yy) 0 ; 


4.3 
0 0 Wee (4.3) 
“le (Wxx x Wyy) Wxy 0 0 0 Wxz : 
Wa) = Wyx —"' (Wrx — Wyy) 9 |; w=| 9 0 Wy } re 
0 0 0 Wer Wzy 0 ° 
We also introduce tensors with the following components: 
Te 2Wxy Wxx — Wyy 0 ? 0 0 — W yz \ 
Wi) = @) Wxx — Wyy 2Wyry 0 ; W 2) = 1G) 0 (0) Wxz P (4.5) 
0 0) 0) sae Wey Wex 0 


These tensors have been chosen in such a way that their traces vanish Wii = 0, and the application of the 
operator (v x w) V, transforms terms of the form wi1)ik Sik» W(2) ik Sik into corresponding terms with 
double primes and conversely, and makes the term W(0)ik Sik vanish. 
The solution (4.1) may be sought in the form: 
@ = Do) + Da) + De), 
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where 


Do) = — Boy (8?) WeinSin, Pay = — (Baywayin + BuyWayin) Sir, Dey = — (BeyWeir + BeyWayin) Sin: (4.6) « 


All these terms may be calculated independently of each other. . 
It is convenient to expand the functions B(s*) into a series of Sonine polynomials of order /y 


B(s?) = >) byLf (s2). 


k=0 | 
The contribution of the term (0) to the viscosity tensor is equal to | 
To)ik = —nT tho) ir . (4.8) 


Thus, in order to compute the viscosity it is sufficient to know only the zero order expansion coeffi- 
cient, and the contribution to the viscosity tensor of (3) and 9) may be computed in a completely 
analogous manner. If one substitutes into (4.1) the expression (4.6) for (0) then one obtains for the 
function Bo) the equation | 

I (Bo Siz) = f© sin (4.9) — 
| 


For the complex quantities Bi1) = Bia) + 2iwB/1) ; Big) = Bio) + iwB(2) the following equations are 
obtained: 


I (BaySin) + 2ieof  Baysin = F sins (4.10) 

I (BaySin) + iof Beysin = fsin. (4.11) 
Of Eqs. (4.9), (4.10), (4.11) it is sufficient to solve (4.11). Then by setting w=0 we shall obtain the solu- 
tion of (4.9), and by replacing w by 2w we shall obtain the solution of (4.10). 


The method of solving (4.11) is the same as the method of solving the corresponding equations of Sec. 3. 
For the coefficients byg) we obtain the infinite system of equations 


o r Zi 4 
> Barbs + Se oth, = Sor. (4,12) 
1=0 5 
The matrix elements fy) are calculated in the Appendix. The coefficient by may be obtained by 
breaking off after the first two terms the expansion (4.7) and corresponding to this also the system (4.12) 


(8/5 @2t? + 2.23) — iwt (w2t? + 2,38) 


Bo =b + iow = o1t4 + 4.03 w2t? + 2.33 


(4.13) 


Collecting all the terms we obtain for the components of the viscosity tensor for the ions the expressions: 


Tzz =— (0.96 Malia se, 
me ere {0.48 Wee — -b' (20) (Wrz — Wyy) — 2ogt—b” (2c) wzy} 


4 
Ri giee tie Paes {0.48 Wee + — b' (20) (rx — Wyy) + Qeagt,b" (2a) wy} 
Try = Ryy= — NT gt {b! (20) Wry — @gt9b” (20) (Wrx — Wyy)}, 


Trg = Tex = — Mg 142 {b' (@)Wry + Wot, b” (w)Wyz}, 
Tyg = Tzy = — Mg I ot2{b’ (W)Wyz — Wg tb" (W)Wyz}. (4,14) 

Expressions (4.14) differ from the corresponding results given (without proof) by Chapman and Cowling*’ 
in having more accurate coefficients. The equation which determines the electronic viscosity is analogous 
to the equation for the ions, and is solved in the same way. The system of equations for the complex co- 
efficients b, has the form: 


~ , (k-+ 7/2). 
2 (B,. + B90, + sno OP ) i, 7,5, = OT (4.15) 


The matrix elements for electron-electron and electron-ion collisions are calculated in the Appendix. 
The coefficients b depend on the effective charge of the ions Z. For Z=1 
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(2.05a%r? + 8.50) —iw,t, (wir? + 7.91) 


b’ + iw tb" = 
ae oftt + 13,.8ea%c? + 11.6 


(4.16) 


| The viscosity tensor for the electrons as well as for the ions has the form (4.14), where one needs only to 
| replace the subscript 2 by 1 and to take the values of the coefficients in accordance with (4,16). 


In conclusion I wish to express my deep gratitude to B. I. Davydov for suggesting the problem and for 
his considerable aid in selecting the method for its solution. I also express my thanks to M. A. Leontovich 


| and to G. I. Budker for numerous useful discussions. 


APPENDIX 
Calculation of Matrix Elements 


In the course of calculations in Secs. 3 and 4 it is necessary to evaluate integrals of the form: 
Mos =\¥ Sup (Os, FO) dv, NI =\FpSog (FO, £9 O,) av. (A.1) 


The role of Vp and $q is played by functions of the form 


(2) (move 5/0) (mo? OF is 
oe (x) Uj, is 2 (Fr) (civ. Se Bin) , 


where L(™) are Sonine polynomials (generalized Laguerre polynomials). These polynomials have the 
following generating functions: 


foo} 


(1—#) “exp (— iz)= D PLS (), (1) Pexp(—p =e) = PLS). (A.2) 
p=0 


p=9 


We shall call integrals of the type (A.1) matrix elements. Instead of calculating these matrix elements 
individually for each pair of values of p, q, it is convenient to calculate the matrix element of the gener- 
ating functions (A.2). Then by expanding it in powers of é, 7 we shall obtain the desired matrix elements 
in the form of coefficients of ¢P7%. For example, for polynomials of order */: 


2/ 3 < je yiey ff ® A.3 
M (+)= > tn’ Mpa (>). ( ) 
P,q=0 
All the required integrals are calculated by the same method, by integration by parts and change of vari- 
ables vj = cj + yuj, vij.= ci + y’uj where the coefficients y, y’ are so chosen that the exponent contains 
no terms of the form cju; and that vj — vj = uj. As a result we obtain 


3\_ 8V are e} mn , - 1 /B:Ba(4 + x-t y) Ve [, __ (e+ y) Bi, Daub h 2xy8,8 
eS ee Ean 
PBN t a Ox8 2x85 3\ BV wretes mine gay vy (Bribe (t+ x) (A + y) Vie 
Se ae op eee ee Sa A ) 
xB, + yB 3xY338 T2 4 3xB 
Ng ee area ae 2 me) eau ae) 
Here we have introduced the notation 
By =m, /2T,, Bo = m2 /2T2; (A.5) 
ce pigs yap, Afllta)+Poty), B=Bi(+x+9) + Po (A.6) 


With the aid of (A.4) it is possible to obtain expressions for all the required matrix elements. For colli- 
sions between electrons and ions we have, taking into account that B,<« 2: 


<= Crile = =p 4p . f 12 rOn ee psd 3m T2 —la 

S eym(2)=@ Suwa a vals )= BRU 9 an 
P, q=0 »g= 

For collisions between ions and electrons we have after interchanging subscripts 1 and 2 and taking into 


account that B, « Be 
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co , rs 3 3 16s Ae | 
> eal Moo : ) = - 2 (1 en) {1 — 5E eG — \+ 4} SOS EON ay (5) eerie om Yes sr) 
Pp, q=0 ‘; DP, q=0 


For collisions of identical particles, for example of ions with ions, we have to calculate matrix elements 


of the form: Hig (*) = Mog (‘/) + Nig (‘A) » 


S : tb 3 A.9 
P, 9=0 


where T: = T92 = 3V Mp Ty 2/4 Vmdegn,. The corresponding expression for the electrons may be obtained 


from (A.9) by replacing the subscript 2 by 1, with T. being replaced by 74, = V¥2Zt,. The values of the 
coefficients Ang used in Sec. 3 may be obtained from (A.9). For the ions: 


Q770F 0 
) 3 1 

4532, 

3) 4009s 

4-16 12373 |< (A.10) 
15 309 6425. 

32 128 1024 . 


SEXY © ©& 


ey Papin Via (se We. ow 


The coefficients Ang for the electrons are smaller by a factor V2Z. 
The values of the coefficients Ang may be obtained from (A.7) 
1 3 15 39 
DaecS oe 0) 
er Gare 
POT IG oe 
15 69 433 1077 - (A.11) 
SG) 64a 12eer 
35 165 1077 2954 ° 
16 32 128 256 


ee ste 
PY 5 


e: iey je. “tes ve! ‘a scapey ie 


Matrix elements with Sonine polynomials of order Ye which are required for calculating the viscosity 
tensor may be found by the same method which was used in the case of polynomials of order We We 


require only 


5 SIs Sle by) B) Slo : f Sls 
Hoa (5) =) LE” (5%) sinla (LS (s*) sin) dv, Hon (5), Moa (5) = \ LE” (s*) sinfia (LE (8°) sin) dv. (A.12) 


They are equal to 


loo} 


a ye 3h; ove —}, : 5 = Ps 5 3Ne 4h) * 
Da Me (F) = BU aye, | D a Hig (F) = (1 oa (1 — &y) pee Se 
P, I=0 P, I=0 
ef 7, 2&n—(E+ n)/2—En(E + nl2 En 5 Wea 
+e[3 1—€n + 3G — ep Seve (A.13) 


The expressions for Hog are obtained from Hog by replacing 2 by land T, by 14, = V2 Zt;. The co- 
efficients Bpg, Bpq are equal to: 


os ae 
6 4 5 6 Dy 

Boo =s] 3 20.], Bo ==l 3 17 (A.14) 
4 48 De 


Ve 
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_ANOMALOUS EQUATIONS FOR SPIN 1/2 PARTICLES 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 473-477 (August, 1957) 


Irreducible relativistic wave equations different from the Dirac equations are derived for spin 
y particles. The particles described by these equations may have one or more proper masses 
and the corresponding fields have a positive definite charge density. The existence of such 
equations is not incompatible with the well known proof of uniqueness of the Dirac equations. 


Arrempts to construct wave equations of the type 

(B'O, — ix) 9 = 0 (1) 
but different from the Dirac equations have been unsuccessful. The only exception is the set of equations 
due to Petras.! But these equations are not investigated in details in his paper, and it is therefore not 
clear whether they meet all of the physical requirements. 

The known proofs by Wild? and by Gel’ fand and Iaglom® on the uniqueness of the Dirac equations seemed 
to imply that anomalous equations for spin yp particles do not exist, and that the equations of Petras! are 
physically unacceptable. 

The proofs of the uniqueness of the Dirac equation are, however, not general. They rely on the assump- 
tion that the equation for spin % particles can be derived only with the representation of the total Lorentz 
group for the maximum value of spin ke 

In this paper we start from the representation of Dp for the maximum value of spin ye and we show 
that there exist anomalous equations for spin y, particles, the simplest of them being the Petras equations. 


1, RELATIVISTIC FORM OF ANOMALOUS WAVE EQUATIONS 


If the equations (1) are covariant, the matrices {, have to satisfy the known relationships 


2a 

[Bel im] = Lri8m ar ZrmB1; ( ) 

rl ma] a A Srml in te Siml en mi Srnlim as Zinlkm} (2b) 
B;Z = 28", (2c) 


where I,pg represent infinitesimal rotations and Z is the matrix of space reflection. 

If the representation of the total Lorentz group DR is known, Eqs. (2) can be used to find the form of 
the matrix By. The remaining matrices By (v= 12; 3) can be determined from (2a). 

It is known that there are three non-equivalent irreducible representations of the operators I, and 
7, for the maximum value of spin ap , with 12, 8 and 4 rows respectively, which we shall denote by 73, 


T, and 7). 
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In order to construct the matrix By, we can use the general representation of the elements Ij,» and Z 
Iu = alk? + OIG? + cl sZ = aZ™ OZ ez, 


where a, b and c determine the number of irreducible representations of the same kind. However, in 
the following discussion, we will restrict ourselves to cases with a=1, b=0, c= 1,27:3o077 petese 
cases are the simplest because the existing field has then a positive definite charge density; in the gen- 
eral case the matrices #, are either irreducible or not equal to the Dirac matrices. 

We will denote the matrix By) constructed with these representations by 


Bo = Bo (ts; Ct). 


It has been shown! that the matrix By can be written as a direct product of two matrices 


Bo = YoX%(ts, Ct); (3) 


: P : - + , 
where yp is a Dirac matrix. The same reference shows the form of the matrix a(a@ = Ua U,, ap is 


a matrix from Ref. 4) to be 
21 
21 


% == a(T3, CT) = Eafer 


SK 
R is a row matrix with elements Tyo B= 1,2,...,c¢; S is a column matrix with elements s,, p = 
a 25 o oe 9 Cc. 
Some of the coefficients of the matrix a can be assumed equal to zero. 
If we set 
iL = 0; Ruy = 0, PY; Row =k, #0; ky ek, PY; Ty #0; Sp #0, 


it is easy to verify that the matrices #, remain irreducible and that the matrix a will have the simple 


form 0 
0 
Ohiigwitiis. ca 18s 
a= H(t, CT) = S, ky 
S2 ke 
Sc z 


This matrix has in general c+ 1 different eigenvalues A, (uw =1,2,...,0c) different from zero 

For each eigenvalue u there are four independent solutions of the wave equation (1); these solutions 
correspond to the two signs of the energy +E and to the two directions of spin + Y, . The corresponding 
wave equations describe therefore a spin y, particle which has, in the general case, c +1 different mass 
values. 

It follows that, in principle, there can exist spin Y, relativistic wave equations which differ from the 
Dirac equation. We shall call them anomalous because the spin Ye state never occurs although we start 
from the representation of Dp for the maximum value of spin Wee The spin Se state is excluded by the 
condition £ = 0. 

It is easy to find the anomalous wave equations in explicit form. We have in the spin-tensor form 

c 
at > Py (2OEYH LE ohh yy) = Re 1/55,0,B" sia iy ry"Ony™ 3 xy, (4) 
p=1 
where y(P) is the Dirac spinor, BK isa spin-vector introduced by Rarita and Schwinger,° and ys are 


the usual Dirac matrices. 


2. ANOMALOUS EQUATIONS FOR SPIN 1/2 PARTICLES WITH A SINGLE 
MASS EIGENVALUE 


In the general case, i.e., for arbitrary values of the coefficients Ty» S, and k,, the charge density 
of the field described by Eq. (4) is not positive definite. However, one can choose the relations between 
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the coefficients of the matrix a such as to make the charge density positive definite. 
The problem is treated best in the rest system of the particle. If Eq. (1) is solved in this system, letting 


Oo —> iE => ix/h, 
the following equation for the amplitude g is obtained 
(B9—A)p = 0. (5) 


The charge density is determined from the expression 
p= og" Afra, (6) 
where the matrix A has to satisfy the condition 
AB, = BA. 


The matrix A can be expressed as a direct product of the Dirac matrix y and the matrix 7 = diag || 1, 
1, 1,€4; (ee Ec ie (ey, = a1); 


A = Yon. (7) 

Substituting the direct products (3) and (7) into (5) and (6), we get 
(2-2) 9.5=0, (% +2) o24= 0; Bo 
= Se 2G, (6) 


r=1 
where gy are the components of g. The charge density will obviously be positive definite if we can show 
that one of the terms of the sum (6’), e.g., the term gjna@g,, is positive. The condition p > 0 can there- 
fore be replaced by the condition 


pr nae, = ho tne, > 0, (8) 


in which the amplitude g, has five components g,. 

The case @ = @(T3, T;), i.e., C =1, does not yield a relationship between the coefficients of the 
matrix qa such that the relationship (8) be satisfied. We therefore turn to the case @ =@(T3, 27T;,) i.e., 
c= 2, 

If 

72 =e hk, |(k,—k,), 12 = 2,h2(—R,)(k,—k,), Rake Si = Saf So = Fafa, (9) 


a lee 4 


the matrix a will have a single eigenvalue A different from zero: } =k;,+k,. This means that the 
particle will have a single mass m=x/|A|, or m=k if we choose |x|=1. 
If all the dependent components are excluded from (8), we get 


d (A2/Ryko) 05 Os 


which will obviously be positive definite if A > 0, k, > 0 or A< 0, kj > 0 > kg. In the first case we have 


€;=—€)=1; inthe other case €,;=€2 =—1. In both cases the matrix By is not Hermitian and it cannot 
be diagonalized because it has a multiple zero value. It is easy to show that a similarity transformation 
which would transform the case €,=—€, into the case €,=€, does not exist; it can be shown that all 


the other cases can be obtained through a similarity transformation. 
The corresponding matrix fy, which has 20 rows, satisfies the equation 


ps (63 — 1) = 0. 


All the coefficients of @ cannot be determined by the conditions (9) and the mass of the particle. One 
of the coefficients is independent and the wave function contains therefore a free parameter. 


3. ANOMALOUS EQUATIONS FOR SPIN 1/2 PARTICLES WITH SEVERAL 
MASS EIGENVALUES 


Let us consider the case @ =a@(T3,C7,) with c= 3. We see that the coefficients of the matrix can 
be chosen in three independent ways such that the particle has two different masses m,=k/|A,|, mp, = 
k/|A,| and that the corresponding field has a positive definite charge density (i.e., the charge density has 
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the same spin for both mass states, and is positive). 
We will show the relationships which have to be satisfied by the coefficients of the matrixa in only 


one of the possible cases: 


ry = Ry (Ry — 4a) (Ra — Po) / (Rs — x) (Rr — Re), £5 = — kz (ka — Vx) (Ro — do) / (Ra — Re) (Ra — Fs) 
rs = R3 (Rg — 1) (Rg — Ao) / (Rs — Bx) (Ro — Rs), Si =r, S2= —Tor S3= Ta (10) 
1=— 2 == 1, hy > ky > Ry > ks > ha, hg <i/2, hy + he = Ry + hy + Re. 


e 
€ 


This case is interesting because the masses of the particles are not independent—in the remaining two 
cases a similar restriction does not exist. 

As it can be seen from Eq. (10), the wave equation will contain two free parameters. 

The number of possible choices of the coefficients of the matrix increasing with the increase of c, 
there exist, for each matrix a =@(T3,cCT,), ¢ = 1, physically acceptable anomalous equations. In gen- 
eral, they describe spin Y, particles with c —1 different masses. 


CONCLUSION 


The anomalous wave equations for spin vb particles can be generated from the Lagrange function be- 
cause for each case there is a matrix A (7). The electromagnetic interaction can be introduced in the 
anomalous equations the usual way, i.e., by making the substitution 


OO ae ieA,, 


without destroying their simultaneity. An obvious proof for the case c = 2 has been given in Ref. 1. 
Similarly, the introduction of other kinds of interactions does not present any difficulty; indeed the 
Lagrangian of the interaction contains, for a given kind of coupling (e.g., pseudoscalar), several inde- 
pendent invariants; we have therefore at our disposal several coupling constants and we can find some 
relationships between them such that the number of additional (initial) conditions contained in the system — 
(4) is conserved when the interaction is introduced. 
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The n-fold Compton effect and high-energy scattering of electrons and positrons by electrons 


are investigated, taking into account vacuum polarization diagrams composed of the simplest 
closed loops. 


Bocotrusov and Shirkov! have shown that it is possible to improve the perturbation theory formulas, 
owing to the existence of the renormalization group. In the present paper the mentioned method is applied 
to the investigation of the Compton effect and high-energy scattering of electrons and positrons by electrons, 
taking into account vacuum polarization. 


As known the renormalized Green’s functions admit a group of finite transformations 
Gj > G,=23:G,, Tye P,=27Ty 244=23; Die D,=23D;5 gee = ace (1) 


meaning that the same results are obtained when either (G,, D,;, Ty, e1) or (Gy, Dy, Ty, e2) are 
used. The transformations (1) should be supplemented by the transformation of the generalized vertex 
part 


fl 
1 aS re = oO. where ==1Ge- ae oa Ce: (2) 
=~ 


and by the Green’s function for two electrons 
G? _, G@ = 2G. (3) 
Using transformations (1) to (3) one obtains a functional equation for the Green’s function, in a manner 
analogous to the one used by Bogoliubov and Shirkov. 
We write the photon Green’s function in the following form 
Duy (2) = — R? (gh — RyRy /R?) d (Re). (4) 
In the present paper we restrict ourselves to the following values of the function d(k?): 


a(t) =[1—- fin]. (5) 


3m m? 


This means that we are taking into account the simplest closed loops. 
The generalized Green’s function for the Compton effect in the high-energy region can be presented in 


the form 


Pth+m_. pi—le+m 
= (1 Ge ny sana uae te p= iy — mm %) T((Px!1), (Pale), (6) 
where pj, is the initial 4-momentum of the electron and £, and 2» are the 4-momenta of the absorbed 
and emitted photons. Accordingly, the transition probability will be written in the form do=doyW where 
doy is the effective cross section in the zeroth order perturbation theory. 
Using the arguments analogous to the ones found in Ref. 1, we obtain the following equations for the 


function IT: ? 


I (x, Y, u, P) jee, dt 0 ie yi 2 2 t 2 
In Faas = | i [az iar (é ore oe . 
y 5 
WS ene (a fe Ee Oe 2 ; 
ine =| [ae inte Fea we) ie) 


Vo 
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where x= (pi) [y= (Pils), = m/s. 


Equations, analogous to (7) and (8), hold also for the correction to the era W. ‘ 
The radiative corrections for the Compton effect are, at high energies, equal to? 


e2 3 2 (pil) (ph) (9) | 
W=1—-L(FIn me >In nny) | 


for (py2,) > m?, (p421) > (pif) - 
We will also assume that Ae =m. Whena hard photon k is emitted whose 4-momentum satisfies the 


conditions 


(pik) <(pips), (P2k)< (Pipe), m? (PiP2) (Prk) > (pok) > (pik) m? / (P1P2), (10) | 


the expression for the probability, according to Abrikosov, should be multiplied by the factor 
thy. e803 (2 2 (Prl1) 11 | 
VS eo a ay | 


Using the perturbation-theory formulas (9) and (11) and Eqs. (7) and (8), we obtain the following expres 
sion for the n-fold Compton effect with emission of an arbitrary number of photons: 


ds = ds,e- (N)" /n}; (12) 
Wee tn — In nd(- (Pals) ) ad 3 in a 2) In q (Sep (Pah) ) + 31n = = In a a ) ay Sh “a ae a eel Ind( oe ) ‘ 
(13) 
This expression holds for 
ed (m=? (pil) <K1, ed (m 2 (pyls)) <1. (14) 
If the conditions 
ty iipaliew ny. aves yeipila) 15) 


are satisfied, we obtain N — nh, where, according to Ref. 3: 


= e 3 (pili) (pil) 
BE (Stee apg nie 


Making use of the perturbation-theory formula for the Compton-effect radiative corrections” 


2 (Prl)_ (17) 
ie” 


2 
W,=1+——In (pyl1) = (pile) > m*, 


we obtain the following expression for the index of refraction at high frequencies: 


l—nr= a exp |— : In <4 2 Ina(>l, etd (= \<1, (18) | 


102 


where w is the frequency of the primary photon in the laboratory system. For (e*/ 37) In(w/m) « 1, 
the known result of Abrikosov? is obtained. 

Let us consider electron-electron scattering. For p>> m (p is the momentum of the electron in the 
center-of-mass system) and for scattering angles @ close either to zero or to m and satisfying respec-: 
tively the conditions p sin(@/2) ~1 or p cos(6/2) ~ 1, the differential cross section, according to 
Akhizer and Polovin,' is given by 


ds = doy{1— 1.74 In oP), (19) 


where p; and p, are the 4-momenta of the initial state of the electrons. Applying Eq. (7) to this expres- 
sion, we obtain 


do = ds, [d(m™ (ppe))]-> for e?d (mm (pips) << 1. (20) | 


In the case of high- ouerey positron-electron scattering at an angle m/E « m7 — 6 « n/2 in the center— 
of-mass system, we have® 
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e 191 
ds = day(1-+ In? 4222), (py9,) 5> (path), | en 
where p; and q; are the 4-momenta of the electron in the initial and final state, and q, is the 4-momen- 


tum of the positron in the final state. Applying Eqs. (7) and (8) to this expression we find 


do =x doy exp | : In (P1941) nae ies) \ ee ae) Ind (24) —31n eee ” a ind( 22) ) 


m> Na tide 2 


m? 


(P1942) On (P192) \ 
—3lIn Ae Ind( a Ne (22) 
for e“d(m7"(p,q;)) « 1, e’d(m(p;p.)) « 1. 
If we assume that 
& (2191) 


ig ee eee oa (P192) ee 
pelle io label Zal 


we obtain again the known result of Abrikosov. 


In conclusion, I express my gratitude to D. V. Shirkov for making available to me, prior to publication, 
his paper prepared in collaboration with V. Z. Blank and for a series of interesting remarks. 
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ON THE PRODUCTION OF 1 MESONS BY PROTONS ON NUCLEI OF VARIOUS ELEMENTS 
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Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor February 21, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 481-484 (August, 1957) 


The problem considered is that of the dependence of the probability of m meson production in 
proton -nucleus collisions on the number A of nucleons in the nucleus. The deviation from 
the A2/3 law is explained by the effective attenuation of the proton beam penetrating into the 
nucleus. 


Tue dependence of the cross-section for production of 7 mesons on the atomic number in collisions of 
protons with nuclei of various elements has been studied experimentally in a number of papers.!° It has 
been found that in the heavy-element region the observed yield of 7‘ mesons increases with A more 
slowly that would follow from an A2/3 law (whereas for the case of photoproduction of 7-mesons the A2/3 
law is obeyed over a very wide range of variation of A). 

As an explanation of this fact it is natural to suggest* that in addition to the large probability for ab- 
sorption of a meson produced inside the nucleus, which gives the A2/3 law (only the surface nuclei play 
an effective part in the production), there is also an appreciable absorption of the protons penetrating 
into the nucleus. By absorption one obviously means here an effective attenuation of the beam of protons 
capable of producing 7 mesons. Some other possible causes of the deviation from proportionality to A2/3 
will be considered below 

If we assume that for a given energy of the incident protons there are produced per unit volume of the 
nucleus, independently of its atomic number, thenumber w(@) sin 6d@dg of mesons emitted in the direction 
(8, yg) relative to the incident beam, then the cross-section for 7 meson production from the nucleus can 
be written in the form 


do/dQ = w (0) \ eo *S1— 153 Gy, (1) 


where s, and s» are the paths of the meson and proton inside the nucleus, and kx and 7n are their respec- 
tive absorption coefficients. The integration is taken over the volume of the nucleus. This does not take 
account of effects of elastic scattering of meson and proton and of Coulomb interaction and the detailed 
momentum distribution of the nucleons in the nucleus. 

In order of magnitude 


w (9) = o9 (8) A /4/,nR? = 3c, (6) / 4a RG, (2) 
where o)(6) is the cross-section for single-nucleon production of 7 mesons and R =R, Al? is the radius 


of the nucleus. 
In the absence of absorption of the proton (n = 0), Eq. (1) gives® 


se nR2 nl eR 
eee eg (2 rear + Sage (I + 24R)), (3) 


from which we have for KR » 1: do/dQ ~ R? ~ A2/3, 


The validity of the A?/3 Jaw for small A means that we can regard the meson absorption as the larger 


through practically the entire periodic table. Under the condition xR > 1 (for all values of R in ques- 
tion) and k >7, Eq. (1) reduces to the form: 


ds [dQ = C (8) F (4R; 6), C (0) = w (8) x / x4? = 3a (0) /4un2RG, F (mR; 9) = (nR)? sin? © 5 + cos8 [= — e-27R (ak 28 =) 


+ I (7R; 9) (6< 4), F (R36) = (qR)* sin? + + cos 6 + I (4R; 6) (o>), 
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7/2 


‘ 26 xp {— 2yR sin Osin a} i 2 me , : : 
I (4R; 6) = DS \ OE SUMS Fey sin 0 cos? exp {— 2R sin 0 sin a} sina 
Ie \ isnt psinta 28+“ E (gR) | SO elms ae 
0 
12 
2sin20 (4) 


+ (qk)? \ exp {— 2yR sin Osin «}cos 2 « da. 


wT 


0 

The structure of the formula (4) is obvious. Under the condition kR > 1 only a thin layer of thickness 
~ 1/k at the surface of the nucleus makes any contribution to the cross-section. The part of the surface 
of the nucleus which is in front in relation to the incident protons and visible at the angle 6, on which the 
protons fall directly, is responsible for the term (nR)? sin?9/2 (this part of the surface of the sphere is 
contained between two planes passing through the center of the nucleus and perpendicular to the directions 
of the incident proton beam and the propagation of the mesons). The other terms are due to the production 
of 7 mesons near that part of the surface reached by a partly attenuated beam of protons. 

For the angles 6 = 0, 7/2, and 7, Eq. (4) gives 


4 4 = me 
FoGhie0) = > ams e—27R (uk + =) wor (ak, e = = (R)? + 2 (aR)? \ e-2Rsinx cosa da, F (nR; x) = (qR)?. (5) 


0 


For nR& 1: 
F (mR; §) = (aR)? {1 — (nR) = [(« — 6) cos 6 + sin 6]+ (nRY® cost $. — (qR)8 ae [(«—8) cos 6 + sin 6(1 — 7) 
(6) 
+ (aR) = cos 5-(1 + sin?) + vob 
For 7R sin 6 > 1: 
F (R; 8) = (qR)*sin® + +R “22 4 5 cost + ++. (7) 


Figure 1 shows curves of the function F(nR, @) plotted against (jR)* for 6 = 0, 1/4, 1/2, 31/4, and t. 
Before going on to the comparison of our results with the experimental data, we note one more circum- 
stance.‘ If the cross-section for production of t+ mesons on protons is much larger than that for the pro- 
duction on neutrons, then in the expression given in Eq. (4) for 
ae C(6) we should insert the additional factor Z/A, where Z is the 
number of protons in the nucleus. At the beginning of the periodic 
table this factor is about 1/2 and is almost unchanged as A varies, 
but for the heavy elements Z can be considerably smaller than 
A/2. To take account of this effect there are plotted in Figs. 2—4, 
besides the experimental values of the cross-sections (circles), 
also the values of the cross-sections multiplied by A/Z (crosses). 
Good agreement with experiment can be regarded as existing when 
the theoretical curve passes somewhere between the circles and 
the crosses. 
Figure 2 shows the data from the work of Meshkovskii and 
others.® Ordinates are values of the total (with respect to the en- 
ergies of the 7* mesons 
ae Cobeserad=) £2 (arbitrary units) Praetaee peed tte icteie Ce 
or m-meson production, 
measured in millibarns 
per steradian. The 
measurements were 
carried out at angle 45° 
with the direction of in- 
cidence of the proton 
beam, with initial proton 
energy 660 Mev. The 
0 70 20 30 YW pv errors for the values of 
the cross-sections mul- 
FIG, 2. SEE tiplied by A/2Z are not 


F/qh6) 


Jo 
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drawn in, for greater clearness in reading the diagram. Figure 3 shows the data of Sagane and others.’ 
Ordinates are values of d’c/dQdE at 6 = 90° and energy Eq74+= (33 + 3) Mev; the proton energy used in the | 
experiment was E, = 340 Mev. Figure 4 shows the data of Clark;! 9= 130— 150°, Eqt = 40 Mev, Ey = 240 Mev., 
The theoretical curve is drawn for the angle 135°. In all the diagrams the theoretical curve I corresponds | 
to the value nRy = 0.28, and curve II to nRp = 0.32. The value of C(6) in Eq. (4) was chosen so that curve 

I should go through the cross for Ag. As can be seen from the diagrams, within the limits of the present 


ao 
Gd. 


(arbitrary units) 


FIG, 4. 


errors the theoretical results are in adequate agreement with 
experiment. The best agreement is given by curve I compared 
with the cross-sections multiplied by A/2Z. Comparisons with 
the data of Merritt and Hamlin’ (@ = 0°) and of Block and others? 
(@ = 90°) were not carried out because of the small number of 
experimental points in the region of heavy nuclei. Some syste- 
matic reduction of the cross-section for Pb is possibly explained 
by an increased density of nuclear matter in lead (doubly magic 
nucleus). 

We note that according to these curves the deviation from the 
A2/3 law exists already for the lightest elements, so that even if 
one draws a straight line through the first few points (Li — Al) it 
lies at an appreciable angle with the line that one would have in 
the absence of attenuation of the proton beam. 

In conclusion we express our deep gratitude to K. A. Ter- 


| 


Martirosian for proposing the problem and for discussions. 
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A method is proposed for describing the non-equilibrium states of solid solutions which is 
based on the furnishing of a system of correlation functions for the dissolved atoms. A method 
of determining the free energy of solid solutions in states of total or partial equilibrium is also 
proposed. In the general case, the free energy is expressed in terms of a double, triple, etc., 
“interaction” of impurity atoms, which are assumed known. For isotopic mixtures, the “vibra- 
tional interaction” energy is determined in closed form and the entire problem can be carried 
through to its conclusion. The correlation functions obtained for the dissolved atoms are de- 
termined with the aid of the expressions thus constructed. The effect of correlation on the scat- 
tering of neutrons by isotope solutions is ascertained 


INTRODUCTION 


Tue thermodynamic properties of solid solutions can be investigated by means of methods which are to 
a certain degree similar to the methods developed in the theory of non-ideal gases. In such a case, use 
is made of the concept of the “interaction” of impurity atoms. By the “interaction” of n atoms of an im- 

_ purity we mean the difference between the free energy of a system with n impurity atoms, located at 
some distance from one another, and the same quantity for impurity atoms that are infinitely far apart. It 
is obvious that these interactions are rapidly decreasing functions of the distances between the atoms. 

The determination of such a type of interaction is separate problem. In the case of solutions of atoms 
which differ markedly from one another, the principal part of the energy of interaction is its static part. 
(In this case, usually, only the interaction of nearest neighbors is taken into account.) If the potential 
energy of the interaction does not depend on the type of atoms (isotope solutions), the vibrational part of 
the interaction plays the chief role. Its determination can be brought about by means of the method 
developed earlier.! 

Considering the interaction as given, we have succeeded in obtaining a general expression for the 
equilibrium free energy of the solution. 

Prescription of the non-equilibrium states is obtained through the use of a system of correlation func- 
tions which determine the probabilities relative to the location of the dissolved atoms. To date, so far as 
we know, there exists no such method for the description of the non-equilibrium states. The method de- 
veloped here permits us to compute the free energy of the solution in a state of partial equilibrium. 

As an example, we have obtained an explicit expression for the non-equilibrium free energy for the 
case in which the lack of equilibrium arises as the result of the quenching of the solution from the tem- 
perature ©’to the temperature 0. 

The correlation functions of the impurity atoms are obtained with the help of expressions computed for 
the free energy. For isotope solutions, the energy for the vibrational interaction of which is computed in 
closed form, the determination of the correlation can be carried through to its conclusion. 

We begin with the calculation of the equilibrium values of the free energy of the solution. 


1, EQUILIBRIUM FREE ENERGY 


The equilibrium free energy is given, as is well known, by the expression 


E,(M) F (M) 
SS Ebel Z2 Z=3) » exp {— S } = Slexp {2D} 
Me 


M Ea(M) 


(1) 
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Here © = kT, k = Boltzmann’s constant, T = temperature i =configuration of the impurity atoms, | 
Eq (i) is the energy level of the system for a given configuration, F( i) is the free energy of the solution | 
for the given configuration. For n impurity atoms, the function F ( % ) can be expressed in the form 


F OM) = Fy + 191 + Un (MN), Un (MN) = Yn (D2) — ny. (2) 


F is the free energy of the pure solvent y; is the change in the free energy upon the substitution of a 
single atom of impurity for an atom of solvent, ,( il ) is the change in the free energy upon replacing n 
atoms, U,( 2%) = Up(rj,..., fp) is the free energy of interaction of n impurity atoms located at the sites 
Yj,-+.., Ty. In the case of a simple lattice, where the interaction of the particles depends only on the mu- 
tual distance between them, U, is completely determined by the position of n—1 particles relative to 
a single individual [ U, = U,(r, —1r4), U3 = Us(rz —1ry, r3 — 1) etc.]. It is evident that only the last term 
depends on the configuration in (2). According to (1) and (2), we have for the free energy of the solution in 
the case of dissolved atoms: 


F = Fy+n),+N@[clne+(1—c)In(1—c)] —N@®,, ®, = ®() = Ine "/®, (3) 


=e : es 
POs aD An= t+ Silex jae 5 p—1). (4) 
IM 


Here N is the total number of particles in the system, c =n/N, Jt =N!/(N—n)! n! is the total number of 
configurations: $y, as a function of the concentration c, does not have any singularities and can be rep- 
resented in the form of a series in powers of c. In this case, we make use of the asymptotic relation 
(valid for N — ) 


Or= ec D; | r=0> (5) 


where Q is the difference operator, analogous to the operator of differentiation with respect to the concen- 
tration. If T is the operator which changes the number of impurity atoms by unity, then 


Q=N(T—1}). (6) 


(The change in the concentration upon the addition of one particle is equal to 1/N.) Equation (5) represents 
the discrete analogue of the formula for a function of continuous parameters 


f (x +c) = e°91 Ox F (x) 


and is obtained from it by replacing the operator 9/9x by the operator Q. With accuracy up to terms 
proportional to c*®, the expression takes the form 


7A cae a 
©, = [N25 7? + N9Z (PT — 37°)] Or | noo. (7) 


(Application of the unity operator and the operator T to ®k|k=0 yields zero, since @y) = @; = 0.) Thus, 
we get* 
2 3 
Dn = N?-SIn(1 + Ay) +.N8-4 [In (1 + A.) — 31n(1 + A,)], (8) 


Ar= ROK}, a ry (=, o 


Here and below, the terms with r = 0, r’ = 0, r=r’, etc. are excluded from the summation over r and r’, 
Inasmuch as A» and A; are quantities of the order of 1/N, we can carry out a logarithmic expansion in 
(8). We note that in each successive term of (8) the expansion ought to be carried out with greater ac- 
curacy. For example, in the component ~ c” in the logarithmic expansion, it suffices to limit ourselves to 
the term of first order of smallness; in the component ~ c®, the expansion ought to be carried out up to 
terms of order 1/N*. This circumstance is determined by the fact that in the expression 


Im(l -b A,) — 3m (Leg) 


*For simplicity here and in what follows (with the exception of Sec. 3) it is assumed that the lattice 
is simple. Generalization to the case of a complicated lattice presents no special difficulties. 
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the terms of first order of smallness vanish. Carrying through the expansion, we get 


O,= 00) = f+ = (f,— ofa), | (10) 


where 


[a= D(esr{—“59} 1), f= B (exw {— 2G} — s exp {BO} +2). (11) 


ru 


The equilibrium free energy of the solution is equal to 
F=FotNeb,+N@ [clne + (1—c) In (1—c)]— NO [Sf + (fs— 319) J. (12) 


with the same accuracy. Thus the free energy of a solution is a functional of the interaction of two, three, 


etc., impurity atoms. Here the terms proportional to cK are determined only by interactions of no more 
than k particles. . 


We can also represent the free energy in the form of a functional of pair interactions g, and “polari- 
zation corrections” of third, fourth, etc., orders ~~ It suffices here to make use of the relation 


1 4 
CDi sk = 5D 2 (Ti —Ta) + 3p Dy nt in te ee ee ee O\Gp alipaeevey pte fal) (13) 


i+k itk4l 


Each of the r in the sums here run over all values of the radius vectors of the impurity atoms (r;,..., 
Yr,) which are present for the given configuration. In particular, we have the relation 


Us (t) = 92 (tr), Us(t, t’) = 92 (t) + 92 (0) + o2(F —2’) + g(r, 0’), 


and conversely, 
2(r) = Us(r), 93 (Fr, r’) = Us(r, r’) — U2 (rt) — U2 ("') —U2(r — 1’). 


From the expression we have obtained for the free energy of solution, it is easy to determine the chem- 
ical potentials p of the solvent and yp’ of the dissolved material: 


= Hot Oln(1—c) + O[ f+ (fo — 3/9)], 
. . (14) 
b= Hot f+ Olnc—O [cfs + 5 (fs — 3/8 — fe) —-F- (fs — 39) J. 


Here po is the chemical potential of the pure solvent. 


2. NON-EQUILIBRIUM STATES OF SOLID SOLUTIONS. CALCULATION OF 
THE FREE ENERGY, ENTROPY, AND CORRELATION FUNCTIONS 


Keeping in mind the determination of the correlation functions, we compute the free energy of the solu- 
tion in a state of particle equilibrium. The computation of such a quantity is of independent interest, inas- 
much as the configuration of solid solutions is usually not an equilibrium one (because of the slowness of 
processes of rearrangement of the atoms). 

First, it is necessary to establish the method of description of the macroscopic non-equilibrium states 
of solid solutions. As is shown, the most complete description of such a state can be obtained by giving 
the collection of correlation functions W,; connected with the probabilities P(r,,...,rk) of locating 
k foreign atoms at the sites r;,..., YT, by the relations 


P (ty, +++ 5Tx) = Wr (fe—T1,--- > Tk —11)- (15) 


In practice, it suffices to give the first few Wy (i.e., k =2,3,4). This follows from the fact that the 
functions 9} (Y1,.-->; Yk-1) in (18) rapidly fall off with the distances r,,..., Y%,-4 aS well as with the 


number k. ( , ' 
The free energy of a non-equilibrium solution is determined in this case by the expression 
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FiW} =—9@ » exp {— (16) 
M {w} 


where the summation runs only over the configurations which correspond to the given values Ofas Wee ak 
Mxk(1r1,+- ++» Yk-1) denotes the number of groups of k impurity atoms with distances ry,...-,» Yk-1 
between them, then, by Eq. (15), we have 


Ma (tis «+ os Ta) = Ne" Walt os + Teo): (17) 
On the other hand, for an arbitrary configuration, the free energy is equal to 


FOR) =Fo+Nebit Dizp Dy Malta... tea)? (fur - ++) Ta) 
a 


Rk 
=F, + Ney, +N > > Wy (tis, coco en (Pineda (18) 
R 


Here og, (1r,...-,Y-1) is the pair interaction (k = 2) and the polarization correction (k = 2) deter- 
mined above. This signifies that the F (%) are the same for all configurations corresponding to the 
same values of W. Therefore, we have 


k 
F(W) =Fy+ Nor +N SD) Walt e+) tat) % (Ty s+ +» Tha) — 90 {}. (19) 
Rk Ty,+-+) | 
Here o{W} = —ln %{W} is the configurational part of the entropy as a functional of the correlation 


functions, and xt {w} is the number of admissible configurations. 
For equilibrium values of the correlation functions W,,, the free energy acquires the value 


R met 
F=F,+Ne, +N >) a, x Wr Caos Tha) Pp Ot Tet) OA | (20) 
k 


gerry R—1 


which, on the other hand, is determined by Eqs. (11) and (12). Inasmuch as the free energy is a minimum 
for the equilibrium values of W, the relation 


Nee — 080 {W} /8W, =0, (21) 


holds, where the functional derivative appears in the second term. Taking (21) into account, it is easy to 
see that Wi, and o {W} are determined from the equilibrium energy by means of the relations 


R ma Ds N 
N<-W, =OF /89, |y: (22) 
fo} {W} = — OF /00 lF,, Vas @p* (23) 


Equations (22) and (23) determine the equilibrium correlations and the configurational part of the entropy 
of solution in terms of the function ¢,. 
If we use Eq. (12) for F, then we get 


=> ks —U;, (r, Fr! = , = 
W.(r) =e Sec Og ale (r ACES Coat eae @ 4 e AY (22a) 
r’ 


Walt y= eel? (Uy, 1) = o9(r) + ga (tr) et =’) + 03 (Fr, T’)), 


o=—WN{clne+(1—o)In(I—e) + & Siew o(14+ 2) 


ae a1 — eae LI +. —s) 2) — Je Oe + e+ Bertetri+enN10(1 i 2) aye 4} . (28a) 


Lay) 


We can consider Eqs. (22a) and (23a) as parametric expressions for the entropy. The expression for 
the entropy in terms of the correlation functions is obtained by solving (22a) for 2 and 3, and substi- 
tuting the resultant values in aye 


go(r) = — {In W, (ees 


aa DW ( (r, r’) — 2W, (7) W, (r’) + We (r)], Us(r, r’) = — 9 In W, (r, r’), 


o{W} = —N{clne+(1—e)In(l—o) + PZ (r) In Wg (r)—W (r) #4 
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3 
sir ar [Ws(r,r’) In W,(r, 1’) — We (r, r’) 4+ 1— 3 (W, (r, r’) In Wy (r) — Wo (r) We (r’) + We (r’))] +.. | : (23b) 
[ The sign of the equilibrium of the correlation functions is omitted in (23b), inasmuch as the resultant ex- 
pression for the entropy is valid (as is easy to show) for arbitrary values of Wx] 

In the case in which all the polarization corrections are equal to zero (the interaction of the particles 
is composed of their pair interactions) it suffices, for the determination of the non-equilibrium state, to 
give only the binary correlation functions W,. The remaining functions are determined from the condition 
of a minimum for the free energy (21) and is given in terms of Wo. 

In particular, for W;, Eq. (21) yields in this case 


Wor, r') = We (t) Wa (0’) Wo (¢ —F’). 


[In using (21), it should be recalled that the expression under the sign of the double sum in (23b) should 
be symmetrized relative to a permutation of the particles.] The expression for the entropy in this case 
is materially simplified and has the form 


¢=—N {elne + (1 —c)In(1—c)+ = >| [+ V2(r))n(1-++V2(0))—Vo(r)] — SVs (Vo Vet 6) er i. (24) 


Here 
V(r) = W2(r) — 1. 


We note that in this case the entropy is specified parametrically by means of only two relations. Actu- 
ally, Eq. (23) determines the entropy as a functional only of the pair interaction g(r), which can be de- 
termined from the expression for the binary correlation function W,(r). 

The free energy of a solid solution corresponding to a non-equilibrium configuration is determined 
from Eq. (19) by substitution in it of the expression for the entropy, found with the necessary accuracy. 

Let us consider the special case in which the non-equilibrium comes about as the result of a quenching 
of the solution from the temperature ©’ to the temperature ©. Obviously the configuration of the solu- 
tion is not changed in the quenching, and the values of the correlation coefficients in the non-equilibrium 
state thus obtained are equal to their equilibrium values at the temperature ©’. The free energy in this 
case is equal to 


F (0, 8’,c) = Fy(9) + Ney, (8) + NG ee Wee tise on eee ens 8) — 0s {7} (8)} . (25) 
Rk 


If we substitute the explicit expressions for the correlation functions and the entropy, we then obtain (with 
accuracy up to terms ~ c?) 


, 2 , , ic) i2 i ek? r , U “ex, r 
F (0, 8’, c) = F (9, By faN eas tng [e2 (",8) — 5 e2(r, 6) | — Ole ha te! Sone A 


Here F(0,c) is the equilibrium free energy of the solution. 


3. SOLUTIONS OF ISOTOPES 


The method just developed for the determination of the free energy is applicable for solutions of gen- 
eral form. In this case the interactions of the impurity atoms U, or, what amounts to the same thing, the 
Y, Ought to be given, and are the parameters of the system. Here we have a case in which all the calcu- 
lations can be carried through to completion. The latter applies to a solution of isotopes, for which the 
functions Uy,(and the gy) are the energy of vibrational interaction of the impurity isotope and can be 
expressed in terms of the spectrum of frequencies of an ideal crystal (i.e., the lattices of the pure 
isotope).* 

The change in the vibrational part of the free energy in the case in which there are n atoms of the 
principal isotope with mass m, located at the lattice sites r,j,...,Yy,, are replaced by impurity atoms 


. : . 1 
with mass m’, is given by the expression 


* Part of the results contained in Ref. 1 was later obtained independently by Montroll and Potts? who 
determined the energy of the vibrational interaction of the defects of the lattice. 
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ig Gin ace nes tn) = Nae: Nate oie Pee een (26) 
4 ~ y SO! d A , "e | 
on = _ arg D (GPx aie 22 | Trt g (1) ae (p, = i Ae Eee (ie REM os 3); a | 
xx! 1 ( dQ, emikr. x x'* 74, gees m—m’ ea Ah AO i, 3S 
if (=>) \ or uj (k) uj" (k’), e="—"_ , 4 (2) = Oln(l—e )+ZnVz. (28) 


j 0 te) =u | 
Here k ee 3) wave vector, w:(k) is the j-th member of the frequencies of the pure Bese isotope, | 
u, (uj, us , u2) is the normalized polarization vector dQ; j is the element of area of the surface ws (k) = be 
men eahich Me integration is carried out.* The interaction of n impurity atoms, as is easily seen, is 


equal to 
Un = Yn — mb = | (En — nba) x’ (2) dz. (29) 
We find the expression for yg, by means of Eq. (13). In particular, we have 
Po (r) = bo (r)— 241, 3 (r, r’) = 93 (Fr, £’) — Ys (r) — Ye (t’) — 92 (F — r’) + 3. 


For small values of €, these relations become materially simplified. With an accuracy up to terms 
~e* we have, for z lying in the region of the continuous spectrum of the pure solvent, 


in (2st Fa) =n [ez IS (2) — #2 Re D1" OE) gs | 


Kia 


(30) 


Bie Dy Dir, ay Trt rea (po, @=1, 2) wean es, « = 1,2, 3). 
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Here |’ is the principal ote of the integral. For the given values of z, 
Vw) 


Outside the region of the continuous spectrum, £, = 0 in the case of sufficiently small €. It is easy to 
be convinced that (30) can be written in the form 


d "xx! du. , ' 
cert = Ie (p) + inte (2). 


ba (Zt teste) = 0h @) + + D) erp 1 )— 2h CD, 9152, 4-59). (31) 


p#q 


Then, taking Eq. (29) into account, we obtain 


Un (Gy sty pt) (32) 


Pd 


Thus the interaction of an arbitrary number of atoms of the impurity isotope, with accuracy up to terms 


~ €*, is composed of their pair interactions.{ The interaction of two impurity atoms is equal (with the 


same accuracy) to 


UZ 


Us (t) = —2s*Re\ de [2%y’ (2) D1 (2) | FEF) A. ee) 


If we substitute the expression x = hV¥z/2 (which is valid for low temperatures) in Eq. (33) and change 
over to integration over the wave vector k, we get 


: 4 , @F(k)+ @, (kK) @,, (Kk) 4-7, (kK) ons ake ¢ 
Uste) = qsaRe Di\ dk dk J arias , Sit eS | uj(k), uj/(k’)) ed 
*In Ref. 1 the corresponding formulas were written for the idealized case of a simple lattice with a 
single direction of polarization, when only one frequency mode exists and the vector u is a unit vector 
in the direction of polarization. Formulas (42) and (43) correspond to the case of three directions of polar- 
ization in Ref. 1 for small e. 


} Similarly, it can be shown that with accuracy up toterms ~ cK, the interaction of an arbitrary num- 


ber of impurity atoms consists of their pair interactions and polarization corrections of order no higher 
than k. 
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To facilitate the estimate of the energy of interaction, we write its value in the idealized case of a simple 
lattice with a single direction of polarization: 

U,(r) = — 2 Re \ ak dk’ sey Gos 
Substitution of the expressions obtained here for the interactions into the general formulas yields the 
thermodynamic functions and the equilibrium value of the correlation for solutions of isotopes. 

In the general case of a complicated lattice, the expressions for the interactions of the impurity iso- 
topes are somewhat more involved. Let the position of the p-th atom of the impurity be given by the radius 
vector Ppt r( Sp)> where r, is determined by the fundamental cell of the lattice, while r( Sp) is the 
position of the impurity atom inside this cell. Then a change in the vibrational free energy upon the inser- 
tion of n atoms of impurity is determined by the expressions 


ANT ee Ain Sy-- + Sa) =\ En, Tiere fa Sire ee onl (2) az; 


(35) 
Fa 1 dy 9 X, Sx! d SX, Sx! dQ, wikr sx s/x! 
ba = Sarg D(BpBew + 02 [20 84 () AG) ee) =F | be uF* (k) of (ki), 


u—z—i0 | V-0? | 


(36) 


1 0? (k)=p 
oF. ae u;* (k) eemike (s) 
where € and x(z) are determined by Eqs. (27) and (28). In the case under consideration, Y, depends 
on which atom of the basic cell is replaced by the impurity. Therefore, the interaction of n impurity 
atoms is determined by the relation 


Un =Vn— dy ns (s), : 
s 


where ng is the number of impurity particles which replace atoms of type s_ of the basic lattice. It is 
easy to show that, with accuracy up to terms ~ ec? the following relations hold 


il 
OEM Tareas Cp Sis te 2a Sn) = > Us (tp —Tq, Sp, Sq) (37) 
peg 
, e , Sx, s/x! ” T3!x!, s!x! d 
U,(r, s,s’) = —2¢2 Re dz [zz Cwywes (2) Peak) I. (38) 


Transformation to integration over the wave vector puts Eq. (36) in the following form for the low temper- 
ature case: 


00% (k) + @; (k) ©, (k’) + 3 (k’) pont (k—K) F 
@, () FO; (kK) 


Uz(r, s,s’) =e Re > ak ak | (vs (k), vi" (k’)) P. (39) 


af sede 


As must follow from the relations obtained, the interactions of the isotopes are very small. For the 
minimum separation of the atoms, in accordance with (33), the interaction has the value ~e€?Op (Op = 
kTp, Tp is the Debye temperature). Obviously, an appreciable correlation in the positions of the atoms 
will take place only at temperatures of the order or smaller than e*Tp. However, in a solid because of 
the slowness of the diffusion of the atoms at arbitrarily low temperatures, configurations actually exist 
which are in equilibrium at the temperature of solidification. Therefore, it is essential for the appearance 
of correlation in solutions of isotopes that the solidification itself take place at a temperature T ~ e"Tp : 
Hydrogen, for which Tp ~ 100°, Tgy ~ 20°, € ~ Y, satisfies this condition. For other substances, suffi- 
ciently low temperatures of solidification can exist in the case of their solidification from the gaseous 
phase (in the sublimation region). 

It should be pointed out that the lattice of hydrogen is molecular and the important role at energies 
2,.+.+. is played not by vibrational but by rotational interactions, in which different statistics are essen- 
tial. It should further be noted that in the general case still another circumstance can make a contribution 
to the energy of interaction of the isotopes. Because of the presence of anharmonics, the mean volume 
occupied by the atom (under consideration of the zero vibrations) depends on the amplitude, i.e., on the 
mass of the isotope. Therefore, upon substitution of an impurity atom at any lattice point, there arises an 
additional elastic energy. A semi-empirical estimate of this energy carried out for hydrogen by Prigogine 
et al.,° gives the value U, ~ 107 erg, which corresponds to a omperalure of Tiss, . 

The presence of correlation measures the non-ideality of the solutions of isotopes. In particular, for 
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sufficiently large values of the interaction, a separation of the solution takes place into phases; this was 
recently observed for impurities of hydrogen isotopes. +4 

In the case in which the interaction is insufficient for a separation of the solution, the presence of cor- ‘ 
relation can be found with the aid of a study of slow neutron scattering. As is known, the probability that in| 
passage through the crystal the neutron possesses the momentum p’ if its initial momentum was p is 


proportional to the quantity 


(r —r’)) + 


=a) (429A) (ges A) exp {— 


ya a 


mal) 


| Di Arexp { {= (e’ —p)r AP] Di exp [Fe (P —p)r) |’ 
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Here r denotes the equilibrium position of the atoms of the crystal, A, characterizes the interaction 
between neutrons and the nucleus at site r (in the case under analysis, A depends only on the mass). 
Averaging is carried out over 11 possible configurations. The second component in (40) determines the 
coherent scattering of the neutron. It gives sharp maximum of intensity of scattered neutrons, determined | 
by the relation p’ — p = fit, here T is the vector of the reciprocal lattice. The first term in (40) in the 
case of absence of correlation, when all terms with r # r’ reduce to zero, is equal to 


N (A? — A’) 
and determines the background noise which does not depend on the scattering angle. If correlation exists, 
the noise is equal to 


N (A®? — A) + Nez (A, — Az)? >) (Ws (r) — 1) exp ee (p’ —p) r (41) 


Here the indices 1 and 2 refer to isotopes of the solvent and impurity, respectively. According to (41) the 
noise is inhomogeneous in the presence of correlation, and we can determine the value of the correlation | 
functions from the structure of the noise. 

It should be observed that Eqs. (40), (41) are approximate, inasmuch as they were obtained without 
account of the thermal vibrations of the crystal. Account of the latter obviously does not reduce to the 
addition of a thermal factor, since the amplitudes of the vibration depend on the kind of isotope and on 
the correlation of the atoms of the lattice. 


1T. M. Lifshitz, Usp. Mat. Nauk 7, 170 (1952); I. M. Lifshitz and G. I. Stepanov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 938 (1956); Soviet Phys. JETP 3, 656 (1956). 

2. W. Montroll and R. B. Potts, Phys. Rev. 102, 72 (1956). 

3 Prigogine, Bingen, and Bellemans, Physics 20, 633 (1954). 

4Kogan, Lazarev and Bulatova, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 541 (1956); Soviet Phys. JETP 4, 
593 (1957). 


Translated by R. T. Beyer 
Sil 


* This conclusion (which did not appear in the published paper of Ref. 4, and which was kindly commun- | 
icated to us by the authors) can be made on the basis of an analysis of x-rays of the mixture H,—D, with © 
high concentration of both isotopes, in this case, two systems of lines are quite clearly seen. 
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Landau’s theory of a Fermi liquid! is extended to the case of an electron liquid. 


1. INTRODUCTION 


Tue electron theory of metals successfully uses for the description of many metallic properties the 
representation of the electrons as independent particles, and thus considers the electrons of the metal as 
a gas. True, since the electrons are located in the field of the metal lattice, their properties are consid- 
erably different from those of free electrons. This difference, in particular, is characterized by the dis- 
persion law, i.e., by the dependence of the electron energy on their quasi-momentum. The difference in 
the energy of the electrons in the metal from the energy of free electrons is also due to the interaction 
between particles. This interaction is not at all small. Actually, the mean energy of Coulomb interaction 
of metal electrons is on the order of their mean kinetic energy. Therefore, it is natural to expect a sub- 
stantial correlation in the motion of the electrons. 

Actually, in the different attempts to calculate electron correlation (cf. Ref. 2) there was discovered 
a substantial effect of electron correlation on many metal properties. However, all these attempts were 
based on the use of a microscopic picture of the metals, and, in fact, were aimed at solving the many- 
body problem. The absence of a small parameter from these theories, due in the first place on the equal 
order of magnitude of the kinetic and potential energies of the electron, does not make these theories very 
valuable. Therefore, it is of considerable interest to construct a phenomenological theory sufficiently 
complete to take into account electron correlation, and not restricted to the narrow framework of some 
assumption, often far from justified, which one has to make in attempting to construct a microscopic 
theory of many particles. Such a phenomenological theory is the theory of a Fermi liquid, formulated by 
Landau for a quantum liquid such as He’®. 

The object of the present work is to extend the Landau theory to include a degenerate electron liquid. 

Let us note that in the kinetic theory of metal electrons the correlation is not calculated in practice. 
The Boltzmann kinetic equation is usually used instead. Moreover, partial calculation of electron corre- 
lations originating at small distances and leading to collisions is carried out by means of the electron- 
electron collision integral. Actually, these collisions play a small role,’ and therefore make a slight con- 
tribution to the correlation. On the other hand, calculation of the correlation due to the identity of the 
electron shows that an appreciable change results in the kinetic equations.‘ What is important is that the 
influence of correlation does not reduce merely to collisions. It is therefore necessary to formulate a 
kinetic equation for electrons correctly taking into account the correlation of the particles. It will be 
shown below that the Landau theory allows one to carry out a phenomenological calculation of electron 
correlation. As will become evident from the following arguments, the theory of a Fermi liquid, formu- 
lated in Ref. 1 presupposes a small radius of effective force; it becomes therefore necessary to examine 
the variations resulting from Coulomb forces acting between electrons at an infinite radius. 

In Secs. 2 and 3 it is shown that distant forces are correctly described by the self-consistent equa- 


tions of the electromagnetic field. 


2. LANDAU THEORY OF FERMI LIQUID AND THE HARTREE-FOCK APPROXIMATION 


In order to understand how to extend the Landau theory to the case of electron interaction we first 
compare this theory with an approximate examination of a Fermi liquid based on the Hartree-Fock ap- 
proximation. For simplicity, this comparison is made for the kinetic equations in the linear approxima- 
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tion, i.e., for slight deviations from the homogeneous and isotropic equilibrium state. In this case the 
kinetic equations, obtained in Hartree-Fock approximation for a system of half-spin particles, has the 
following form:* 


acheter all 
#4 (os |S) ) Bet HS) er ( ED ee w= 0 @ 


Here fp is the distribution function of the equilibrium state, is the non-equilibrium addition to the dis- 
tribution function, o is the spin distribution function (it is assumed that in the equilibrium state 09 = 0), 
U(r) is the interaction energy of two Fermi particles, and y(k) = Jdr U(r) exp(ikr). The spin distri- 
bution function is defined here by the relation 


Jete,p) —ldp'dr'e(r’, p)U@—r) | J=o, 


p—p’ (\O%.\0e , Oo 9 f1(,, /\p—p’ 
i ae ag top One { ap’ (| i 


o(r, p)=Spson(r, p), (3) 


where G is the spin operator and fi the density matrix. 

Equation (2) is of the same form as the corresponding equation of the Landau theory, but Eq. (1) is 
substantially different since it contains a term with the particle-interaction energy U, which makes 
Eq. (1) integral in coordinate space. Such a difference can be removed by assuming the radius of the 
force effective between particles of the Fermi liquid to be small in comparison with the characteristic 
dimensions of the spatial inhomogeneities. In the case of a Fermi liquid such as He?, this requirement, 
imposed on the radius of action of the force, is known to be satisfied. Then 


J dp'dr’e(r’, p)U (Ir—r') ~\dp'e(r, pt) dr'U (')} =» (0) dp’e(r, P’). (4) 
Using relation (4) we can transform Eq. (1) to the following form 
(6) 0 4 (6) 13 , , } OMe a , , 
Fe + SLR + Spo 5 \ap'F (0. p’) fo (0')— 42 S 5-Spo( dp'f(, p')e(r, p’) =0, (5) 
where 
F(p, p’) = (0) —v (PSP) (1 + a¢/)/2. (6) 


If the form of the function f (p, p’) is not specified, we can say that Eq. (5) agrees with the corres- 
ponding equation of the Landau theory. In Ref. 1 the function f (p, p’) is defined as the forward scattering 
amplitude of two quasi-particles of a Fermi liquid taken with a negative sign. In the Hartree-Fock approx- 
imation, according to Eq. (6), this effectively turns out to be so, but only for the scattering amplitude cal- 
culated in Born approximation. 

From the above it is clear that the Landau theory of a Fermi liquid does not take into account the ef- 
fects possible in the case of a force with effective radius comparable with the characteristic dimensions 
of an inhomogeneous liquid. Therefore, that theory cannot be directly applied to the case of Coulomb in- 
teraction, which-is significant for electrons. 


3. ENERGY AS A FUNCTIONAL OF THE DISTRIBUTION FUNCTION IN THE CASE 
OF COULOMB INTERACTION OF PARTICLES 


The characteristic feature of the Landau theory of a Fermi liquid, which distinguishes it from gas 
theory, is that, owing to considerable self-consistent interaction of the particles the energy of an indivi- 
dual particles depends on the state of the surrounding particles. This, naturally, makes the energy of a 
system of particles unequal to the sum of the energies of the individual particles, and makes it some func- 
tion of the distribution function. 

Actually, in the Landau theory the variation of the energy density of a system of particles for infinitely 
small variation of the distribution function has the form 


8E (r) = Spal <(p, r)8n(p, r)dp. (7) 


This formula, in fact, defines the energy (Hamiltonian function) of a quasi-particle, which differs from a 
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free particle owing to the self-consistent interaction with surrounding particles. 
ke Further, an essential role is played in the theory of a Fermi liquid by the variation in €(p, r) due to 
the variation in n. In Ref. 1 it is assumed that 


be (p, Fr) = Spo | f (p, p’)8n(p’, r) dp’. (8) 


The second variational derivative of the energy density f (p, p’) determines many properties of the liquid, 
and in particular, it modifies substantially the kinetic equation. 

In the preceding section it was shown that it is not possible to use the Landau theory directly in the 
case of a force having a large effective radius. This is connected with the use of Eq. (8) in this theory. 
One can understand the limited scope of this equation, for example, by use of Hartree-Fock approximation. 
In the general case one can say that 


| 
| 


3e(p, 1) = Spy | F(p, p's x, 1’) 30 (p’, 1’) dp'ar’. (9) 


In other words, the second variational derivative of the energy density of a liquid with respect to the dis- 
tribution function depends not only on p and p’ and spins, but is also a function of the coordinates r and 
“ye 

In particular, if we use the Hartree self-consistent approximation for particles interacting in a cen- 
tral-force field with potential energy U( |r — r’|), then the function F assumes the following form: 


Fx(p, p's 1, t’) =U (\r—1')). (10) 
In the Hartree approximation we disregard correlation completely since the distribution function of the 

| system is taken in the form of the products of the distribution functions of the individual particles. The 

| difference (F — F,) is therefore entirely due to the effect of the correlation of the particles. In the gen- 

_ eral case little can be said about this quantity. Note, however, that the case of practical interest, as shown 
below, is the one in which the radius of correlation of the particles is much less than the distance over 
which the distribution function varies significantly. In this case it is possible to take 


F(p, p’; rr’) —FPx=d(r —r’) fy (p, p)- (11) 
Correspondingly, Eq. (9) takes the following form 


Se (P, F) = Spor \ U (|r —4' |) 8n(p’, 1’) dp’dr’ + Spo’ | fi (p, p’) 82 (p’, r) dp’. (12) 


If the forces have a small effective radius, then Eq. (2) afmost agrees with Eq. (8) taken in the Landau 
theory. Since in the case of He® the effective radius of forces as well as the radius of correlation of par- 
ticles are both of the order of the interatomic distances, it is clear from the above that the use of Eq. (8) 
for liquid He? is entirely valid. 

We go now to the concrete case of electrons. It is clear that the term in Eq. (12) containing the energy 
U(r), equal in our case to e*/r, leads, in general, to substantial difference from Eq. (8) which is the 
usual one for the Landau theory. However, to use Eq. (12) it is first necessary to justify approximation 
(11). Therefore, we shall now examine the question of electron correlation. 

The correlation of degenerate electrons is due, in particular, to the sameness of the particles. This 
correlation is taken into account, for example, in the Hartree-Fock approximation. It is therefore possible 
to say at once that the distance in which the correlation is significant is of the order of the interelectron 
distance. Further, for electrons, for example of a metal, an important correlation is that due to their 
interaction (force correlation). This correlation at large distances is similar to the Debye correlation of 
particles, for example in electrolytes, and at small distances it is connected with the strong repulsion 
between electrons. 

An essential feature of this correlation, for electron densities prevailing ina real metal, is that the 
characteristic distance in which the correlation is significant proves to be not much more than the inter- 
atomic distance.” It is therefore possible to say that, depending on the anisotropy, approximation (11) and 
Eq. (12) can be used for metal electrons. In this last relation the effect of distant pores is taken into 
account in the term containing the interaction energy of a pair of electrons U(r) = e*/r. Calculation of 
the near correlation gives the function f;. The explicit form of this function is unfortunately unknown. 
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Apparently, it is only possible to say that the relative contribution due to the function f; is determined by 
the parameter e?/tivy where vo is the velocity of the electrons on the Fermi surface. 

Let us note a particular feature of Eq. (12) in the case U(r) = e*/r, The first term on the right side 
of Eq. (12), if we consider it literally, leads in this case to a divergent integral for uniform distributions. 
This is caused by the fact that in the analysis of the system of electrons it is necessary to introduce the 
background of positive charges which compensate for the charge of the electrons and which correspond to 
the electronic charge of the ions. Therefore, in the first term on the right side of Eq. (12) we must take 
5n to mean the deviation of the distribution function from its spatially-homogeneous value. Hence, it fol- 
lows that for a homogeneous spatial distribution of electrons Eq. (12) actually does not differ from the 
corresponding equation of the Landau theory, and, in particular, our function f,; coincides with the function 
f of the Landau theory. This means that Landau’s theory of a Fermi liquid as applied to a spatially homo- 
geneous state is suitable also in the case of Coulomb interaction between particles. The difference due 
to Eq. (12) arises only in the case of spatially-inhomogeneous distribution. 


4, KINETIC EQUATION FOR THE ELECTRONS OF A DEGENERATE ELECTRON LIQUID 


Usually the Boltzmann kinetic equation is used for the electrons in a metal. In this case the Lorentz 
force, which occurs in that equation, is determined by the self-consistent electromagnetic field.* In other 
words, the electromagnetic field equations have the following forms: 

curlE _ S == (0), div E = 4ne Spo ndp divH=0, curlH — — 2 = 4ne Spo | vadp. (18) 
In these equations Sp,fi represents exactly that distribution function for which the Boltzmann equation is 
usually written. 

Such a self-consistent approach neglecting the collision integral exactly corresponds to the Hartree 
approximation. In the preceding section where we examined the Coulomb interaction of electrons we 
arrived at the result that the Hartree approximation accurately described the long-range part of the inter- 
action of particles. Therefore, it is clear that the longitudinal part of the Lorentz force should be deter- 
mined by the self-consistent electromagnetic field. Obviously, the long-range part of the electron inter- 
action due to the transverse field should be reckoned in an analagous manner. Consequently, the long- 
range part of the electron interaction is accurately taken into account by the usual self-consistent kinetic 
equation. 

The difference from usual kinetic equation arises from the neighboring correlation of the particles de- 
scribed by the second term of the right side of Eq. (12). However, since this term is entirely similar to 
Eq. (8) usually used in the Landau theory, the difference between the kinetic energy of the electrons of a 
degenerate electron liquid and the Boltzmann kinetic equation is, in fact, contained in the kinetic equation 
of the Landau theory. Therefore, the sought-for kinetic equation can be obtained from the results of Ref. 1. 
Then, disregarding spin-orbit interaction, it is possible to write the following kinetic equation for the elec- | 
trons of a degenerate Fermi liquid: 


dn, 1 (de On , On de 1 (de On , On de 
es x. Grote mu) 5 (28 op oO) 
én, e ff al on , an Be erg Aa n 
+ eE ae 5 [v8] 22 + fy xt) + 53 (Ha -— nH) = I (n). (14) 
Here fi(p, r) is the distribution function, which is a function of the coordinates and of the momenta and 
which is a matrix in spin space, o is the operator of electron spin, B is the magnetic moment of the elec- 


tron, I(f) is the collision integral, and de, differs from expression (12) by the absence of self-consistent 
term, 


S21 = Spo f(p, p’)an(p’, r) dp’ — 4 BcH. (15) 
In Eq. (14) and also Eq, (13) the value of v, the velocity of the particles, in fact remains undetermined. 
If we neglect the effect of the lattice and consider an isotropic electron liquid, then it is possible, 


* Such an approach, applied to electron plasma, is developed in the work of Vlasov;° for metal electrons 
this approach is extensively used in the theory of the anomalous skin effect.® 
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according to Landau, to use the Gallilean relativity principle. Then 
wee. a P ¢ , on , - 
v=o = + Spo \Fp, p') Lap’, (16) 


where m is the mass of the free electron. However, in a real metal m may differ from the mass of the 
free electron. Furthermore, this quantity, as well as the function f (p, p’), can depend in principle on the 
direction. In addition, the region of large electromagnetic fields, f (p, p’) may also depend on the elec- 
tromagnetic field. 


In conclusion I wish to thank V. L. Ginzburg for his interest in this work. 
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A formalism of invariant matrix polynomials LS) S _ is developed for systems of particles 
of arbitrary spin. A general method for calculating’ Ly); 3 is found, and the polynomials 
for total spin 0, 7; and 1 are written out explicitly. Equations (3.2) —(3.7) make the expan- 
sion of any invariant operator in polynomials L ule a simple matter. It is shown that the 
coefficients in such an expansion of the scattering matrix are directly related to the phase- 
shifts. Formulae are derived for calculating the phase-shifts to any order of perturbation 
theory. In many specific examples this method simplifies the calculation of phase-shifts. 


1. INTRODUCTION 


To make comparisons of various theories with experiment, one must deal either with cross-sections 
or with phase-shifts. Whenever possible the phase~shifts are to be preferred, since they express the 
properties of the scattering with maximum conciseness. For example, the absolute sign of a phase is 
highly significant, as it indicates a qualitative difference (attractive or repulsive interaction) between 
two processes which may have equal cross-sections. 

There is no existing theory which describes satisfactorily the strong interactions. But there are sev- 
eral theories!~* which give a reasonable qualitative picture of some particular processes. To compare 
these theories with one another, it is also convenient to study the behavior of the phase-shifts which they 


predict. 
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The interaction operator is specified in different ways in different theories. It may be given as a scat-_ 
tering matrix, as in perturbation theory,’ or as a combination of various spin-dependent scalar potentials,’ | 
or as an integral operator, for example in the Tamm-Dancoff method. 8,7 To calculate the phases corres- | 
ponding to given roan of J, 2 and s, one must expand the geese operat in spin-dependent spheri- 1 
cal harmonics gy’ sp M (n), as for example in the papers of Tamm and Zharkov.® But the lack of covari- 
ance of these harmonics makes the expansion very complicated. The problem is greatly simplified if one 
expands the ee operator into the invariant matrix OR wee ( 2.6’) which are pet combina- 
tions of the Gy’M Sas The superiority of the operators Ly, his j over the functions Gy’ h M (n) is as great | 
as that of the ee notation Huy over the six components of the vectors E and H for writing down the 
Maxwell equations. 

In addition, the use of these operators greatly simplifies the diagonalization of the S-matrix with re- 
spect to the spin s, and hence the specification of the scattering in terms of a minimum number of real | 
phases. The situation is similar to that which arose in the work of Rohrlich and Eisenstein,” with the dif- | 
ference that we are here dealing with a known S-matrix and the problem of finding the phase-shifts is 
reduced to the solution of algebraic equations. | 

As a further generalization of the invariant polynomials ( 2.6’), one could introduce matrix polynomials | 
depending on three or more unit vectors. This would simplify the description of inelastic collisions in | 
which three or more particles are produced. 


2. MATRIX POLYNOMIALS. EXPLICIT EXPRESSIONS 


Let < 2’, ¢’; p’'|R|p; &, A> be an operator depending on two vectors p and p’ and invariant under 
three-dimensional rotations and reflections of the coordinate-system. A and )’ are spin variables de- 
scribing the state of the system before and after collison. ¢ and ¢’ are sets of parameters describing 
the nature and the isotopic spin of incident and scattered particles. To eliminate the wave-functions of | 
the initial and final states, we temporarily transform to an arbitrary representation g, Then the general 
principles of transformation theory? give 


wv, 8 pl Rips & O = HQ, &: p’lg> <e’|RI@ <g|p; & dd. (2.1) 
gg 


Separating the spin and angle dependence from the radial dependence of the wave-functions < 2’, é’; p’ | 
and |p; £, » >, we have 


Cas bf p’ = Sy ce De ae M’, Se PN ae me ue M’, Se 1a (2.2) 
JIM'I s/ 
[pe SD ese Mabepe ts a ae (2.2’) 
JMIs 


where 
[£,18°M, Fo ny A> = (i) (My A) eed, ot AEs ED ee) 


are eigenfunctions of the operators J*, J,, L? and S*. Substituting Eq. (2.2) and (2.2’) into (2.1) and 
summing over g and g’, we obtain 


QUT Pp TRIP & y= Dy Dp Io Mes TT Ris Med ee 
J’M’s'l’ JMst 


KX CA aeSUMes Gy Falls ie ene (2.3) 


Because of the rotation-invariance, J and M are conserved; the matrix elements of R which appear 
in the sum are diagonal in J and M and depend on M only through a factor oum: Thus 


ei pe Io Ms, 8 VAR Gis, Sp, = 07 Oye foulditg Petites S? Wdas Ss (2.4) 
so that 


Cae apa Rips § Y= DID w 28’ yl?| Rely sept Dye’ sadn MG is alate ee ns (2.5) 
M 


sis U1 
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The reflection-invariance of R restricts the summation over £ and # in Eq. (2.5) to values which con- 


__ serve the parity 7. Thus Eq. (2.5) is precisely the expansion of the operator R into generalized matrix 
polynomials” of the form 


Oyama Siande) 1esen Jeo oS a OU) nd, Miss Se sink > (2.6) 
M 


or ina different notation* 
Lisa (QW, ms, n) = 4e Digi (n’, XY) (eu) (0,2). (2.6’) 
M 
Using the orthogonality relations of tensor harmonics, we can show that 


\ Lye 5 (nm) LE 7, (n’, ni,) dn’ ="4e8)) Byanderh i 9 (i, mq) (2.7) 


We now consider the explicit calculation of the matrix polynomials (2.6’). First we express gy? M in 
terms of angle and spin functions Yq, m 2nd xg, Te according to the rules for transforming from the J, M, 
s, £—representation to the 2, m, s, » —representation. This gives 


eru(n, = dG, M, slit, m; s, pS Vi mn Mien OD; (2.8) 
m, p 
where < J, M, s,£|2,m;58, p > is a Clebsch-Gordan coefficient.!! In the representation with S* and Ss, 
diagonal, Xs, p (A) =Sur and so 


Le ~ (n’, 3 n, A) = 45 Dawe Bua dis, MES StQEION Loca Vi Sees a pS 
pi 


MI eas LTE IM = pe Se ae ee (Nl): Ge 

At first glance it would appear convenient to reduce the triple sum to a sum over M alone by using the 
factors Our. But this is not the best way to proceed. It would give us the values of particular matrix ele- 
ments with known ) and 2’, but it would not allow us to express Lye*p jy in closed form as a sum of vec- 
tor spin operators'* which reduce in the case s’ = s to ordinary spin matrices. So we keep the double 
sum over yp’ and p, and express Our Our by means of (2s’ +1)(2s + 1) combinations of the three 
components of the relevant vector operators. The summation over M can be performed by using recurs- 
ive relations of the formft 


V dm+n,)dt (Fm) + ne) Viti, men (n) = D(L; n, i) Vim (n), (2.10) 


where n,i are integers, and D(£;n,i) is a differential operator independent of m and operating upon 
Yeg,m(n). Having chosen the appropriate values of n, i, we avoid the appearance of Clebsch-Gordan 
coefficients involving m, and we can complete the summation by using the addition theorem for spherical 
harmonics 


(20 + 1) Py(n’n) [45 = DyY 1, m(0’) V1, m(n). (2.11) 


Considering only processes in which the spin is not changed in the collision, we exhibit the explicit forms 
of the matrix polynomials for S = 0, Y, , 1. These are the cases of greatest physical interest. 

S=0. The polynomials Lp’p. g describe the scattering of two spinless particles or the singlet scat- 
tering of two particles with spm. They are identical up to a factor with Legendre polynomials 


£ , Peesit 
LP, (n’, n) = 40 YY s,m’) Vi, m (m) = (20 + 1) Pr (n'n). (2.12) 


1fo,1 
S= Wp . The polynomials L ae were first introduced by Tamm and collaborators® and have been 
applied extensively to the scattering of m-mesons by nucleons.?!4 Transitions £— = £ + 1 are for- 


* The factor 47 is put in so as to eliminate factors of ( 1/47) from the explicit forms of the polynomials. 


+The sign +(+m) means that all four combinations of sign are allowed for the two m’s. 
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Yas 1p 
bidden by parity-conservation, so that only the two polynomials “4 yo ai Ts y,. J and L jy, i 5 gt Y: J 
are of interest. We derive the Sepa form of the first of these from Eq. (2.9). Using the known values of: 
the Clebsch-Gordan coefficients,!! we find 


Leib J I2, J (n’, Xn, A) =3 > (J+M) ye ee a, (0')Y 722),,.M (n) Ox) _/Or}o 
| 
+ SV THM) (FM) Yr, mt (9) Y rata, mp e (10) afer 8—ajna (2.13) | 
M I] 


+ SV F— MM) (FFM) Yom, an (0) Y j—rjp, me (1) Brn Bn +S) (J — MY Y sp, ape (0) Yoyo, ates (1) 8 ajar Orpen} 
M 


M 


Transforming from J, M to =J — Yee m= M— ee and introducing spin matrices by 


Orpa7 01/9 = Us (1 + Sya\ was O19 O_1)9 = Vo (Sx tl. iSy)aa3 O14" 01) => Io (ox —— isy)arn3 O_a/54/ MET “SS 1/5 (1 ties Sz)nn3 (2.14) | 


we obtain 
LIE pig (0's m) = (2m / (2+ DY) SE m+ 1) Ye, mm") Yim (0) (14 22) 


m 


+ SV CF mm) T= m FY 1, ma (’) Vi, m (tt) (32 + iy) + SV C= m) EF m+ 1D) Yt, ms (0) Yi, m (1) (9% — iy) 


+ P(E mt 1)¥ 1, m(n’) Yi, m(n) (1 ae (2.15) 
The summation over m is done by aang the recursion formulae | 
(bem BA Vy (Le 1) Vi ee 10Y ae 108: (2.16) 
V dem) (= m+ 1) V1, m1 = et? (écot 9 OY 1, m/09 + sin § YO, m/Ocos§). (2.17) 


We use also 
n’n = cos 6’ cos 6 + sin 6’ sin 8 cos (o’ — 9), (2.18) 
and obtain finally* 
LPP ya. 9 (8, 0) = (Ce LP — ie (On) Riel — ee (2.19) 
A similar calculation gives 
LP? ya, y(n’, n) = LP; + io [n’n] Pj, = J+4/,, J=0, 1, 2,... (2.20) 


S = 1. The matrix polynomials Ly g, re j greatly facilitate the analysis of the interaction of ale, 
fermions in the triplet state. Becasue of parity- conservation, the four polynomials Lj FF weil pti i! ik 5 41; 
do not appear in the expansion of R. Out of nine possible polynomials, only five have physical interest, 
three diagonal in 2 

Ly oa;7 (0a) Ly (nn), Lay, sn) = Lo, (nn), L$, 34,7 (0m) Loy, (0,0) 
and three non-diagonal 


Leyes yaan a(n on) 2 lege (nem); Line jag (DeSean (Ne i), 


Also Lg,,y(n’,n) = [Ly J (n,n" )J*, As in the case S = Vee we start from Eq. (2.9). Since )’ and now | 
take three values, we must introduce instead of oy, Oy, Oz, the spin operators for S = 1, 


tot he 010 1 - 1HOeG 
.= = 101) Sy = 75 (i 0-1); S.= (00 0). 
hae (101 Vioe Vink 


to} 


*In Ref. 3 oS (4.6)], Ref. 14 [Eq. (5.16)], and Ref. 13 [Eq. (5. aoe there are misprints in the ex- 
pressions for Ly. Either o[n’n] should be divided by sin 6, or Py (cos 6) should be changed to Pp (cos € 
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Then 

ae we ” 1 In 1 

21X27 = aS: 2 (Sz z+ 1s Oy Ly Vr Oz (S, ln iSy); 01), 9-1. = oy (Sx SF iSy)?; 

1 

Box Bin = Tee (Sx — iSy) Sei Bpy/ Bon = 1—S8, hy By = — 7 (Seis VS (2.21) 


» »~ 1 . 2. 9 > : ~ 5 4 
94/9), = on (Oy ae ERSYALR 9_4}/ 09) ‘= —75 — SS (Sx iSy); 0_47/9_}, = x Sz (Sz —— 1). 


In addition to Eq. (2.16), (2.17), the summation over m requires four more recursion formulae, 


\ | 21 — xj . jp = OY m 
y Capes yrALS = —_ eFie(4-/ sind Vee ne "t ef sin cos 6 5 Sem . (2.22) 


ofa 
2ai+414 


Pa) srs ay 
erie (+(14 1)sin® Yim + o> sa ++ sin 6.cos 62) (2.23) 


V GF m+ 1) CF m+2) Vin, m= 


Omitting the lengthy intermediate steps, we exhibit the final expressions for all five polynomials, 


1 


fa g(n’, 1) = Tri ((L-+ 1) Pr + (2 (n’n) + (/ + 1) (Sn) (Sn’) — (2 + 2) (Sn’) (Sn)] Pi — (S [n’'n])? Pa (2.24) 
Ly, s(n’, n) = Hoey {0(Z + 1) Pi + [—2(n’n) + (Sn’) (Sn)] P; + (S [n’n))? Ps: (2.25) 
Ls, 4(n’, n) mae [2 (n’n) — 1 (Sn) (Sn’)+ (/ — 1) (Sn’) (Sn)] Pi — (S [n’n])? P23; (2.26) 
Lys, 7 (n’, n) = as 5 1 — 20 + (2L— 1) (Sn’"] Pr + [2 (nn) 

— (21 — 1)(n’n) (Sn’)?+ (/—1) (Sn) (Sn’) + (Sn’) (Sn))] Pz — (S [n'n})? P?}; (2.27) 
La, 7(n’,n) = FORTS (lt W201) + 214-3) (S01 P+ [2(akn) 

+ (21+3) (n’n) (Sn’)?—(/+-2) (Sn) (Sn’)+(Sn’) (Sn))} Pi — (S [n’n})? P7}. (2.28) 


Similar polynomials for S = 1 were obtained by Ritus!® using a somewhat different method. 


3. EXPANSION OF INVARIANT OPERATORS INTO MATRIX POLYNOMIALS 


The preceding formulae show that the Lye). j have a complicated form, and it is a laborious task to 
expand an operator in these polynomials by ordinary methods. However, the requirements of rotation and 
reflection invariance restrict the possible form of an operator. The most general invariant operator R 
is in fact* 

R=V, + (Sn)’V, + (Sn’)’V3 + (Sn’) (Sn) V, + (Sn) (Sn’) V;, (3.1) 


where V; =V;(n’n) are arbitrary functions of n’n. The problem of finding the expansion coefficients 
is greatly simplified by using the following identities which follow from Eq, (2.24) — (2.28), 


(20 + 1) Py = Ly, sa + Loe, s + Las, yi (3.2) 


J =- 1) (n’ n) Py = 3 Lu, pial j Lu. y+ Ea Le, pat j Le, iat pry les +5 z Ls, J—23 (3.3) 


Vay ee Va ise 

(2/ + 1) (Sn)? Py = lu, Jit Leo, pee Sule J— wee ‘ aa Wie +1 a ee — Sete Ls, J=1) (3.4) 
VIiG—D) VG+DC+2 : 

(27-4 1) (Sn) Py = FE Dy sat Lan + ql, 1 th, OEIC, rae (3.5) 


— 
(2J + 1) (Sn’)(Sn) P= Shas 4 vex ay bas. pat gle, very 


ViV+1 ViV+i1 , 
+ gpg les tappye Lis p+? La Ge (3.6) 


* The invariant combination iS[n’n] is contained in the fourth and fifth terms by iS[n’n] = (Sn’) (Sn) 


—(Sn)(Sn’), and (S’[n’n])? is contained in all five by (S[n’n])2 = 2[1 — (n’ n)?] — (Sn)? — (Sn’)? + 
(n’ n) [(Sn) (Sn’) + (Sn’)(Sn)]. 
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; +4 QJ J 

(25-41) (Sn) (Sn’) Py =e Lu, 40+ QF PH TH oe! ty 
Saad PRE ge B ii V IOs) Viet) A) 
+ spo le, ia oper ey les + ale, J-3 rap bas eT Lyi, J: (3.7) | 


Sometimes we encounter operators which contain not only the Py but also their derivatives Pp and Po: 
Terms containing Po and Py can be expressed as simple combinations of matrix polynomials Lg? QJ 
similar to Eq. (3.2) —(3.7), but for reasons of space we do not here go into the details. 


4, DETERMINATION OF PHASE SHIFTS FROM THE SCATTERING MATRIX 


The S-matrix is as a rule calculated using quantum field theory, in which for a variety of reasons it 
is convenient to work in the p-representation. Thus the scattering matrix is first obtained as an operator 
depending on the initial and final moment p and p’ and on the parameters A, ¢, 1, &’. To find the phases: 
we transform tothe J, M, 8s, 2, p,  —- representation, | 

OSS p iS pie, Ap = » > <x’, &; pide, Mae, ‘So, ly, Po» &2> | 
JeMeSel2 Jy:Misily (4. 1) | 


Ks prdps Eo, P25 Lo, So, Mz, Ja Sl Ja, M,, Si, Li P1> E> p? dpi <i, Pr; hy Si, My, Ji{B; 5 >> 


with the transformation-functions 


Geen, ply, Mss, 1, ps ey = em de ies Cp ons (4.2) 
aa, n|J, M, s, D-=e7rartt, 2), (4.3) 
<é, p|p’, > =(1/p)8(p— P') dee (4.4) 


normalized by the conditions 


Vn’ |J, M, s,l><J,M,s, l|n,> = 6,8 (n’ — n), 
>, | | NA ( ) (4.5) 
a, s’, M’, de | n, > dn KA, n es M, S, l> = ony Sm Oss’ on, (4.6) 
a 

> \ <6", p’| Dis E> pidpr <b, Pil Ps > = 8e2.8(p’ — p). (4.7) 


Ey 
If we compare the expansion of the S-matrix in matrix polynomials Lee j (m’, V5 n, A) 
N85 p’| Sips &, A> = SS Maks), (0’, 85 pw, YL, (n’, V3 m, A) (4.8) 
ssl 
with the expansion (4.1), we see that the expansion coefficients af 8 j are related to the J, M,s, 2, p, 
& —representation of the S-matrix by oe 
Andy js Symp’ pars, ,(p’, 8 p, §) = <', p's J’, M’, 8’, U|S|1,s, M, J; p,& (4.9) 


| 


or Arp’ part. ,(p’, 8; p, &) = 8, p58’, USL, s; p, §- (4.10) 


To introduce the phase-shifts, we use two fundamental properties of the S-matrix; it must be unitary | 
and symmetric. The first property follows from the normalization to unity of the flux of incident and scat-_ 
tered particles, or from the conservation of the number of particles. The second property follows from 
the time-reversibility of the theory, which is connected with the principle of detailed balance. Since the 


S-matrix is unitary, it can always be written in the form 


S = exp (2iQ), (4.11) 


where Q is a hermitian phase-matrix. Then, since Q is hermitian, it can be reduced by a unitary trans-: 
formation U toa diagonal matrix Qy) with N real diagonal elements* 


Q = U%7RQU. (4.12 


*Here N is the number of different sets of s, 2, , corresponding to a given value of J. 
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But S is symmetric, i.e. St = S*, and therefore Q and U are real. The orthogonality of U imposes 
%N(N+ 1) additional conditions, so that only %N(N +1) out of the original 2N? real parameters are 
independent. Of these, YN (N — 1) are still to some extent arbitrary, since they are connected with the 
matrix U and depend on the choice of representation. Only the N diagonal elements, which are the 
actual phase shifts, express essential properties of the interaction. Thus the problem of calculating phase- 


shifts reduces to the diagonalization of the matrix a, and the elements of the diagonalized matrix a’ are 
related to the phases by 
Anp'pay(p’, p) =e,’ k= 1,2,...,N; (4.13) 
or by 
tan 23, = Ima”/Re a"), (4.14) 


? 
We often deal not with the S-matrix itself but with R=S — 1. If we denote by app. j the coefficients in 
the expansion of R into polynomials Lin’o. yz? then we have instead of Eq. (4.13), (4.14), 


— 2nip'pa'y’(p’, p) = e”* sind, (4.15) 
tan 3,= — Reay” /Im at”. (4.16) 


Eq. (4.14) and (4.16) do not quite solve the problem, because they are obtained by assuming the exact 
unitarity of the S-matrix, which ensures the compatibility of the real equations which follow from the com- 
plex equations (4.13) and (4.15). But in practice the S-matrix is often given as a finite sum which is uni- 
tary only up to the order of the last term included in the sum. Then it can happen, for example, that the 
equations 

— 2rp’pReaw = sin®s,; (4.17) 


2rp’p Im ain) = Sin op COS OR (4.18) 


are incompatible, and Eqs. (4.14) and (4.16) may then introduce errors which of lower order than the terms 
neglected in the S-matrix. We now derive a general expression for the phase-shift which preserves the 
order of accuracy with which the S-matrix is given. The S-matrix can be written in the form 


Seale a (4,19) 
n=1 

Ca =O Oden... | deyP (H (Xn). Hm). (4.20) 
gn! we ee 


4 
The coefficients in the expansion of R into polynomials Lyng: j are then 


Gyr = DSO ps. (N)- (4.21) 


n=1 


After diagonalization with respect to s and &, Eq. (4.17) and (4.18) give* 


np?) g" Re b(n) = — sin”; (4.22) 
n=1 

Qnp? >; g’Im6(n) = sind cosé, (4.23) 
n=1 


hence 
|sin 8 | = 2np?|( y en Reb (n)) a: (3 g"Imb (n)) | "= Qnp? b 2" fa] i (4.24) 
n=1 n=1 n=2 
where 


poe S (Reb (B) Re b (2m — k) + Im (2) Imb (2m — k)) + [Reb (m)}? + (1m b (m)], 


k=1 


* Without loss of generality we put p’ = p. 


398 IU. I. KULAKOV 


fama = 2 s (Reb (k) Reb (2m + 1—&) + Im6(k) Imb (2m+ 1 —R)). 


k=1 


The sign of 6, as we see from Eq. (4.23), is given by the imaginary part of the first non-vanishing 
term b(n) in the series (4.21). 


5. CALCULATION OF PHASE-SHIFTS FOR NUCLEON-ANTINUCLEON SCATTERING 


In Sec. 4 we showed how to deduce the phase-shifts from the scattering matrix for systems of particles 
of arbitrary spin. As an example we consider nucleon-antinucleon scattering. | 
We take the S-matrix given by the covariant formulation of perturbation theory ,® 


bao a 
SES sos ata eg ee \ dxyP (H (Xp)... H (9) H (%)) 


n=0 —oc => CO: 


8 


(5: 1) }] 


The units are chosen so that h=c = 1. For pseudoscalar meson theory with pseudoscalar charge-sym- 
metric interaction, if 
H (x) = gN (9 (x) 1219; (x) (2)). (5.29) 


Here w(x) and 9;(x), a = a a 3) are penne of the free nucleon and meson fields, tT; are nucleon | 
isotopic spin operators, y° = y!y*y*4, (y°)* = set and N denotes a normal product. Transition matrix || 
elements can be written down by the usual rules.’ In the lowest non-vanishing approximation we have 


ig? (T1)an, (Ti )vyvM® Wy (P) ¥5 tte, (Po) -, (do) ¥° % (a) | 

Si-1 = — Gn GEE, B, ) Gb (EE, Pop ole i ee (5.89 
P Po Wo ° <9 

igh (Tuy (Ti )vng Ml? . Ye (P) ¥°% (4) -%, (Ag) Y>4o, (Po) | 

Sm Ger EEE ET TOPE TE te (PTT Po th)8 Ep + Be Ep, Eg) toe 


PI Po 4% 
where po(qo) and p(q) are the initial and final momenta of the nucleon (antinucleon), o9(p9) and a(p) 
are the spin indices of nucleon (antinucleon) in initial and final states, po(v9) and w(v) are the isotopic | 
spin indices of nucleon (antinucleon), M and yp are the nucleon and meson masses, and u and v are | 
bispinors of the form 
E,+M 
f u(p) = (2M (Ep+M)—*( 7 2); 


a 0 (a) = (2M (Eq + MY" (528 9) 


The Feynman diagrams corresponding to Si.j and Spf. j are shown in Figs. a 
and b. 


Passing to the center-of-mass system, we have* 


a 
z 2, 
>< 8 (Pp + | — Po — Go) = 2 (P+ 4) 3 (Po + Go); 
i) 


8 (Ep + Eq — Ep, — Eq,) = 8 (2Ep — 2Ep,) = (Ep /2Po) 8 (Pp — Po): 


q % 
Expanding the bilinear combinations of u and v with q 9 = —py = —ngpp and 
q = —p = — np, we obtain 
SY2p—i = Riz8(p + 4) (Po + do) 3 (p — po); (5.5) | 
((2 =) @)gg, (1 — Me) 8) 
R, ee : Po 06, PoP. | 
— 35 5 (* hpel dss Bo pe ie n,)? + 2 , (5.6) 


Re = (ig? / 87°) (ti)yy (ee (Eo / Po) 8080.0, / (—4 Eo + p’). (5.7) 


It is convenient to express these quantities in terms of the outer products Ti X Tk = T1{T2k and Oj X OK = | 
01j 99. This is done by means of 


(Tun, (Ty y = TT — 2tyytey; (5.8) | 
(ti)ay Co) ee = "/2(3 — Gt. + Wty Tay); (5.9) | 
(2),,, (F8),6 = (6,8) (G24 — 23p yay); (5.10) 


* Hereinafter we write Ey for Epy° 


( 


| 
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800 86,0, = 1/2 (1 + oy0, — 25yy Spy). (5.11) 


The matrices R, and R, in this representation are formally not invariant* under rotations either in or- 
dinary space or in isotopic space. To obtain R; and Ry, in manifestly invariant form, we must transform 
to a new representation R! = URUt with U = Tay Oy - Dropping the primes, we obtain in the new repre- 
sentation 


ae ig? Po (81 (M —no)) (G2 (1 — no)) , 
Ry 39n2 (175) ia pe a no)? +e , (5.12) 


a 48 evans SELe. 
R,= 29772 (3 =r % To) ee LE + 1) : (5.13) 


The transition to a representation using the total spin § = 4), (0,+ 0,) and T= y, (7, + T,) is simplified 
by using the relations 


(¢,a) (9,a) = 2 (Sa)? =, Ga 0195 — 2S? a 33 TT = QT? a oO (5.14) 
The result is then 
Ses ol OF Rem) ars Eel like 2 (5.15) 


py (n—ny)? + 2 8r? —4E?+u2 Po 


Equation (5.15) implies that, for S=1 or for T = 0, the annihilation term vanishes in this approximation, 


and the scattering is given by the exchange term alone. 


We consider the case of triplet scattering (S = 1) and expand the matrix R, in polynomials Lor). J 


_x(n,np). First we must expand 1/[n — No)? we) in Legendre polynomials 


(alt SHA, 
Eo p2(n —n)?-+ yu? may a alg (5.16) 


Next, using Eqs. (3.2) — (3.7) of Ref. 1, we obtain 


ig? A ; (Po) 4 4 i+ 2 j—1 4 
Ri = seq (2T? — 3) pret \— ype wit ag Lai + Ss Lee, j41 — Lee, j + a Ly, ja — ap Les. i 
: (5.17) 
Fagg bw on EE Crs, ipa + Lan ten) $2 ETD (ogg, + Ly, s) — FEED (ys + Ln a)}- 


With a change in the summation variable, this expansion takes the form 


je = a, (EF = 3) > {a Lu, y+ Ge Lae as a Tee Io ay (Lis, y+ Lys, dt, 
J=0 


Af J+1 
(2J + 1) ay) = ao Ay (Po) — — Aj—1 (Po), (2J + 1) a? = 37.3 Ay+1 (Po) — As (po) + ee Aj-1 (Po), (5.18) 


WA GaLaa 1 » 4 \ 
(2d + 1) ay = a Aj+1 (Po) — wot Aj (Po); (oy + 1) aj=V J (J + 1) (— pen (Po) + 2741 Ay (Po) — ye (Po) }- 


In the case of singlet scattering (S=0) the matrices R, and R, become 


gear ya eg ye be, eee ae) sepia sia oe 5.19 
ee 1672 (277 — 8) Eo p2(n—n,)2+v2 Rs 4n2 yas he Po ( ) 


Expanding R, and R, into polynomials Ly). g(n,09) which are simply multiples of Legendre polynom- 
a 1 a 
ets LY? 1p. == Li (m, 0) = (21 + 1) Pi (nny), (5.20) 


we find 


ies ie (2T? — 3) 5} bi (po) Li(n, Mo), (5.21) 
1=0 


* This does not mean that there is any failure of spin-conservation, geese this repr ener oa 
=} _ imi = — Tx), Ty = '4( Ty + 
Y, ( 01x a O2x)» Sy = % ( Ory + Ooy )s S, = (o1z Oo7), and similarly Tx = (Tix ox), Ty /> ( ty 
Tey)+ Tz = 2(Tiz, — T2z)- 
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ig? ae EE SG 5 5.22) | 
Ro = Ane — 4+ Po 0 (11, Mo), ( D | 


where (22 + 1) by (Po) = By (po) is a coefficient in the expansion of 


Po(1 — (no) / Eo [po (1 — No) +P] 
in Legendre polynomials. Le 
We saw in Sec. 4 that the phase shifts are in general to be found by diagonalizing the matrix a), ; 
which is formed from the coefficients in the expansion of the operator R =S — 1 in matrix polynomials 
Lie x x The elements ak of the diagonalized matrix are related to the phase-shifts 6, by 


5 k is : 
= Qripiay (po) =e “Sin Op. 


Consider the case of triplet scattering. When J =0, only one polynomial Ls, 9 is different from zero. 
Thus, except for 


4 ig? 5 4 406 
yy = a5) = (— Ap (po) ++ Ar (Po)) Gaz (2T? — 3), 0 (Po) = apap, In (1+ =), (5.23) 
3 ft y2 4p) \ 
A, (Po) = Take (2 (+ a8) In (1+ ue ) i}, (5.24) 


all elements of the matrix aj, are zero. The single phase-shift, corresponding to the transition 3Py — 
3P), is given by 


sin 8 = (g? / 87) po (2T” — 3) (— Ap (Po) + 1/3 Ar (Po))- (5.25) 


Compare Eq. (4.24) of Ref. 1. The phases for transitions with J =1 are found similarly. 
In conclusion I express my deep gratitude to Academician I. E. Tamm for his valuable criticisms. 
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A phenomenological theory for Rayleigh scattering of light in an isotropic visco-elastic medium 
is developed on the basis of the correlation theory proposed earlier by the author for such me- 
dia. General (i.e., allowing arbitrary dispersion relations for the parameters of the medium) 
expressions (3.1) are obtained for the spectral intensities of the scattered light corresponding 
to various polarization conditions. As an application of the general formulas, an expression 
(4.3) is found for the integrated intensity of the light scattered by isotropic fluctuations (under 
certain assumptions as to the form of the dispersion relations). The case of a slightly viscous 
fluid is treated and the appropriate dispersion correction to the Einstein formula is considered. 


INTRODUCTION 


Recenty a large amount of experimental data has been accumulated concerning the Rayleigh scatter- 
ing of light in liquids; in many cases these data do not agree with the thermodynamic theory of scattering.! 
Substantial discrepancies are found for different characteristics of the polarized component of the scat- 


tered light, i.e., the part due to density and temperature fluctuations (so-called isotropic scattering) .* 


Thus, the integrated intensity of the isotropic component of the scattered light is, in many cases, less 
(sometimes by 20 — 25 percent) than that calculated by the Einstein formula. The ratio of the integrated 
intensities of the non-displaced line and the Mandel’ shtam-Brillouin doublet is considerably greater than 
that given by the Landau-Placzek formula. Discrepancies between experiment and the thermodynamic 
theory are especially marked in liquids which exhibit strong dispersion effects in propagation of sound. ! 
This is, of course, natural since the existence of frequency-dependent mechanical and thermal medium 
parameters (and a frequency dependence between these parameters and the index of refraction) makes the 
thermodynamic theory inapplicable, even in principle. The thermodynamic values of the parameters cor- 
respond only to rather low (strictly speaking, infinitely small) frequencies, whereas oscillations with fre- 
quencies up to 10!! are important in isotropic scattering. 

Fabelinskii!»* derived a non-thermodynamic formula for the intensity of the doublet, which, because 
dispersion has been taken into account, is in much better agreement with experiment. This result, to- 
gether with a detailed analysis of the relevant facts, led Fabelinskii to the conslusion that it is necessary 
to develop a non-thermodynamic theory of scattering, which will take into account the frequency depend- 
ence of the parameters of the scattering medium, The contemporary spectral theory of heat fluctuations 
can give a complete solution to this problem, which in turn affords one of the most interesting applica- 
tions of the general theory. The appropriate results are the concern of the present paper. 

As is well known, the spectral composition and intensity of light scattered under various polarization 
conditions is completely determined by the mean-square spectral components of the tensor €, B which 
describes the fluctuations of the dielectric constant. The spectral amplitudes «¢ aR? in turn, are linear 
functions (because the fluctuations are small) of the quantities which characterize the deviations from 
complete equilibrium in the medium, i.e., deformation and temperature. Thus the problem reduces to the 
search for spectral correlation functions for the thermal fluctuations in the deformation and temperature 
medium. However, the correlation theory for thermal fluctuations in distributed systems which is now 
available® makes it possible to solve this problem in a completely general way; this was done by the 


* As is well known, thermodynamic theory is, in general, not applicable to scattering by anisotropic 
fluctuations. 
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author in Ref. 5 for the case of an isotropic (but otherwise arbitrary) medium.* The spectral analysis 
approach is carried out in the same way in the case of a scattering medium which exhibits dispersion. ; 
Before proceeding to an exposition of this analysis it is convenient to characterize briefly some of its 
basic features. 

First of all, it is clear that this is a phenomenological theory, i.e., it contains no assumptions as to 
the dispersion mechanism, and, correspondingly, in no way specifies the dispersion relations, except for 
the completely general requirement that these relations must not disturb the dissipation properties of the 
medium. Any further specification of the dispersion relations may be introduced externally. ] 

As noted, the scattering medium is assumed to be isotropic, i.e., characterized by two (complex) elas- 
tic moduli, scalar thermal parameters (heat conductivity and of thermal expansion), and scalar mechani- 
cal and thermo-optical parameters. Thus, the visco-elastic medium under consideration could be either a 
liquid of arbitrary viscosity, or an amorphous solid. An analogous theory for crystals would be more com-- 
plicated only from the computational point of view; in principle it would be formulated in the same way 
using precisely this same approach. 

Since the spectral theory to be described includes arbitrary internal processes in the medium, it com- 
prises in a single scheme both isotropic and anisotropic fluctuations of the dielectric constant, i.e., it de- | 
scribes the entire spectrum of the scattered light, including the so-called wing of the Rayleigh line. By | 
integrating the expressions for the spectral intensities with respect to frequency we can obtain integrated 
intensities of the total spectrum, and of individual components (e.g., the non-displaced line, the doublet, 
etc.). In fact, a series of such integrated intensities can be obtained for any reasonable specification of 
the dispersion relations. 

In the first part of the paper, Secs. 1—3, we obtain the general formulas (3.1) for the spectral intensi- 
ties of the scattered light, observed at right angles to the primary wave, for four combinations of the 
polarization of the primary and scattered light. Then, in Sec. 4, we calculate the integrated intensity of 
the isotropic scattering I;,, under the following assumptions: (1) the mechanical and thermo-optical 
coefficients 


oO 


Y =— 09 (de /0p)r, Z =T, (de / 07), 


and the coefficient of thermal expansion exhibit no dispersion, (2) the compression modulus K obeys a 
dispersion relation with a single relaxation time 7’, and the shear modulus ff depends on the frequency 
in an arbitrary way. In the case of liquids, the Einstein formula follows from Eq. (4.3) for Ijg9, when Z 
is neglected and K is dispersionless. For slightly viscous fluids (Sec. 5) the dispersion correction to the 
Einstein formula simplifies considerably. It depends on the ratio of 1/T’ to the frequency Qnyrp of the 
Mandel’ stam-Brillouin doublet; however, it does not reduce, as might be expected, to the replacement of 
the static compressibility 87 in the Einstein formula by the compressibility 1/K ( Qyp) at the doublet 
frequency. 

In the second part of the paper, we consider some further consequences of (3.1) under certain assump- 
tions as to the dispersion relations: the separation of I;g9 into components (central line, Mandelstam- 
Brillouin doublet, background), the dispersion correction to the Landau-Placzek relation, the frequency 
behavior of the intensity and the degree of depolarization in the wing of the Rayleigh line, etc. 


1. SPECTRAL SOLUTION OF THE SCATTERING PROBLEM 


Let us dwell briefly on the well-known spectral solution of the problem of the scattering of a plane 
monochromatic electromagnetic wave by weak optical irregularities of the medium (cf. Ref. 7), describing | 
this solution in terms of the correlation theory for random fields. ; 

Let the dielectric constant of the medium have the form 


Eda + eag (t, Fr), 


where the fluctuation €qg from the mean value €9 is small enough so that in calculating the scattered 
field produced by the incident primary wave 


Ey = Ae OO", (ko = @Ve0/ 0), 


* The analogous problem in the case of a viscous fluid with no dispersion was solved earlier by Landau 
and Lifshitz.® 
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we can confine ourselves to the first perturbation-theory approximation. We seek a solution of Maxwell’s 
equations in spectral form, i.e. we represent EwB in the form 


-+oo 
OG nye \ exe (@, r) e!* dO, 


—oo 


and the scattered field in the form 


+-co 
Ex (t,r) = \ Ex (Q, rye it ga, 
Then, at distances R »> ky, where £ is a linear dimension of the scattering volume V, the spectral 
amplitude Ey, (Q,r) is 


FE Q pz e—thkR ~iar 
al N= |e Px (Q, r) dr, 
V 


where q = ky) —k, k is the wave vector of the scattered wave [k = (w+ 2) Veg/C &ko, since only 


@ < w is important], and p is the component of the polarization perpendicular to the direction of obser- 
vation (multiplied by 47): 


p= 45 {P—k(kP)/k?} Py = ex Ag /4r. (1.1) 


As a measure of the intensity of the scattered light we take J,), q» the ratio of the average Poynting 
vectors of the scattered and direct waves, multiplied by V~1(2me oR Kt) An elementary calculation gives 


Jope = pq \\ 7, Or) eM dr dr’, par—r’, (1.2) 
VV 
Thus, the intensity at the frequency w+ Q is determined by the spatial autocorrelation of the spectral 
amplitude of the vector p. Because of the statistical homogeneity of the fluctuation field of p the cor- 
relation function depends on the vectors r and r’ only through their difference p. 

Equation (1.2) is limited only by two initial assumptions: the first approximation with respect to €y B 
and observation in the Fraunhofer zone. Now let (in agreement with actual experimental conditions) the 
dimensions of the volume V be very large with respect to the correlation distance of the optical inhomoge- 
neities of the medium. The integration over r’ can then be replaced by integration over p, with the 
limits of integration extended to infinity: 


--eo -+co 
1 * 7 ; 4 Ean} a Ve) eee 
Jasa= pqa\ at | 2, QP, OP) e~dp= as | p.(O.1) pO, 1) e-iaedp. (1.3) 
4 —oo = 


If we represent pg (2, 1r) as a spatial Fourier integral 
+00 


p,(2,r) = | p, (2, a) cdg 


and bear in mind that because of the spatial homogeneity of the fluctuations the correlation function of the 
Qq-amplitude has the form 


p, (2, 4) p2(Q, 4’) = 1p, (2, 4)? 8 (a — 4’), 
it is apparent that 
+co 
p21), OF) = \ Tp, @, a) Feda. (1.4) 


The integral appearing in (1.3) is the inverse of the Fourier integral (1.4), multiplied by (2n)P sic 
Jo+a = (2n)° A® |p, (Q, 4) |?- (1.5) 


Thus, the intensity of the light at frequency w+, scattered in the direction k, is to within a constant 


factor the Qq-intensity of the vector p, where q = ky — k. 
Let us now fix the conditions of observation. We take the x-axis to be the direction of propagation of 
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the primary wave and restrict ourselves to the case of perpendicular observation (along the y-axis). Then. 


q = (Fo, — ho, 0), 9 = 2ko. (1-6)5 


Moreover, we consider two polarizations of the primary wave, vertical (Az, =A) and horizontal (Ay = A); 
these will be denoted by the symbols {| and—. We also consider two polarizations of the observed scat- 
tered light, along z and x. Then, from (1.1), (1.5) and (1.6) we obtain the following expressions for the | 
intensities, corresponding to the four polarization combinations (in what follows we omit the index w+Q | 
on J): | 
Jt =(2n)*[ee@ QP J? = (2m) lesQ ar, Jz =(2n)*le2(Q QP Jz = (2x) [e2(@,a)P. 1.7) 

Thus, the problem reduces to calculation the Qq-intensities of the four components of the tensor €q B? 
where the vector q is fixed in accordance with (1.6). 


2. THE RELATION BETWEEN EaB AND THE FLUCTUATIONS | 
IN DEFORMATION AND TEMPERATURE OF THE MEDIUM | 


For the mechanical and thermal quantities which give a spectral description of the fluctuations in the 
scattering medium we take the 2-amplitudes of the fluctuational deformations ugg and the deviation of 
the temperature T from its equilibrium value Ty. In this connection, it is convenient to divide Uap 
into a pure volume deformation ugg =u = —p/py (p is the deviation of the density from the equilibrium 
value po) anda pure shear deformation ug B = Yap — Udy /3. Because the fluctuations are small the 
relation between Earp and the quantities ug po Us and # = T/T) is linear and the spectral-amplitude 
relations are, by hypothesis, purely algebraic: 


cag (@, r) = X (iM) u’,, (Q, r) + YQ) u(Q, 1) Bag + Z(Q) 9(Q, 4) Bap. (2.1) 


The coefficients X, Y, and Z are, in general, complex and describe the mechanical-optical and thermo-~ 
optical properties of the medium at the frequency Q.* : 
In the case in which these coefficients and the mechanical and thermal parameters of the medium are 


dispersionless (and consequently are real), Eq. (2.1) is valid even for the quantities which are not resolve 
spectrally, i.e., 


eae (t,. fr) = Xuag (#, r)-+ Yu (t, r) Sag + Z(t, 1) Sag. 
Contracting this expression, we obtain (ugQq = 0) 
Seq == be = 8Y ut 328, 
whence it follows that in the absence of dispersion 
Y = (de/du)y = — p (de/Op)r, Z = (0e/09)4 = To (0¢/OT) 0. (2.2) 
Equation (2.1) is, of course, also valid for the Qq-amplitudes 
cap (2, q) = X (12) u, (Q, q) + Y (iQ) u Q, q) bag + Z (iQ) $(Q, q) bap. (2.3) 
It follows from (1.7) and (2.3) that 
Jf = (Qn) |X Pluss, J? = (2n)*| Xue + Yu+ Zp, Jy =(2n)*|XPlueP, Jz =(2n)9|XPluwl (2.4) 


All the intensities, except J t , are due to anisotropic fluctuations; only J ! contains the isotropic part, 
which is proportional to |Yu+Zo|*, 


3. SPECTRAL INTENSITIES OF THE SCATTERED LIGHT 


In accordance with Eq. (2.4), the determination of the spectral intensities of the scattered light reduces | 
to a search for the Qq-intensities for deformation and temperature fluctuations. This problem has been 


*Since the spectral amplitudes of the fluctuations of any internal parameters can be expressed 
linearly in terms of uy g(a, r) and #(Q,r) (in the absence of spatial dispersion, cf. Ref. 5), there 
are no grounds in our spectral theory for introducing in (2.1) an isotropic term of the form ¢€’6 


ap which 
does not reduce to fluctuations of density and temperature, as was done in Ref. 8. 


( 
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solved in Ref. 5 and we now make use of the results obtained there. 


In Secs. 4 and 5 of the work cited formulas are given for the following Qq-intensities (in the notation 
of Ref. 5 these are called wk-intensities): 


7 7* Sa EELS 7 * 
Uygliryr Uy_ll’, Ug? LL ee 


In these general formulas, in accordance with Eq. (1.6), we set di = 4, = G/V2, and q3 = 0 whence the 
expressions which appear in (2.4) are obtained. As a result we find 


le OL ged dwg? : = qa 
a aS (1 L 5) — compl. conj |, Jv =J; ae 1 (: a2 ny mes iee conjt, 


= sabe (aie (ra | Ay |? 
eye | X|2 dug? eat tes u \CK q@ oi nue ad? i ae POR 
= say { Rat ea ae 4+ x ¥C HS (XV +X ¥ 5) Sq +(X2" +X Z4)Se (3-1) 
Y [2 (dy A ye Vai “7 (c K : 
“pets — CCK Gy )-[vzeK@ — y Z(C*A,— C= A,)| 7 +142 A, —compl. conj.}. 


For brevity we use the same notation as in Ref. 5, in particular 


d == D a “T 9q?/iQ, Gi =. d = C2K =D,+ xT 9g?/iQ, dD; == D = CK, A — dA, = CKAs == d, A; — dKq’, 
— 4 — — _ 
Ay = 92? — (K Riri #) q’, As = po? — Fag, Ag = 902? — 1q?. 


Thus, in the final analysis, all quantities are expressed in terms of K, BL, kK, C and D which have the 
following significance: K and ff are the complex elastic moduli, i.e., 


K = K (0%) + if (02); p= p (2) + iQn (0%), 
where K is the compression modulus, » is the shear modulus, ~ and 7 are respectively the volume 
and shear viscosity, x is the complex heat conductivity, and C and D are complex coefficients in the 
equations which relate the spectral amplitudes of the fluctuations to the specific (per unit mass) entropy 
S, the volume deformation u andthe temperature %= T/T): 


ooT yS (Q, tr) = CK u(Q, r) + Dy (Q, 1). 


In the absence of dispersion K, p, Kk, C, D and D, are real constants where 


K = 1/87, CG — Cl ay D — Oo] Cp, dD, = Dedigees (3.2) 


where By, is the isothermal compressibility, a@ is the coefficient of heat expansion and Cp and cy are 
respectively the heat capacities at constant pressure and constant volume. 

Equations (3.1) have been written for a frequency which satisfies the condition hQ « © =kTy. When 
this condition does not hold © must be replaced by the quantum expression for the mean energy of an 
oscillator. 

Without carrying out a more detailed analysis of Eq. (3.1) we can make several general remarks as to 
the form of the spectra which are described. 

As has been noted in Ref. 5 the dispersion equation can be broken up into two equations, namely A = 0 
and A,=0 where the first refers to the compression wave and the thermal wave while the second refers 
to the shear wave. Correspondingly, the terms in Eq. (3.1) which contain A in the denominator give rise 
to a triplet in the spectrum—a central maximum and a Mandel’ shtam-Brillouin doublet while those con- 
taining A, in the denominator (that term appears only in JZ = gt) give rise to a shear doublet. 

The presence of dispersion in the medium leads, first of all, to a finite width in the maxima of both 
doublets. In the absence of loss these maxima become discrete lines (6-peaks); this also occurs at the 
central maximum if the heat conductivity approaches zero. Secondly, dispersion leads to the appearance 
of a wide continuous background, the distribution of which depends on the dispersion relation. Terms 
which contain jf in the denominator and which arise solely as a result of optical anisotropy (for X = 0 
these all disappear) lead to the formation of the wing of the Rayleigh line which, in the case of a liquid, 
may extend far beyond the Mandel’ shtam-Brillouin doublet. In a similar way terms with K in the denom- 
inator make a contribution to the continuous background. These terms will be considered in greater detail 


later on. 
It is reasonable to assume that the ratio of the maxima to the background level itself depends, in an 
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important way, on the values of the parameters. Thus, for example, the triplet in Jx, which should be 
present because of the second term in the denominator which contains A, is practically unobservable 
in a slightly viscous fluid because p is very small at the frequencies in question. If the value of the 
static shear modulus approaches zero (transition to the liquid case) the maxima of the shear doublet, | 
described by the second term in J>"= su , contract about the central line and merge into the background, 
and so on. | 

Equations (3.1) represent the most information that can be reasonably expected from a purely phenom- 
enological theory. These general expressions allow us to draw concrete conclusions which are necessaril 
based on certain assumptions as to the dispersion relations between the parameters X, Y, Z and K, p,|| 
C, D. There are certain theoretical restrictions on the enumerated parameters. The dispersion of the 
mechanical and thermal parameters of the medium, K, 4, C and D may be subject to rather general 
considerations—something like those which were introduced in the formulation of the relaxation theory 
for dispersion and absorption of sound in liquids in the work of Mandel’ shtam and Leontovich.®?!9 The 
problem is somewhat more difficult for the heat conductivity x. As for the parameters X, Y, Z there 
seems to be, as yet, no approach to a theory for setting up a frequency dependence for these parameters. 
However, Eqs. (3.1) make it possible to compare various assumptions with the experimental data on the | 
scattering of light and can be useful in this respect. 

We now turn to the results which follow from Eq. (3.1) when some particular assumptions as to the 
dispersion relations between the above-mentioned parameters are introduced. 


«| 


4, INTEGRATED INTENSITY OF THE ISOTROPIC COMPONENT 
OF THE SCATTERED LIGHT 


The intensity of the isotropic component, given by those terms in Eqs. (3.1) which do not contain X, is 


a A,) +)Z) A,] — compl. conj. I: (4.3)! 


4 Q 4 9 d, A *7r 9 * 7) * { * 
a Scena ¥ j* (Se? — CC"Kq*) — YZ°CKq? + ¥°Z(C"A, —C 
The indices which indicate the vertical polarization of the primary and observed waves will be discardec 
in the following. 

To compute the integrated intensity 


liso= \ Fi gd Q (4.2) 


we make use of (7.4) add (7.5) of Ref. 5, having made the following assumptions for this purpose: 
(a) Y, Z and C are independent of ©, that is, they have real thermodynamic values (2.2) and (3.2). 
(b) The compression modulus K obeys a simply dispersion relation characterized by a single relax-: 
ation time 7’ | 


STUB 22FK oi! . 
Re oe Ke saa ane: a=zt). 


4/x’ Was 7 
Then, (aa tly foal) Ie 
(3) 4 Sue Pa : A Sil i 
Jas gear — V2C*Ka? + VZC (A, — Ka?) + 22A, + (¥%d, — ¥ZC) oe =| peter cade } 


Substituting this relation in (4.2) and using (7.5) of Ref. 5 in the first three terms (and their complex 
conjugates) and (7.4) in the last term (and its complex conjugate) we obtain 


4 4u,/3 Z 2 (Ka, — Ko) 
I. =@)Y2 = u + Ba + Kekaw, ¥ Whe — 20K). 
iso ee K, (xe +4) Die KoK Ag 1 (4.3)) 
The subscript 0 and ~ here denote values of the parameters which obtain at z 0 and z— «0; these 
can be shown to be real from general considerations. The subscript a denotes values for z=a = 
K)/K,,7’ (also real). 

For a liquid (49 = 0), neglecting the dependence of € on temperature (Z = 0), in the absence of dis- 


persion in the compression modulus (Kj = Ko = 1/B 7) the Einstein thermodynamic formula!! is ob- 
tained from Eq. (4.3) 
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Equation (4.3) describes both a highly viscous liquid and a solid body, depending on the degree to which 
the assumptions made above apply. In any case, in Eq. (4.3) we have not assumed that the dispersion dif- 
ferential K,, — Ky is small; for the shear modulus p there is, in general, no limitation other than the 
general requirement that the limiting values Mo and lo be finite. As an example we now consider the 
case of a slightly viscous liquid.* 

Let us consider first the assumption that the coefficient Y is constant. The measurements of Fabelin- 
skii and Motulevich have shown” in a number of liquids that even at supersonic frequencies (10") the 
square of the modulus of Y(iQ) is about 10—12 percent lower than at 50 cps; this result is in good 
agreement with the values obtained from the intensity of the scattered light. It is difficult to interpret this 
result even when we compare the frequency at which the liquid parameters change Q, not with the fre- 
quency of light w, but with the reciprocal values of the time required for establishing the index of refrac- 
tion. This time should be determined, at least in terms of order of magnitude, by the width of the absorp- 
tion band and not by its location in the spectrum. Thus, for example, the index of refraction of a gas through 
which passes a wave front with an associated frequency of approximately 10 is established not in 107!° 
sec but approximately 10° see, corresponding to the width of the spectral line of the gas (AA ~ 0.01A). 
If the line (or band) has a width of 1— 10 A the corresponding time is 10-!!— 10-" sec. Thus one expects 
a certain dispersion effect in Y(iQ) for frequencies of the order of 10° but under the condition that the 
light frequency is close to that of the absorption line or band. This is precisely what is not found in scat- 
tering observations and thus the index of refraction should follow the density oscillations almost quasi- 
statically if the medium parameters very in a sinusoidal manner. 

Thus, it is difficult to explain dispersion in Y (iQ) even at frequencies of the order of 102%, let alone 
10". In view of these considerations the assumption that Y is constant is a reasonable one; however, the 
contradictory experimental results force us to leave this assumption open to question. 


5. CASE OF SLIGHTLY VISCOUS LIQUID 


Turning now to the case of a liquid (w») = 0) with rather small dispersion we need keep in (4.3) only 
terms of first order in the dispersion corrections, that is, in the coefficient for Ka — Kg we take values 
of all parameters for z— 0. Furthermore, since the value of Z is itself small, in general it is pos- 
sible to neglect the dispersion corrections in terms which contain Z. Then Eq. (4.3) assumes the form 


Di (ead! Kets Mostvigtes 
fae 81 St Ke Geis) ul Dal se? 


where 
dy gAgq ae dy Aso SEG 4 1 


ee ep ene ent eee 


t= (5.2) 


K = kT 9/Dpo = Ko/PoCp is the heat conductivity of the liquid, y = Do/Djp = Cp/cy and rR = VKoa?/po 
(QyR is the frequency of the Mandel’ shtam-Brillouin doublet). It is apparent that the parameter s isa 
measure of the degree to which the compression modulus relaxes at the doublet frequency. If the relaxa- 
tion region for K is already reached when Q=Qyp, (QMBT’ > 1), S is small and the corresponding 
dispersion correction in (5.1) is unimportant. 


Liquid ACCT | eal be nae s In the three liquids for which Fabelinskii and his 
colleagues !*+!4 either measured or estimated the values 
ee achloride 0.67| 1.44 | 0.0024 | 4.31] 0.52 of 7’, if it is assumed that q’ = 4.15 x 10" (light wave 
Benzol 2.44) 1.44 | 0.0092 | 7.89] 0.024 leneth 4368A) we have: 
Ethos bisul fide 21.8 | 4.56 | 0.114 | 5.59 | 0.00038 gt ) 


Thus the dispersion correction given by the second 


*In solid bodies information concerning the dispersion of elastic moduli, or even the order of magni- 
tude of the relaxation time is not available, to the best of the author’s knowledge. 


+ It is obvious that the quasi-static values coincide with the thermodynamic values (dispersionless) ; 
hence, for these, as for the parameters which were earlier assumed to be dispersionless, we will fre- 


quently use the notation of (3.2). 
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term in (5.1) is important in carbon tetrachloride but is extremely small in the other two liquids. 
In those cases in which s « 1 Eq. (5.1) reduces to the following: j 


heo= © (H+ He) = Or {08 (Fe p-Re t ae (ar Ht (5.3) 


If K, could be measured independently, using Eq. (5.3) it would be possible to verify the assumption that | 
the coefficient Y is dispersionless. But dispersion measurements in the propagation of compression _ 
waves do not give direct information as to the magnitude of K,,. 

Actually, it follows from Eq. (6.5) of Ref. 5 that the square of the complex velocity of propagation of 
longitudinal waves v is given as follows: 


Ce nae » P= iQxpoT 9 a DK + = Dy, R= V Pp — 41 QxpoT oDy (K 5% 4p /3). (5.4) 

NOS 
The parameters D, D,, and K reach their limiting values D., Di~ and Ky at frequencies Q >» 1/7’, | 
that is, when Q © 10!!, But in the case of a slightly viscous fluid these frequencies are very small as 
compared with 1/r (7T is the relaxation time for the shear modulus), since T/T ~ 10°, Furthermore, | 


at the frequencies indicated the quantity QkpyT) is very small as compared with D pK since these quan- 
tities can become comparable (i.e., comparable thermal and longitudinal wave length) only when 


Q = DoKo/ *PoTo = 1 / poBrx ~ 10%. 
Thus, in Eq. (5.4) we can neglect 4/3 and QkpyTp) not only when Q — 0 but also for those frequencies 
Q >> 1/17’ at which the velocity has already reached value v,,. Then 
v = DK / Dp», (5.5) 
Whence it follows that from the dispersion differential in the velocity v we can find the limiting value 
(Q7’ >> 1) of the “adiabatic” modulus K, 4 = DK/D, 


Ty HONG Don Ka etayel 2 D1 © ( 221) 
ASITIOD ID LLDYS, TAMERE DEK) MS wT a 


whereas in (5.3) we have the limiting value K,, of the “isothermal” modulus K. 
We wish to take this opportunity to thank M. A. Leontovich and I. L. Fabelinskii for their interest in 
this work and for very valuable discussion of the results. 
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ON K,, DECAY 


L. B. OKUN’ 
Submitted to JETP editor May 7, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 525-526 (August, 1957) 


The electron and 7 meson energy distributions from Ke3 decay are calculated. Measurement 
of these distributions will make it possible to establish the type of decay interaction and to de- 
termine the strong interaction form factors g( E,,) in these decays. 


te eThe investigation of Kes decays (K* ~et +4 7° and K° ~e* +14 1) is very important for the 
clarification of the character of weak electron interactions. In the general case, any matrix element for 
the Ke; decay of a K meson at rest, which does not contain products of lepton functions, is of the form 


I = {shed + &v Yertatby at igrberaykrM} (2M? Ee (1) 


Here &s,v,T are functions of the m meson energy E,, corresponding to the scalar (S), vector (V), 
and tensor (T) interactions. The dependence of g on E, cannot be calculated, since there exists no 
theory for strong interaction between the K and mt mesons. The matrix element ‘i is normalized to 
make the g(E,) functions dimensionless and constant in first-order perturbation theory with respect to 
strong interaction between the K and ma mesons. Further, M is the mass of the K meson, 
ky = E? —miz, and h=c=1. (For a detailed discussion of the form of i, see the works of Furuichi et 
al.! and Pais and Treiman.” 

2. With the aid of (1) one easily obtains an expression for the probability of emitting an electron with 
energy E, anda m meson with energy E,, namely 


W (En, Ee) dExdEe = {| gs|?((M — Ex)? — kn] +| ov |? [ke —(M— En, — 2E)?] (2) 


+ |gr|?1(M— Ex)? — RB) (M — En — 2E.)? M24 i(gsgr + gs@r) [(M — Ex)? — k2] (M — En — 2E 2] M1}(32n° M2) dE, Ey. 
In considering the electron spectrum at a fixed m meson energy, it is convenient to write (2) in the 
form 


W (e) = @s + @y [e? — (1 — ¢)?] 4- Or (1 —e)? + Ds (1 — 8). (3) 
Here the 6g y 7. gp depend only on E,, and are independent of the E,, and 


e=2E,/(M—Ex), %=kn/(M—Ex), 1—s<e<cl+g. 


Equation (3) is equivalent to Eq. (8) of Pais and Treiman.” However, the choice of the electron energy E e 
as the variable (rather than the angle between the electron and 1 meson) makes Eq. (3) clearer. It fol- 
lows from (2) that 5 v,T > 0, with the sign and magnitude of gp, being determined by the relative 
phases of gg and gry. If time (combined) parity is conserved, all the g are real.* If g7 = 0, it is 
seen from (3) that W(e«) is symmetric about ¢« = 1. Lack of such symmetry would indicate the presence 
both of the S andthe T interactions. As is also seen from (3), the presence of a maximum at « =1 

in the spectrum would indicate the presence of the V interaction, whereas a minimum would indicate 
the T interaction. If it were to turn out that the experimental data is not consistent with (3), this would 
indicate that the weak lepton interaction is nonlocal. 

3. A measurement of the electron spectrum for fixed E, that would give complete information on the 
type of interaction is, however, a difficult experimental problem. In this connection it is of interest to 
obtain expressions for the electron and 7 meson spectra W(E,)dEe and W(E,)dE,, which are ob- 
tained by integrating Eq. (2) over Eq and Ee, respectively. The integration over E, can be performed 


*We note that the function gy, in Eq. (1) differs by a factor of i from fy of Pais and Treiman.” 


Therefore their assertion that invariance under time reversal corresponds to real fg-v, 7 is incorrect. 
The author is grateful to B. L. Ioffe and I. M. Smushkevich for discussing this question. 
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only under certain assumptions as to the form of g(E,). Furuichi et al.! have performed this vies 
tion and obtained an expression for W(Eg)dEg on the assumption that g(E,) = const. Matinian has also 


obtained an expression for W(E,)dEg for the S interaction. Comparing their formulas with the experi- 


mental data, the authors! conclude that Sp - 0, 
The integration over E,, which can be performed without any assumptions as to the form of g(E,), 
gives 
W (Ex) dEx = {|g <|?(M? + ma — 2MEz) kn + | Sv]? 2ke/3 (4) 


4 | gr |2 (M2 + m= — 2ME,) k2/3M2 dE [325° M3, tt, < En <(M? + m2) /2M = En max. 


(For the S interaction, Matinian*® has previously an expression for W( E,)dE,.) From Eq, (4) it follows 
in particular, that by measuring the 7 meson spectrum near its upper limit one can establish the pres- 
ence or absence of the V interaction even without knowing the form of gs, Vv, T(Ez)- Indeed, for the S 
and T interactions, WCE, ax) = 0uin all cases, whereas for the V interaction W(E, max) = 0 only 
if gy = 0 (it is unlikely that gy(E,) vanishes at this point accidentally). 

The author is grateful to Professor I. Ia. Pomeranchuk and Academician L. D. Landau for constant in- 
terest in the work, and to Academician A. I. Alikhanov for discussing the possible experimental measure- 
ments of the Ke3 decay spectra. 


1 Furuichi, Kodama, Sugahara, Wakasa, and Yonezawa, Progr. Theor. Phys. 16, 64 (1956); 17, 89(1957). 
2 A. Pais and S. B. Treiman, Phys. Rev. 105, 5 (1957). 
3S. G. Matinian, J. Exptl. Theoret. Phys. U.S.S.R. 31, 528 (1956), Soviet Phys. JETP 4, 431 (1957). 
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THE EFFECTIVE CROSS SECTION OF THE Ben, 2n) REACTION 


S.S. VASIL’EV, V. V. KOMAROV and A. M. POPOVA 
Moscow State University 
Submitted to JETP editor March 15, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 527-528 (1957) 


Ws: have investigated the course of the cross section for the Be’(n, 2n) reaction and obtained certain 
values of the cross sections of the principally competing reactions emitting charged particles — Be’ (n, 
a) He® and Be? (n, t) Li? — under the action of neutrons from the reaction Li (d, n) with energies from 1.5 
to 19 Mev. 

To reduce the number of scattered neutrons, the irradiation of the lithium target was carried out, after 
extraction from the cyclotron, with a focused beam of 4-Mev deuterons. The beam of fast neutrons was 
carefully collimated with a system of slits. 

In the case of the Be? (n, 2n) reaction two a-particles are emitted, the tracks of which can be observed, 
in the form of two-prong stars, in photoemulsions loaded with Be’. To facilitate the observation of the 

stars formed in reactions with Be’, a specially prepared disk 
10240 (cm?) was prepared which contained Be® powder with grain size of 
fa ~ 1—2p between two emulsion layers. More than 200 stars 
from Be’ grains were found which were related to the reac- 
Len Be? (n, 2n) and the reactions Be’ (n, a) He® and Be’ (n, t) 
iit; 

Assuming a known direction for the incident neutron, and 
with the help of the laws of conservation of energy and mo- 
mentum, the energy of the primary neutron E, was calculated 
for each star. In the case of the Be®(n, 2n) reaction the total 
energy of the two emitted neutrons and the polar angle were 
calculated from the sum of the momenta relative to the direc- 
tion of the primary neutron. The competing reactions with 
emission of charged particles were identified by calculation. 
The neutron spectrum for each series of irradiations was 
determined from the proton recoil spectrum observed in the 


Effective cross section of the Be? (n, emulsion pellicles used for the study of the reactions. The 
2n) reaction: O — obtained in this work; _ values of the effective cross sections of the Be’ (n, 2n) reac- 
dashed curve — from the formula of tion and of the principally competing reactions Be’ (n, a) He® 
Sachs! for R = 4.44, a = —1.16; dash- and Be? (n, t) Li’, as a function of the energy of the neutrons, 
dot curve — from the formula of Sachs is shown on the figure. The principal errors for each cross 
for R = 1.39, a = 0.463; solid curve — section point are composed of the errors in the measurement 
from Mamasakhlisov.! The effective of the neutron beam (= 12%), errors in the determination of 
cross section of the Be’ (n, a) He® re- the amount of material in the emulsion pellicle (~ 15%), and 
action; A — our work; X — from Allen.® statistical errors. 

The effective cross section of the Be® As can be seen from the figure, the dependence of the 
(n, t) Li’ reaction; ( — our work. cross section obtained by us in the interval 4 to 10 Mev co- 


incides with the cross section dependence calculated by 
Mamasakhlisov.! Besides, the average effective cross section for incident neutrons with energies from 
2 to 11 Mev, o = 200 + 120 mb, found by us in these experiments, agrees within the limits of error with 
the results on the average effective cross section for a Ra + Be source: @ = 300 + 100 mb.?*3 
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Recently Sachs‘ has suggested a semi-empirical model, describing a direct decay into light nuclei | 
under the action of low-energy nucleons, and examined as an example the Be? (n, 2n) Be® reaction. Using j 
the value of & (see Refs. 2 and 3) for the spectrum of a Ra + Be source, he obtained a curve for the effec- 
tive cross section of the Be®(n, 2n) Be® reaction which differed sharply from Mamasakhlisov’s curve and 
from our experimental results (see figure). A set of constants, characterizing the size of the interaction, 
derived from our data would yield R = 4.44 and a = —1.16, and using these the dependence of the cross 
section would change and become similar to Mamasakhlisov’s curve. In this way, the dependence of the _ 
cross section of the Be®(n, 2n) reaction obtained experimentally agrees, within the limits of error, with 
the dependence of the cross section given by Ref. 1 and by Sachs’ formula with corrected coefficients in 
the energy interval from 4 to 10 Mev. It is not possible, on the basis of the obtained experimental results, | 
to make a choice between the assumptions made in these papers on the reaction mechanism, but it is pos- _ | 
sible that it will allow in the future the working over of the available experimental material. | 

As can be seen from the drawing, the theoretically determined dependence of the cross section from 
the quoted works differs from the experimental dependence for energies greater than 10 Mev. There is 
no reason to assume the existence of any appreciable errors for high energies. Because of this one may | 
think that for high energies another reaction mechanism begins to operate to an appreciable extent. Indeed 
the following types of reactions are possible: 


(1) Be®(n, n’) Be®* +n” + Be® (2a); (2) Be® (n, 2n) Be®(2qa); (3) Be? (n, 2n2a). 


Calculation of the excitation energy for Be® at En = 10 Mev has indicated the presence of known levels of 
this nucleus, which is evidence of the formation of Be® in the course of the Be*(n, 2n) reaction, that is of 
the prevalence of reactions (1) and (2) for this primary neutron energy. 

For energies greater than 10 Mev, the third type of reaction apparently plays a part to an appreciable 
extent: the simultaneous decay of the compound nucleus into two neutrons and two a-particles, which fol- 
lows from the comparison of the a-particle energy distribution, obtained from experiment, with the distri- 
bution computed on the principle given in the work of Ref. 5. At the same time, in the center-of-mass sys- . 
tem, an anisotropy is observed with a preferential forward emission of the neutrons and a-particles. This 
provides a basis for assuming also the existence of a direct interaction of the incident neutron with one of 
the subgroups of the Be? nucleus. 

The effective cross section, obtained by us for the Be®(n, a) He® reaction (see figure) for correspond- 
ing values of the neutron energy, agrees within the limits of error with the results obtained in other works.® 

Besides several disintegration events were found, which can be related to the Be®(n, t) Li’ reaction, 
and for which the obtained cross sections are exhibited on the same drawing. 


‘Vy. 1, Mamasakhlisov, J. Exptl. Theoret. Phys. (U.S.S.R.) 25, 36 (1953). | 

*, Funfer and W. Bothe, Z. Physik 122, 769 (1944). | 

3¥, Ajzenberg and T. Lauritsen, Revs. Mod. Phys. 27, 77 (1955). 

4M. Sachs, Phys. Rev. 103, 671 (1956). | 

5G. E. Uhlenbeck and S. Goudsmit, Pieter Zeeman Verhandelingen (Martinus Nijhoff, The Hague, 1935), | 
p. 201. 

®Allen, Burcham, and Wilkinson, Proc. Roy. Soc. (London) A192, 114 (1947). 
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MODULATION EFFECTS IN NUCLEAR MAGNETIC RESONANCE 


K. V. VLADIMIRSK II 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 18, 1957 
J. Exptl. Theoret. Phys. U.S.S.R. 33, 529-530 (August, 1957) 
Mooutation effects in nuclear magnetic resonance were experimentally observed and explained in a 


previous work by the author! in terms of the dynamics of nuclear magnetization. The existence of such 
effects has been noted also in optical and microwave spectroscopy.” In nuclear magnetic resonance, the 
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relaxation processes in the most important substances (diamagnetic liquids) take place very slowly, and 
the instantaneous values of the nuclear magnetization M are observed in the form of large changes of the 
signal waveform even for very slow variation of the external field. In order to choose the experimental 
conditions and to interpret the results, in this case, it is necessary to use the theory in the form of the 
solution of the Bloch equations’ or other more general ones. The solutions for weak rf fields and for 
low modulation! are entirely valid, but their use restricts the choice of experimental conditions. In par- 
ticular, they do not allow one to use conditions in which the greatest signal strength may be attained. 
Mathematically, this corresponds to the fact that the solutions contain small parameters in the form of 
factors. The present note attempts to show that for large relaxation times? T, and Ty, one may obtain 
strong signals in a form which is easily interpreted. 

Let us consider the Bloch equations for a sinusoidally modulated field H, = Hy + Hy cos Qt, namely 

dF /dx + [B +i (8+ xcost)]F+4M,=0, dM,/dt+aM,—7v = «My; 
t= Ot, F=o+iu, «= 1/QT,, B= 1/QT,, 8=((y|Ao—o)/Q2, q=|7) 1/2, *«=|1|Hm/Q, 

where 2H, is the amplitude and w/2m is the frequency of the rf magnetic field, and y is the gyromagnetic 
ratio of the nuclei. We shall attempt to find a solution by treating the parameters a, 8, 7, which determine 
the components of the modulation structure, as quantities of the same order of smallness.!~> We shall 
consider the quantity 6 +k a small parameter of the same order, where k is an integer. This means 
that we shall treat the neighborhood of one of the points in which the solution has a resonant character. 
We shall consider the modulation amplitude arbitrary, since from the point of view of the signal strength 
the optimum condition corresponds to® kK ~1. Let us introduce the arbitrary parameter e as a factor into 
those terms of Eq. (1) containing the small parameters. We then have 


(1) 


dF /dt+i(xcost—k)F +e[B +i(6+k)] F +eyM,=0, dM,/dt =eaM,—erqv = caMy (2) 


and wish to find a steady-state periodic solution in the form of a power series in e, that is F = Fy + €F, + 
., and M, = Mgy + «Mz sah Morne 
We obtain sets of differential equations for the coefficients in these series, the first two of each set 
being 


dF, /dv+i(xcost—k)Fy=0, dM,z)/dt=0; (3a) 
dF, /d< + i(xcost —k) F; = —[B+i(8+4)) Fo —1Mio, dMz,/dt = 740 + %(My— Mz»). (3b) 
Then setting « = 1, we obtain a solution of (1) in the form of the series F = Fy + Fy+..., and Mz, = Mz + 


+ M,;..., where the index on the term gives its order of smallness. 
It is sufficient for our purposes to find the zeroth approximation, i.e., 


Fy = Aexp {i (kt —xsin*)}, Mz = const, (4) 


where A and M,y are constants which are determined by the condition that time dependent terms are ab- 
sent. For Eqs. (3b) we have 


Jen (8 — i (8 + A)) B+ (8+ &)? 
A=—M ? M =v) * 
© B2+ (8+ 42 + (3/4) JP a? 70 8 Bat (8+ P+ (B/ a) JP a? 


Here J} is the k-th order Bessel function of the argument x. Comparison with experiment is more con- 
venient in terms of the Fourier series 

Cems ESC 

A (8+)? + (8 fa) Iza?” 


Fy =—Mo% > Jn Jt a 
ote 
The solution obtained has an extremely simple geometric meaning. The vector M precesses about the 
direction of Hz. The time variation of Mz, and the vertex angle of the cone of precession are both small, 
the fundamental effect being the variation of the phase of precession as a result of the variation of H,. 
For weak rf fields, Eq. (4) agrees with the previous solution.» The general structure of the solution hardly 
changes in the interval 1 >” 2B. Similarly as in the case of “slow transmission” the effect of saturation 
is the weakening and broadening of the signal components. The displacement of the side components to- 
wards the central one !*® is an effect of order 7 and does not occur in the zeroth approximation. The am- 
plitudes of the dispersion components (corresponding to terms containing the factor 6 + k) increase mono- 
tonically with the rf field, and the amplitudes of the absorption components attain their maximum value 
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at n= (ap)'/2/ Jj, that is when ly| Hy = (T, T,)71/? Jj,» and then decrease. The maximum valtce of the am- 
plitudes are independent of the small parameters. Thus, for instance, the maximum ap as ine cen; 
tral component of the dispersion signal (the term proportional to sin T) is 2Modj (T,/T,)'’°. It is significant « 
that the conditions for the optimum signal strength are attained within the region of applicability of Eq. (4). 
The condition that Eq. (4) be applicable corresponds to choosing a frequency high enough for the nuclear 
magnetic resonance signal to have a resolved modulation structure. 

1K. V. Vladimirskii, Dokl. Akad. Nauk S.S.S.R. 58, 1625 (1947).. _¥ 

2D. 1. Blokhintsev, Physik. Z. Sowjetunion 4, 501 (1933); M. A. Divil’kovskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 7, 650 (1937); R. Karplus, Phys. Rev. 73, 1027 (1948). 

3, Bloch, Phys. Rev. 70, 460 (1946). 

4B. A. Jacobson and R. K. Wangsness, Phys. Rev. 73, 942 (1948). 

5B. Smaller, Phys. Rev. 83, 812 (1951). 

63, H. Burgess and R. M. Brown, Rev. Sci. Instr. 23, 334 (1952). 

™kK, Halbach, Helv. Phys. Acta 27, 259 (1954). | 
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MULTIPLE PAIR PRODUCTION IN QUANTUM ELECTRODYNAMICS 


L. M. AFRIKIAN 
Physics Institute, Academy of Sciences, Armenian S.S.R. 
Submitted to JETP editor April 25, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 531-532 (August, 1957) 


Tue results of recent studies* of the production of electron-positron pairs in photographic emulsions by 
cosmic rays apparently confirm the reality of the previously observed!»? cases of production of two electron: 
positron pairs in a single act. 

It has been pointed out repeatedly that effects of multiple pair production can be used as a criterion for 
the applicability of the present quantum theory of electromagnetic interactions, just in the range of phe- 
nomena in which the correspondence principle can no longer be used. Since up to this time there have not 
been in the literature any statements on the theory of multiple production of electron-positron pairs, it 
seemed worth while to make an estimate of the values of the effective cross-sections in question. In the 
present note we present approximate expressions for the effective cross-sections for production of two 
electron-positron pairs in the collision of an electron with an atomic nucleus and in the collision of a 
photon with a nucleus. These processes correspond to the 5th and 6th approximations of the perturbation 
theory in quantum electrodynamics, so that the direct computation of the values of these cross-sections 
involves extremely great labor. 

The estimates of the cross-sections given below were obtained by the use of a considerably simpler 
method, the usefulness of which in the high-energy region that concerns us here was considered in a paper 
by Oppenheimer.’ The effective cross-section for the production of two pairs in an electron-nucleus col- 
lision, e~ + Z +2(e~ + e+) + e~ + Z, can thus be expressed in terms of the effective cross-section for the 
emission of two Bremsstrahlung y-ray quanta of frequencies w’, w” (w’, w” > m) and the asymptotic 
values of the pair-conversion coefficients for y-ray quanta, B (w). 

Using the formula of Gupta‘ for the Bremsstrahlung radiation of two y-ray quanta 
28 
Bee r 


do” 


a? 
q@ 


2 do’ 
dso = RIE ne 
@ 


where a = 1/137 and Xp = e2/ m, we have for the total cross-section for the process of formation of two 


*I express my gratitude to V. A. Tumanian, who communicated to me the results obtained by a group 
in the laboratory of I. I. Gurevich. 
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pairs by an electron hitting a nucleus 


eae = \ do (a', 0") B(o')B("), Blo) ~XIn&, | (1) 
Apart from an undetermined numerical coefficient of the order of unity, we get finally for the total 
cross-section for the effect of production of two electron-positron pairs by an electron hitting a nucleus 
in the extreme relativistic approximation (with logarithmic accuracy): 


8, = (r2Z2a4/n8) Int (E,/m). (2) 


(Here and in what follows Ey is the energy of the initial particle, electron or photon.) We note that in prin- 
ciple the formula (2) could be obtained in the framework of the Weitzsacker-Williams method®»® by using 
the effective cross-section for the production of two electron-poitron pairs by a y-ray quantum in the 


field of the nucleus: y + Z ~2(e- + e+) + Z. Therefore for the effective cross-section for the formation 
of two pairs by a photon hitting the nucleus we must have 


05, (r2Z2a3/n2) In? (Ey/m). (3) 
Comparing Eq. (2) with the Landau-Lifshitz formula’ for the production of one pair by an electron hitting 


a nucleus 
0, = (722?a?/z) In* (E/m)3, 


and also comparing Eq. (3) with the Bethe-Heitler formula® for the production of one pair by a photon 
colliding with a nucleus 


= r?Z°a\n (Eo/m), 


we come to the conclusion that the expansion parameter in terms of the n of pairs produced is 


© = On4y/On <S (a/x)? In (Eo/m). 

The formulas given here, Eqs. (2), (3), do not include the effect of screening of the nuclear field by the 
atomic electrons. As is well known, this latter effect to a considerable degree hinders the increase of the 
cross-sections in the high-energy region. Therefore it is not excluded that effects of greater interest 
might be those of production of pairs in collisions with electrons, the effective cross-sections for which 
can be obtained from Eqs. (2) and (8) by simply replacing Z* by unity. It must be remarked, however, that 
according to Ref. 4 the effect of screening on the effects considered above is relatively small. 


13. E. Hooper and D. T. King, Phil. Mag. 41, 1194 (1950). 

2 Hooper, King, and Morris, Phil. Mag. 42, 304 (1951). 

33. R. Oppenheimer, Phys. Rev. 47, 146 (1935). 

45.N. Gupta, Phys. Rev. 99, 1015 (1955). 

5C, F. Weizsacker, Z. Physik 88, 612 (1934). 

8k. J. Williams, Dansk. Mat.-Fys. Medd. 13 No. 4 (1935). 

TL. D. Landau and E. M. Lifshitz, Phys. Z. Sow. Union 6, 244 (1934). 
8H. Bethe and W. Heitler, Proc. Roy. Soc. A146, 83 (1934). 
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RADIATION INSTABILITY IN NUCLEAR MAGNETIC RESONANCE EXPERIMENTS 


K. V. VLADIMIRSK II 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor May 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 532-534 (August, 1957) 


In experiments on nuclear magnetic resonance, the substance being investigated is placed in an rf coil 
which is part of a resonant circuit. Analysis of the oscillating system comprising the specimen with pre- 
cessing nuclear magnitization and the resonant circuit shows that in certain cases one cannot neglect the 
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change caused in the rf magnetic field within the winding by the coupling of the specimen to the clredits 
It has been shown!=? that this change in the field leads to increased damping of the free precession of the 
nuclear magnetization and to broadening of the signals observed under steady-state conditions. 

The present note considers the stability of the system consisting of the specimen and the Heine 
circuit. The properties of the sample are characterized by the macroscopic Bloch equations.” It is as- 
sumed that the radiofrequency field acting on the sample is due only to the emf induced in the circuit by 
the sample, i.e., that the circuit is not connected to an external signal generator. The circuit is tuned 
close to the free-precession frequency of the nuclear moments, and the transmission band of the circuit™ 
is assumed large compared with the width of the nuclear magnetic resonance line. Under these assump- 
tions we have 

My, — (HopMy + Mx/T, = 0, My + YHoMi — THM + M,/T2 = 0, 
Mz + yHxMy + M,/T, = M/T1, He = — (400Q/! 4 | Ho) Me. (1) 


Here 7 is a space factor almost equal to unity when the coil is completely filled by the substance being 
investigated, and Q is the figure of merit of the circuit. 
Let us assume that at time t = 0, we have M, = My = H, = 0, and M, # My. Then one has the obvious 
solution 
M;, = M,=H,=0, Ma = My + Aexp (— #/7)), (2) 


where A is a constant. To test for stability, let us consider the set of equations for small deviations 
trom’ (2), i4e., 


M,— H)My + AL JIE oy == 0), My +H oMz — (HiMze + My/T ze =, M;+ Mit 0, Ay = — (429Q/|¥| Ho) My, (3) 


where M; = Mz - Mz. In Equation (3) terms of higher order have been dropped. The time dependence 
of Mx is given by 
Mz + (4eMao|1|1Q +2/T2) Me + (PHO +T,°)M, = 0. (4) 


It can be shown by separating out the oscillating factor in the solution of this equation, that small devi- 
ations from Mx = My = Hx = 0 increase exponentially if 


— 2nMzo|1~|7Q > 1/Ts. (5) 


Contrary to the statements of Bloembergen and Pound,” the state in which the nuclear magnetization is 
oriented against the field is not nonradiative when condition (5) is fulfilled. Instead of a purely relaxational 
change in M,, self-excitation will occur with the nuclear magnetization approaching its equilibrium value 
more rapidly and part of the magnetic energy being converted into the energy of high-frequency vibrations. 
Numerical calculations similar to those performed by Bloembergen and Pound? show that condition (5) for 
self-excitation can be fulfilled, for instance, in experiments with water at attainable values of H,. 

The process of self-excitation when 27|M||y|nQ > 1/T, is described by the equation 


d§ /dt = —2x|M||_!nQsind, %=arccos(M,/|M)). 


The solution tan (8/2) = exp (-27 | M||y| Qt) of this equation has been used to describe radiation damping. 
When t < 0 this same solution can be used to study the process of self-excitation which is accompanied by 
the appearance of an inductive signal proportional to sech (27 | M||y| 7 Qt) in the circuit. 

The system comprising the sample and the resonant circuit can be used, in the self-excitation state 
and close to it, as a nuclear magnetic signal generator and amplifier. Fluctuations of the nuclear magne- 
tization are low, so that one could expect to obtain noise factors close to unity in this way. Continuously 
variable apparatus of this type could be designed with continuously replaceable operating substances. 


1G. Suryan, Current Sci. (India) 18, 203 (1949), 

2N, Bloembergen and R. V. Pound, Phys. Rev. 95, 8 (1954). 
> Bruce, Norberg, and Pake, Phys. Rev. 104, 419 (1956). 
4¥, Bloch, Phys. Rev. 70, 460 (1946). 
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ELECTRON CAPTURE CROSS SECTION 


V.S. NIKOLAEV 
Moscow State University 
Submitted to JETP editor May 7, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 534-535 (August, 1957) 


As has been shown by experiment,” Gluckstern’s! calculations of the electron capture cross section 03 
for singly charged ions of light elements give values which are too high and which decrease too slowly 

as the ion velocity v is increased. The calculated values are proportional to v °-5, whereas the experi- 
mental values for nitrogen ions in nitrogen and argon are proportional to v~>. The calculations are based 
on classical concepts, which are applicable only when k = Ziv) /v >> 1, where i is the charge of the ion, 
and vy = e*/h. 

For i~3 and v/v) lying between 3 and 6, when k is close to unity the method used by Gluckstern be- 
comes inapplicable. In this case o3 can be calculated by the statistical method used by Bohr? in evaluating 
the electron capture cross section for fast a particles. The cross section is given in the form of the 
product o,fn, where o, is the cross section for the collision process between the ion and electron, in 
which the electron gains an energy of order mv*/2 (here m is the electron mass), f is the electron cap- 
ture probability after such a collision, and n is the number of electrons per atom of the substance which 
participate effectively in the capture. For ions which have a large part of their electron shells, 0; is ex- 
pressed by the same formula, namely o, ~ 4mi%et/ (mv?)?, as for a@ particles only in the case in which the 
collision diameter b = 2ie?/mv’ is large enough for the internal structure of the ion to have no effect in 
its collision with the electron. If b is less than the dimensions of the ion, then o, will be greater due to 
the increased effective charge. Calculation shows that for that fraction of the ions for which i lies be- 
tween 0.3 Z and 0.6 Z (here Z is the nuclear charge of the ion) and whose velocities lie between 1.5ivg/ zis 
and 2Z?/%y), the cross section is given by 


-7 — 
a, ~ AnaziZ v3 / V 20: 


where ay = h?/me”. The maximum binding energy of an electron after capture is given by the ionization 
potential I of the ion with charge i—1. For v >u = (2I/ m)! / 2 the capture probability f is of the order 
of (u/v)>. When ions pass through heavy gases, n~ Za 3¥/v), where Z, is the nuclear charge of the atoms 
in the medium. For ions passing through hydrogen at a velocity not much greater than vg, we have n~1. 
For nitrogen ions whose charge lies between 2 and 4, for which We 0.8i2vé, the electron capture cross 
section in argon and nitrogen in the velocity range between 2vo and 5vy is given by the formula 


Ss = Anari®Z,* (v9/v)*, 


where q is a quantity of order unity which takes account of the approximate nature of the calculation. 
For nitrogen ions passing through hydrogen, 


c = q-4nati® (v,/v)°. 


The dependence of 0; on v,i, and Z, obtained here is in agreement with the experimental data.” 

The absolute values of the calculated cross sections lie closest to the experimental ones with q = 2/3 
At lower velocities one should expect the v dependence of 03 to be weaker. For v <u and v < vpi/Z1/8, 
when f~ 1 and 0; ~ 4,a%i2(v9/v)4, the cross section 03 in heavy gases should be proportional to vas 
The expression for 03 in this case agrees with the formula of Bohr and Lindhard‘ up to a constant factor. 


At high velocities this formula gives values of 03 close to those obtained by Gluckstern. 


1R. L. Gluckstern, Phys. Rev. 98, 1817 (1955). 

2 Nikolaev, Fateeva, Dmitriev, and Teplova, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 306 (1957); Soviet 
Phys. JETP 6, 239 (1958). 

3N. Bohr, Passage of Atomic Particles through Matter, (IIL, 1950). [Probably a translation of Kgl. 
Danske Videnskab. Selskab. Mat-fysk. Medd. 18, 8 (1948). 

4N. Bohr, J. Lindgard, Kgl. Danske Videnskab. Selskab. Mat-fysk. Medd. 28, 7 (1954). 
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ABSORPTION OF SECOND SOUND IN ROTATING HELIUM II 


E. M. LIFSHITZ and L. P. PITAEVSKII 
Institute for Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor May 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 535-537 (August, 1957) es 


In a very interesting work Hall and Vinen!»? have carried out an experimental investigation of the ab- 
sorption of second-sound oscillations in rotating helium II, and have also given a qualitative theory for 
this effect, based on the ideas of Onsager and Feynman concerning the excitation of vortices in helium II 
when it is rotated.* 

A calculation of the “mutual friction” force between the superfluid and normal-fluid components re- 
quires first of all an investigation of the interaction of the elementary excitations (rotons, at tempera- 
tures which are not excessively low) with the vortex filaments. Besides this it is necessary to take 
account of hydrodynamic effects not connected with specific properties of the elementary excitations | 
(entrainment of the normal fluid by a vortex filament, and motion of a vortex relative to the superfluid). 
While Hall and Vinen’s investigation of the latter does not give rise to any doubts at the moment, their 
calculation of the scattering of rotons by vortices does not seem to be correct. Their calculation was 
carried out in the Born approximation, whereas for the process in question the conditions are actually 
closer to the opposite limiting case — the quasiclassical approximation. In view of this we are inclined 
to regard the satisfactory qualitative agreement with experiment which Hall and Vinen obtained as to a 
certain extent fortuitous (it should also be noted that an undetermined empirical constant figured in their 
calculation). 

We have computed the scattering of rotons by vortices in the quasi- 
classical approximation. The following result is obtained for the force 
acting per unit length of filament: 


P= D(¥g—V,) PD lo, Vp V,)/ 0, Di 1:2ko, ert | py, Doo 


(where the symbols have the same meaning as in Refs. 1 and 2). The 
circulation about the vortex is taken to be kK = 2af/m; other (multiple) 
values seem unlikely from a theoretical point of view. In comparison 
with (1), Hall and Vinen’s value of D is about 10/T times larger, and 
their D’ = 0 by virtue of the properties of the Born approximation. 

Using (1) and taking account of the above-mentioned hydrodynamic 
effects, as did Hall and Vinen,? we calculate the total mutual friction force Fon as a function of vg — vy, 
and obtain for their coefficients B and B’ [Eq. (11) of Ref. 2]. 


aaa ae GG ! Ds D4)} (ie Ba Bal ! Gaal (2), | 
F 4 cr Ds De / ( = a OB) (3) | 


[for D’ = 0 these expressions reduce to Eqs. (12) and (13) of Ref. 2]. 

Understandably we can make a comparison with experimental data only for a temperature region in 
which it is possible to speak of a “gas” of rotons, and their mean free path is small compared with the 
distances between vortex lines. Values of B calculated from Eqs. (1) and (2) are shown in the figure 
(dotted line); we see that at the higher temperatures they agree well with Hall and Vinen’s measure- 
ments, but at 1.3°K they are already much too small. 


=e, 
1D 12 LY 18 “*K 


*We take advantage of the opportunity to observe that the “laminar” model of rotating helium II in- 
vestigated in Ref. 3 is thermodynamically less favorable than the “vortex” model, and therefore it ought 
to be discarded. 


tA calculation shows that the contribution of the phonons to the friction force becomes important only 
at temperatures on the order of 0.5°K, 
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This circumstance apparently points to a more complicated character for the interaction of rotons with 
vortices which cannot be reduced to simple scattering (in a P+ vg field). Apparently, for rotons passing by 
a vortex at small distances from its axis, processes having the character of “strong interactions” take 
place, which bring about a momentum transfer of the order of the total momentum of the roton. Several 
processes can take part in the creation of this interaction, such as the transition of a roton to a “bound” 
state and subsequently its emission back to a free state (for p> Vg <0 the field in which the roton finds 
itself looks like a field of attraction, and a finite motion in it is possible with an energy e¢ < 0; a roton can 
go over into such an orbit with the simultaneous excitation of vortex oscillations, and can leave by absorb- 
ing the energy of these oscillations.* The “eroding” of a vortex due to its natural oscillations can also 
play an important role. An investigation of all these effects, however, is very involved, and to a certain 
extent becomes indeterminate because all of the characteristic lengths turn out to be comparable with 
atomic distances. 

It is natural to try to describe this interaction phenomenologically by introducing a temperature -inde- 
pendent effective vortex diameter (“width”) a, corresponding to the transfer of the total momentum of a 
roton to a vortex. The result is the addition of a term 0.7ap,VkT/y in D. This process makes no contri- 
bution to D’; on the contrary one has to introduce a factor g(a) <1 in D’ to account for the corresponding 
“cut-off” of the integral over the range of distances in the calculation of this quantity. Satisfactory agree- 
ment with Hall and Vinen’s measurements (shown by circles in the figure) is obtained for a = 10 A (with 
g(a) =0.6).f This value is somewhat larger than one would naturally expect. It should be emphasized, 
however, that it is extremely sensitive to the choice of the experimental values of B. In connection with 
this situation it would seem to be very desirable to carry out further measurements, particularly at 
lower temperatures. 

Values of B’ calculated from Eq. (3) (for the indicated value of a) are also shown in the figure; it 
should be pointed out that they are very sensitive with repect to the value of the factor g(a). It would 
also be desirable to obtain experimental data for this quantity (there are none at present). 

We express our thanks to Academician L. D. Landau for a discussion of the problems under investigation. 


1H, E. Hall and W. F. Vinen, Proc. Roy. Soc. 238A, 204 (1956) 
2H. E. Hall and W. F. Vinen, Proc. Roy. Soc. 238A, 215 (1956) 
31, D. Landau and E. M. Lifshitz, Dokl. Akad. Nauk $.S.S.R. 100, 669 (1955) 
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ON THE CONSERVATION OF COMBINED PARITY t 


V. G. SOLOV’ EV 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 17, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 537-538 (August, 1957) 


Ir has been shown by experiments of Wu and others that in the weak interactions (of the type of B-decay) 
the parity I is not conserved. It has also been shown that in the weak interactions there are two possibili- 
ties: either I, C, and T are separately not conserved, and only their product is conserved, or there is 


*It can be shown that this process ought not to lead to the appearance of a large longitudinal friction 
force (along w). The point is that the longitudinal component of the momentum lost by the roton is trans- 
errred to quanta of oscillations of the vortex filaments, belonging to the normal fluid, and consequently 
transfers of momentum from the normal fluid to the superfluid do not take place. 


+The value of this factor depends essentially on the method of “cut-off,” that is, on the location of 
the segment a relative to the axis of the vortex. Ths value of y given above corresponds to placing this 
segment off to one side of the axis, where the attaction of a roton takes place. 


t Presented at the Seminar of the Laboratory of Theoretical Physics of the Joint Institute for Nuclear 
Research, April 20, 1957. 
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conservation of the combined parity IC introduced by Landau! and of T. On the other hand, it is believed 
that in strong and electromagnetic interactions I, C, and T are separately conserved. | 
We propose and examine the following hypothesis: In the construction of the Lagrangians of Be strong, 
electromagnetic, and weak interactions of elementary particles it is necessary to require invariance with | 
respect to IC and T, i.e., the conservation of only the combined parity. In some cases the conservation 
of the combined parity leads to the conservation of spatial parity; in other cases spatial parity is not con- | 
served, The Lagrangian of an interaction invariant with respect to the operation IC can be written in the | 
form of two terms, L = L, + Lo, where Ly is invariant with respect to spatial reflection and Ly is respon- 
sible for nonconservation of the parity I. 
We confine ourselves to the consideration of the strong and electromagnetic interactions, regarding 
the connection between spin and statistics as already established. The renormalized and gauge invariant 
Lagrangian of the interaction of the nucleon field with the electromagnetic field and with fields of particles 
of spin zero, invariant with respect to the operation IC, has the following form 


L(x) = ed rtp) pAp = 21 (YpisbnP" a Pris? pO") +82P pts p®° oe 220 ntsPnP° 


+ igs (vpbn® a bn? p®’) + &4 (Pp2ae a2 nro") - 2530p po? ae 250 nn? + ig (Dp'ts0ne re Un'tsYp?")- (1) 


Here there are also two kinds of bosons, transforming under the operation C in the following way: 


oP! (x) = 9 (—X, %), 9! (%) = 9"(—%, %), B(x) = — O° (—x, %), ©’ (x) = — O(—X, %). (2) 


Besides the vertex coefficients e, gy, 23, 29, 4, Bs g¥ which exist in the case in which I and C are sep- 
arately conserved, in our case there have appeared the additional coefficients g3 and gg. We note that all 
the coupling constants e, g;,..., gg are real, and the matrices y are those of Feynman’s convention. 

In the case of quantum electrodynamics, because of the condition of gauge invariance, the requirement - 
of invariance with respect to the operation IC leads automatically, without the neglect of any terms of 
the interaction Lagrangian, to invariance with respect to I and C separately, i.e., to the conservation 
of spatial parity. In the case of meson theory, however, there appear terms leading to nonconservation 
of I, which gives the possibility in principle of an experimental check of our proposed hypothesis. 

Thus while Lee and Yang? regard processes in which parity is not conserved as an exception to a gen- 
eral rule, caused by the participation of two-component neutrinos in such processes, we start from a gen- 
eral law of the conservation of the combined parity, and in the special case of the electromagnetic inter- 
action there is at the same time conservation of the spatial parity. 

Let us look into the question of experimental checks of our hypothesis. As was shown by Landau,! in 
the case of conservation of the combined parity particles cannot have dipole moments. It is shown above 
that in the case of electrodynamics the requirement of invariance with respect to IC automatically leads 
to conservation of I and C separately. Therefore the experimental data from the field of atomic spec- 
troscopy cannot contradict our hypothesis. Thus of the experiments considered by Lee and Yang,? which 
point to the conservation of spatial parity in the strong interactions, there remain nuclear spectroscopy 
and experiments to measure in double scattering an asymmetry with respect to the plane of the first 
scattering when protons interact with nuclei of spin zero. The transition amplitude for such a process 
contains a term that violates the conservation of spatial parity, which leads to the appearance in the 
second scattering of an up-down asymmetry with respect to the plane of the first scattering. The con- ; 
tribution of the terms responsible for the violation of parity is small; Chamberlain and others? have | 
shown that this asymmetry is not larger than 1%. Therefore it is necessary to carry out more precise 
experiments to measure the above-mentioned asymmetry to test the hypothesis here proposed. 


'L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 405 and 407 (1957), Soviet Phys. JETP 5, 336 
and 337 (1957) . 


?T, D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 
°T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
4 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. Rev. 98, 1430 (1954), 
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MESON PRODUCTION IN COLLISIONS OF HIGH-ENERGY NUCLEONS 


E. G. BUBELEV 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 17, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 539-540 (August, 1957) 


Ir was shown in the report of D. I. Blokhintsev! at the CERN symposium that at energies of several Bev 
it is possible to distinguish between central and periphery collisions of nucleons and to evaluate the latter 
by the Weizsacker-Williams method (see Ref. 2). In this note a more detailed consideration of the peri- 
phery collisions of nucleons is given, making more precise the results of Blokhintsev. 

Firstly, terms from mesons of different charges are calculated. It follows from the hypothesis of charge 
independence that virtual 1* and 7°-mesons are in the nucleon cloud with relative probabilities of 7/4 and Yi A 
Therefore the energy carried by the 7’-meson cloud of a fast nucleon is 

Eo = \bdb | o1V.0(6, x OP _ at, 
where r is the radius of the nucleon core,' and the integrand is the current density of the energy of the 
meson field of the nucleon, moving with velocity v along the x-axis, at a point on the plane x = 0. 


aye ye exp[— RAV + ¥? (x — of)] 
0 (by x,t) = FE (i) (6V) Vea oe 
is the function of the meson field of the fast nucleon in a non-relativistic approximation for the nucleon; 
m and M are the masses of the 7-meson and nucleon, 


Ri kine, 7 — (= 62) Behe i0/c 


Expanding Vyg(b,x,t) at x =0 in a Fourier integral,” we obtain 


foo) 
m 


tay = E =, 2° \ OO NER 
0 
where 


Q°(r, 2) = 4X (2uKo(u) Ky (u) + PKS (W) —Kiw}, u=(z) V1 of (= z) 


is treated as a spectrum of virtual n°-mesons accompanying the fast nucleon. Here Ky(u), K,(u) are the 
modified Bessel functions, z = e/BE, where E is the total energy of the nucleon and ¢ is the energy of the 
virtual m-meson.* The spectra of mq*-mesons accompanying the proton and neutron, respectively, are equal 
to Qt =Q7 = 2Q°. 

The effective cross sections for production of mesons and the relative energy losses of the fast nucleon 
in the interaction of its cloud with the core of the stationary nucleon [(7,K)-interaction] are equal, 
respectively, to? 


2max 


a=; L=g \ (6% BEz) Q*(r,2) + BEz) V(r, 2] dz, 


2max 

\ [o* (BEz) Q* (r, 2) + 0° (BEz) Q°(r, z)] 2 dz, 
: 0 
where o*>~»9(e) with different indices are the total cross sections for scattering of the corresponding 
m-meson by the nucleon (proton or neutron) where, corresponding to the hypothesis of charge independence, 
ole) y, [ot(e) +o (e)] and ot(e) and o (ce) are taken from experiment.’ The use of ie exper 
tal cross section for OnK (€ ) is possible only if the (7,7) - interaction of the nucleon clouds with each 


2 
Ss AE I . Ils — 


ee ale 


= af} 2 2 
* The cut-off of the meson spectrum Zmax =€max /BE, where €max 5 E — Vv (E + Mc*)(Mc*/2) 
corresponds to the loss by the fast nucleon losing all its kinetic energy in the center-of-mass system 
of the colliding nucleons. 


/ 2 Y 6 &@ Wi Bev 


Relative energy losses 6 and 
effective cross sections for 
meson production in the peri- 
phery collisions of nucleons: 
Opp — proton with proton; 

Opp — neutron with proton. Ex- 
perimental points are taken 
from Ref. 6. 


ons (with impact parameter (b = r)édxKK © mr? = 5.6 x 107'cm? constitutes about 20% of the total cross 
section for inelastic collisions, which coincides with the experimental estimate of Smorodin and others. 
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other! is assumed small which, it appears, is valid for nucleons of 
energy E < 10 Bev, since the interaction cross section of such nu- 
cleons ony & 30 X 107% cm? < (OR)?. 

Secondly, the interaction of the core of the fast nucleon with the 
cloud of the stationary one® by (K,7)— interaction was take into ac- 
count. In the rest system of the fast nucleon this interaction occurs as 
(m,K)— interaction with cross section 0;. Here the relative energy 
losses of the fast nucleon, expressed in the laboratory system, are 
made up of the losses 63 * y(1 —B ) 6, ~6,/2y in the production of 
m-mesons and Ng 53/2 (1 — 6,) in nucleon recoil. 

Since the meson field functions employed correspond to the ex- 
change of one m-meson by the interacting nucleons, the cross sections 
for production of s-mesons in both processes are added together, and 
the relative energy losses are averaged 


5 = (81/2) [1 + 1/21(1—4y)]. 


The best agreement with experiment is obtained for a radius of the 
nuclear core r =h/mge ~2h/Mc and a coupling constant g? = 15 
(see figure). Here the cross section for central collision of the nucle- 


of = ore 


5 


The relative energy losses of the fast nucleon in the periphery collisions also agrees with experiment.° 
It is essential that they are completely independent of the magnitude of the coupling constant. 
In conclusion I should like to express deep gratitude to Prof. D. I. Blokhintsev for valuable advice and 


interest in this work. 


'D, I. Blokhintsev, CERN Symposium, Geneva (1956). 

2W. Heitler and H. W. Peng, Proc. Roy. Irish Acad. 49A, 101 (1943). 

3W. Heitler, Proc. Roy. Irish Acad. 50A, 155 (1945). 

4S. 1. Lindenbaum and L.C.L. Yuan, Phys. Rev. 100, 306 (1955); Cool, Piccioni, and Clark, Phys. Rev. 


103, 1082 (1956). 


5Iu. A. Smorodin et al., Report at Third All-Soviet Conference on Cosmic Rays (1954). 
6 Proceedings of the Sixth Rochester Conference (1956); M. M. Dubrovin, Diploma Thesis, Moscow 


State University (1955). 
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REMARKS ON ELASTIC SCATTERING OF RELATIVISTIC PARTICLES IN MATTER IN 


THE STEADY STATE 


N, A. CHERNIKOV 


Joint Institute for Nuclear Research 


Submitted to JETP editor May 17, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 541-542 (August, 1957) 


Ler us consider a steady stream of some type a@ of positive-rest mass particles scattering in a sub- 
stance by means only of elastic collisions. These particles are unstable and can be absorbed by the sub- 
stance. Ordinarily the velocities of the particles comprising the substance are much less than those of 
the particles of type a. Let us therefore assume that the particles of matter are at rest. Under these 
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pone ONE in the rest system of the matter, the kinetic equation of motion of the particle flux in the sub- 
stance’ can be written in a form which is identical to the nonrelativistic kinetic equation, namely 

yVE + (0/dv) (qX¥) + VP /L = \ E"v" 'S) erfi (¥", v) 8 (cos 0) —p:) dv’ +9; t= P(r, v’), v= (2E/p?) p, (1) 
where E is the kinetic energy, and p is the momentum of the particles of type a. During the intervals 
between collisions, the motion of the particles of type a is given by the equations 


dx st dy .= dz cad dy; as dv» Pax dv3 ie dt . 
a “mm (t,v) q2(r,¥) ng(r,v) 1 —v?/4c? ’ (2) 


V1 Vo sake V3 


where T is the proper time for this particle, and c is the velocity of light. For Eq. (1), only the first 
five of Eqs. (2) are relevant. 


In any region D of the variables r and pv, the number of particles of type ais 


\ V(r, v)(1 + v2/4c%) drdy, (3) 


D 


while the number of such particles created in this region per unit time is 


\ q(r, v) drdy: (4) 
D 


where p; =p; (r) is the density of particles of type i in the substance, 
I/L = m/pT> + d\ei31(»); 


0; (v) is the total interaction cross section between particles of type a and those of type i, 1/To is the 
probability for spontaneous decay of the particles of type a per unit proper time, 6) is the angle between 
v* and p, 


m+ mM; y m — Mm; y* 


vi oe peer 2m y? (5) 


and m, is the rest mass of a particle of type i. The function h;(v*,v) is related to the differential scat- 
tering cross section of particles of type a with energy E* by a particle of type i at rest in the following 
way: 

ds; = h;(v", v) 8 (cos 99 — p.;) dv dv dy. (6) 


For instance, isotropic scattering in the center-of-mass system corresponds to 


‘ S,,(v*) (m+ m,)* — (v*?/4c) (m — m;)?_ 4 — y*2/4c2 
hi (v", ¥) = ve mm,vv*? * [t — v2/402] ” ah 


where 0,; is the scattering cross section for particles of type a by those of type i. The integral in Eq. (1) 
is taken over the region v* < 2c. 

Equation (1) has been considered in detail elsewhere?’ in treating the scattering by matter of a stream 
of nonrelativistic particles with n =0 and the scattering being isotropic in the center-of-mass system. 


Ty, A. Chernikov, Dokl. Akad. Nauk SSSR 114, 530 (1957), Soviet Phys. “Doklady” 2, 248 (1957). 
2A,I. Akhiezer, I. Ia. Pomeranchuk, Hexoropsie sonpocri teopuu agpa (Certain Problems in Nuclear 
Theory) M.-L., 1950. 
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PROTON COMPONENT OF COSMIC RADIATION AT SEA LEVEL 


A. G. MESHKOVSKII and L. I. SOKOLOV 
Submitted to JETP editor May 21, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 542-544 (August, 1957) 


Many studies!~!3 have been carried out on the proton component of cosmic rays at sea level for mo- ~ 
menta greater than 0.5 — 0.6 Bev/c. The proton component of the soft radiation has been investigated at 
sea level only by Filthuth,!4 who considered momenta in the interval 0.2 —0.9 Bev/c. For momenta 
greater than 0.6 Bev/c, his results differ from those of many other authors by factors of 1.5 —2. As has 
been pointed out by Ogilvie, this indicates a systematic error in Filthuth’s measurements. One can sup- 
pose, furthermore, that his results are not reliable in the low momentum range which has not been inves- 
tigated by others. 

Up to the present time, the lack of adequate and reliable data on the soft proton component of cosmic 
rays at sea level has been the main obstacle to finding the position of the maximum in the spectrum, and 
to obtaining the total intensity of the vertical proton current at sea level. The purpose of the work now 
being reported is to fill in this gap. 

The experimental method has been described in detail previously.'* The measurements lasted 2458 
hours. The absolute value of the vertical proton cur- 
rent was measured relative to those particles of the 


Momentum interval 0.88—0.44 


0.44—0.48 | 0.48—0.55 


| 0.31—0.38 


Bev/c hard component which had ranges greater than 15cm. 
; Pb. The current of the latter was taken to be 0.785 
ee 11.541.6 /14.541.8/17.841.618.4+1.5 x 10-2em™* sec"! sterad“!, in accordance with the 


[cm*? sec sterad™ 


(Mev/c)" x107] 12 


value adopted earlier. 

The results of our measurements in various pro- 
ton momentum ranges from 0.31 to 0.55 Bev/c are 
shown in the table to the left. These results are 
plotted in the figure, together with the results ob- 
tained previously for momenta from 0.5 to 1.04 
Bev/c. It is clear that neighboring points from the 
present and from the previous sets of data fit together 
well. The dotted curve is (1.0 x 1077) p28 , and rep- 
resents the results of other authors*?® in the momen- 
tum region p > 1 Bev/c, which we have not investi- 
gated. The figure shows that near 0.9 Bev/c, our data 
agree well with this curve. 

For momenta between 0.3 and 0.6 Bev/c, Filthuth’s 
data'4 are 1.5 —2 times smaller than ours. As men- 
tioned above, a similar discrepancy between Filthuth’s 
data and the data of other authors exists for larger 
momenta, Our measurements thus support the sup- 
position that there is a systematic error in Filthuth’s 
measurements. 

Integrating our spectrum between 0.37 and 1.04 Bev/c, we find that the total intensity of the vertical 
proton current at sea level in this momentum interval is I, = (1.12 + 0.03) x 10-4cm~* sec™! sterad~}, 
We had used the same method and apparatus earlier" to investigate the proton spectrum on Alagez moun- 
tain 3250m. above sea level. The intensity of the proton component in the same momentum interval was 
then I, = (12.15 + 0.30) x 1074cm™ sec™! sterad~!, From the ratio of the two, Ip/I, = (10.84 + 0.40), we 
can calculate the mean absorption length, which had previously been obtained by various workers using 
different methods, We obtain L = (143.5 + 6.1) g/cm?, which agrees well with the value L = (140 + 10) 
g/cm? obtained by Mylroi and Wilson,’ who measured the intensity of the proton component at three 
heights. 

In order to find the total vertical proton current at sea level, we extrapolate the curve shown in the 
figure to the origin, and use the results of other authors*>* for momenta greater than 1 Bev/c. We then 


ae 
portant 


S 


Intensity 


yd 


QZ O4 ob DB ) {2 BeV/c 


Momentum 
Proton spectrum at sea level. A — from 
Ref, 12; - - - from Refs. 4 and 13; @ — 
data from the present measurements. 
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find that the total intensity is I = (1.88 + 0.05) x 10-¢cm™~* sec! sterad7!, which is 2.4% of the number of 
particles which will penetrate 15 cm Pb. 

The maximum of the proton spectrum at sea level is at 0.5 —0.6 Bev/c. The maximum in the proton 
spectrum at 3250 m. above sea level is at about the same place.® The shapes of the two spectra are the 
same within experimental error, which is to be expected since for the momenta considered both are the 
spectra of secondary particles. The shape of the spectrum and the position of the maximum agree well 
with the theoretical spectrum for secondary protons as computed by Rossi." 


1Merkle, Goldwasser, and Brode, Phys. Rev. 79, 926 (1950). 

* A, I, Alikhanov and G. P. Eliseev, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 1009 (1951). 

3, L. Goldwasser and T. C. Merkle, Phys. Rev. 83, 43 (1951). 

4M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) A64, 404 (1951). 

5c. M. York, Proc. Phys. Soc. (London) A65, 558 (1952); Phys. Rev. 85, 998 (1952). 

8 Ww, L, Whittemore and R. P. Shutt, Phys. Rev. 86, 940 (1952). 

TA, I, Alikhanov and G. P. Eliseev, J. Exptl. Theoret. Phys. (U.S.S.R.) 25, 368 (1953). 

8A, Z. Rosen, Phys. Rev. 93, 211 (1954). 

9J., Ballam and P, G. Lichtenstein, Phys. Rev. 93, 851 (1954). 

10K, W. Ogilvie, Canad. J. Phys. 33, 746 (1955). 

‘1 Liubimov, Eliseev, and Kosmachevskii, Izv. Akad. Nauk SSSR, Ser. Fiz. 19, 720 (1955). 

12.4. G. Meshkovskii and L. I. Sokolov, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 840 (1956); Soviet Phys. 
JETP 3, 683. (1956). 

31, I, Potapov and N. V. Shostakovich, Dokl. Adad. Nauk SSSR 106, 641 (1956); Soviet Phys. “Doklady” 
1, 85 (1956). 

444, Filthuth, Z. Naturforsch. 10a, 219 (1955); Suppl. Nuovo cimento 4, 905 (1956). 

154. G. Meshkovskii and L. I. Sokolov, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 752 (1956); Soviet Phys. 
JETP 4, 629 (1957). 

6p, Rossi, High Energy Particles (Russian Translation), Gostekhizdat, 1955. 
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CYCLOTRON RESONANCE IN PLASMA 


E, A. KANER 
Institute of Radiophysics and Electronics, Academy of Sciences Ukrainian S.S.R. 
Submitted to JETP editor May 21, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 544-546 (August, 1957) 


Tue physical mechanism of cyclotron resonance in metals, for which a theory was formulated in Refs. 
1 and 2 leads to the belief that a similar effect should occur in a compensated electron-ion plasma. Let 
us recall that cyclotron resonance in metals occurs only in a direct magnetic field H parallel to the metal 
surface* when an electron is repeatedly returned under the influence of the magnetic field at the necessary 
phase to a skin layer whose thickness 6 is small compared with the radius of the electron orbit r in the 
magnetic field. Naturally, a sufficiently large number of revolutions must be performed in the length of 
the free path 2 before resonance can be observed, i.e., 2 > 2rr. Otherwise, Ee sonance is generally ab- 
sent. Cyclotron resonance occurs when the external field frequency w is a multiple of the Larmor fre- 
quency Q = eH/me. . . . 

Let us consider the conditions under which resonance in plasma is possible (we neglect ion motion). 
It is necessary for resonance that “anomalous skin effect” occur: 4" 


* Cyclotron resonance was recently observed in tin and bismuth.® 
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S<Sr<l/Qr. (1) 


The inequality to the right is satisfied very well in plasma because of the large free path which, as is 
known,’ is determined only by the “distant” interactions (2 ~ (kT )*/Ne4L, L is the Coulomb logarithm, 1 
N the density, e the charge on the electron, T the temperature of the electron gas, and k the Boltzmann — 
constant), by collisions with ions and neutral molecules, or by the characteristic dimensions of the sys- 
tem in the case of bounded plasma. 
A sharply pronounced skin effect [the left inequality in (1)] is possible in a plasma because of the neg- 
ative dielectric constant of the plasma, when the displacement current can be neglected in comparison 
with the conduction current. Estimates show (see Ref. 2 for example) that the inequality 6 «r is equiv- 


alent to 
0 /¢ > Q(m/ Ne? wt)? ~ (w/ ap) (27 / wt)". (2) 


Here Vv ~ (kT/m)!? is the average thermal velocity, m the mass, T the electron free path time, and 
Wo = (4nNe2/m)1/2 the plasma frequency. We assume that w % ©. Thus, for example, inequalities (1), (2) 
will be satisfied for T ~ 10'°K, N ~ 10'4em™? and w ~ 10!°/sec (A ~ 20cm) if 2 >1cm. If conditions 
(1) and (2) are satisfied, the entire theory of cyclotron resonance developed in Refs. 1 and 2 for metals 
can be extended to include plasma. The only difference is that a Maxwellian rather than Fermi equilibri- 
um holds in the plasma: fy = A exp( —mv*/kT), 

Let us cite the final result of a computation of the high-frequency surface impedance Z near reso- 
nance for a half-space occupied by plasma: 

Z=R+AiX =Z,[1—exp (— 2riw/Q —2n/Qx)]'* —~ Z, (2n)" [1 / Qe + x (@ — nQ)? / OQ? + i (@ — nQ) /QY"; 

Zy = (V3 x0? /ctB) "(1 +iV3); 1/B = (m/ Ne?) (QckT / 8m)". 

The surface impedance is Z = (41/c)E(0)/H(0), where E(0) and H(0) are the alternating electric 
and magnetic field intensities on the plasma boundaries. Formula (3) is derived under the assumption 
that the constant magnetic field is strictly parallel to the interface surface,* that the electrons are scat- 
tered from the plasma boundaries in an arbitrary manner (but not specularly!), and that the electromag- 
netic wave is incident perpendicularly on the plasma surface. 

At resonance (w ® nQ,n « wt/2m), R and X have a minimum, since the external field whose energy 
the electrons absorb is of fixed intensity. The relative depth of resonance for R/Rp, X/Xp, X/R and the 
respective resonance fractions are 


Ries | Ro = (2a Jor); Ores = (@/n)(1—1/ WV Qunar); Xreg/ Xo = 2-37? (xn / wr)"; 
Ores = (@/n)(1 + 1/ot); (X/R)., = 8/2 (@t/ an);  Qres == (W/m) (1 — 1 /V snor). 


(3) 


(4) 


The small shift in the resonant frequency relative to w/n is due to the different effective depth of vari- 
ation in the amplitude and phase of the electric field (see Refs. 1 and 2 for details). The order of magni- 
tude of the relative width of the resonance curves is 


AH] H ~|@—1Qhes |] @s (5) 


Apparently, cyclotron resonance in plasma can be detected by selective absorption of an electromag- 
netic wave in the resonant region. A “plasma plate” is transparent in a weak magnetic field with Wy < w 
and in a strong magnetic field when (2) is violated, but absorbs strongly in the resonance region. 

Moreover, cyclotron resonance permits relaxation time in a plasma to be measured more exactly 
than usual. 

In conclusion, I thank I. M. Lifshitz and Ia. B. Fainberg for discussing the results. 


1M. Ia. Azbel’ and E. A. Kaner, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 811 (1956); Soviet Phys. JETP 
3, (72 (1956). 

2M. Ia. Azbel’ and E. A. Kaner, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 896 (1957), Soviet Phys. JETP 
Bye 30 101950). 

3E, Faweett, Phys. Rev. 103, 1582 (1956); P. A. Bezuglyi and A. A. Golkin, J. Exptl. Theoret. Phys. 
(U.S.S.R.), 32, 843 (1957); Soviet Phys. JETP 5, 730 (1957); J. Aubrey, R. Chambers: J. Phys. and Chem. 
of Solids 3, 128 (1957). 


*The admissible angular deviation of the magnetic field relative to the surface must not exceed 
(V2n evv wupT?) 1A, Otherwise there is no substantial dependence on H. 
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wl D. Landau: J. Exptl. Theoret. Phys. (U.S.S.R.) 7, 203 (1937). 
L. Spitzer: Physics of Fully Ionized Gases, N. Y., 1955. 
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ON THE RANGE OF MANY-BODY FORCES BETWEEN A A°-HYPERON AND NUCLEONS 


V. I. OGIEVETSKII 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 3, 1957 
J. Exptl. Theoret. Phys. 33, 546-547 (August, 1957) 
Tue forces between a A°-hyperon and one nucleon [ ( A°9—N) forces], admissible on grounds of isotopic 


invariance, have a range several times shorter than the usual nuclear forces.'»? Thus, the forces suggested 
by the experiments on pair production and due to virtual processes with K-meson exchange 


Ao oe Vier dNe ok at Nee vie Ao, (1) 


have a range 1/mx, i.e., a range about three times shorter than the radius of nucleon-nucleon forces, 
which is of order LAM. However, isotopic invariance allows an interaction in which the A’-hyperon 
exchanges with the nucleon two (in general, an even number of) m-mesons: 


AOt NAY + etrt No AY LN’, (2) 
3 


One can also conceive of similar 27-meson forces involving 2-hyperons: 
AOL NT tert NGELN' SAY 4 eNO AY LN’, (3) 


The forces due to (2) and (3) have a range 1/2m,. 

The existence of A°-hyperfragments indicates that the (A? —N) forces are sufficiently strong to lead 
to binding of a A°-hyperon to nucleons. In this connection it is interesting to determine whether there 
exist (A— N) forces with the usual range 1/mq. 

Such forces indeed are possible if we consider the interaction of the A°-hyperon with two nucleons in- 
stead of one. Thus, the 27-meson forces between a A’ particle and two nucleons, realizably by virtual 
processes of the form 


Ase Maicr Marenltt om Pmt Nia AY “tN a Nay, (4) 


have a range 1/ m,, since the A°-hyperon exchanges with each of the nucleons only one 7 -meson. This 
conclusion regarding the range of the forces is purely qualitative and follows from the uncertainty rela- 
tion for the energy and time, and actually involves no approximations. 

As an illustration it is easy to calculate the potential of the (A° — N) forces of the type (4) in the 
static approximation. This potential contains the product of the exponentials exp(—m,rjyj) exp (—m,Yeq), 
where rj; is the distance between the A-hyperon and the i-th nucleon. Thus many-body forces of range 
1/m,, between a A°-hyperon and nucleons are possible, in contrast to two-body (A° — N) forces, whose 
range is less. One can therefore assume that the suggested many-body forces may play an important 
role in the interaction of the A°-hyperon with nucleons. 

This hypothesis could be checked by measuring the cross section for the scattering of a slow A’ par- 
ticle by a proton and by some simple nucleus such as deuterium or helium. If the present hypothesis is 
true the cross sections should be considerably larger for scattering by nuclei than for scattering by 


protons. 
The author is grateful to M. A. Markov for valuable discussions. 
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ROTATIONAL BANDS OF EVEN-EVEN AXIALLY SYMMETRIC NUCLEI 


A. S. DAVYDOV and A. A. CHABAN 


Moscow State University 


Submitted to JETP editor May 23, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 547-549 (August, 1957) 


Ir has been shown by Davydov and Filippov! that by using the Hamiltonian obtained by Ford? in averag- 
ing the interaction between the external nucleons and the nuclear core, one can write the equation for the 
collective motion of an axially symmetric even-even nucleus with total angular momentum hJ in the form 


TABLE 1 
Energy level 
Nucleus and (eed) ee 
literature J (k ; 
reference Theory Experiment SAL 
W182 2 100.09 100.09 
[455] 4 320.3 329 36 
6 641.6 677.6 
0 4101 — 4104 | 3.48 
2 4222 4222 
4 1481 1488 .6 
Phec2 > 50 50 
i 4 163 165 
6 332 — 
0 710 — 710 | 3,93 
2 770 770 
4 904 2m 
U234 2 43 43 
[*] 4 141 142 
6 290 295 
0 803 803 803 | 4.48 
2, 855 = 
4 966 — 
| 
Pypese 2 Mets PD 44.2 
el 4 147.7 146 
6 304.8 303 
0) 935 935 935 | 4.73 
72 986 986 
4 1400 1073 


aU, | de? — 2CdU, / do + QU, = 0, (1) 


where U,, satisfies the boundary condition 


U, (— 8) = 0, U,(C)e*2 30, 


The eigenvalue v of Eq. (1) is not in general an 
integer, and determines the energy €,,(J) of the 
collective nuclear motion by the equation 


ey (J)/hoy = (vt4/2)V 1 +I + 1) [88 


+ J (J + 1) / 686? + 1/, 82 (€ — 1)?, 
S(§ — 1) =J(J + 1) /354, 

Thus the energy of nuclear collective motion for 
each value of J = 0, 2, 4,... is determined uniquely’ 
by just the two parameters w,) and 6, which are re- 
lated to parameters of Bohr and Mottelson’s® gener- 
alized nuclear model by the expressions Wy = VC/B, 
5 = B(BC/K?)/4, 

Davydov and Filippov! investigated the solution 
of Eq. (1) for the case 6 = 1. In this note we present 
the results of a solution of this set of equations for 
the case 6 >1. 

The figure gives a graph of €,,(J)/fiwg vs. 6; 
the numbers on the curves give the values of J. It 
is seen from the figure that when 6 > 2.5, the energy’ 


for C—o. (2) 


(3) 


spectrum of collective excitations of even-even nuclei breaks up into a set of rotational-vibrational bands. 
In Table 1 we present a comparison of the theoretical excitation energies of the first and second rotational. 
band for certain nuclei with the experimental data. We also give the values of wy and 6 which have been 


used to calculate the theoretical excitation energy. 


In Table 2 we give the 6 dependence of the energy ratios of the first and second (1 and 2) rotational- 
state sublevels in the first and second (I and II) bands of the rotational states of the nucleus. 
If the energy of collective oscillations is approximated in the form 


Ey =nhoy + AJ (J +1)—BPVU +1), 


A=17/21, B=a(he) *(%/1), (4) 
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TABLE II 


8 OR a Abon |e250 2.9 3.0 3.5 4.0 4.5 5.0 


Syyy/eyy ‘| 48/439]4.36] 1,34 | 1.26 | 1.24 | 1.16 | 1.43 | 4.14 


€o1/E4] Zed 2eaSi2 MO 2eon | 8102 3.240 3.27 | 8.29 | 3.33 


7 20 3D i Ome 


fon/eair —_|1.76/2.16'2.43| 2.52 | 2.94 | 3.16 | 3.25 2s | ogee 


it follows from Table II that the moment of inertia I 
of the nucleus in the second rotational band is less 
than in the first. This decrease of I is greater for lower values of 5. The quantity a, which determines 
the coupling of rotational and vibrational states in Eq. (4), is greater in the second rotational band than 

in the first. Thus if one were to use Eq. (4) to describe collective oscillations, one would need five param- 
eters, rather than the two that are needed to solve (1) with Eq. (3). 


AAS. Davydov and G. F. Filippov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 723 (1957); Soviet Phys. 
JETP (in press). 

2K, Ford, Phys. Rev. 90, 29 (1953). 

3A, Bohr, Kgl. Danske Videnskab, Selskab. Mat-fysk. Medd. 26, 14 (1952); A. Bohr and B. Mottelson, 
Kg. Danske Videnskab. Selskab. Mat-fysk. Medd. 27, 16 (1953). 

4 Murray, Boehm, Marmier, and Du Mond, Phys. Rev. 97, 1007 (1955). 

5B. S. Dzhelepov and L. K. Peker, Cxems: pacnaya paquoakTHBHBIx u3z0TOM0B (Decay Schemes of Radio- 
active Isotopes) Acad. of Sci. Press, 1957. 

6 Data contained in a letter from Mottelson, communicated by L. Sliv at the 7th Conference on Nuclear 
Spectroscopy. 
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MESONIUM AND ANTIMESONIUM 


B. PONTECORVO 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 23, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 549-551 (August, 1957) 


Ge LL-MANN and Pais! were the first to point out the interesting consequences which follow from the 
fact that K° and K° are not identical particles.” The possible K° — K° transition, which is due to the weak 
interactions, leads to the necessity of considering neutral K-mesons as a superposition of particles Ko 
and Ky having a different combined parity.? In the present note the question is treated whether there exist 
other “mixed” neutral particles (not necessarily “elementary”) besides the K°-meson, which differ from 
their anti-particles and for which the particle — antiparticle transitions are not strictly forbidden. 

The laws of conservation of the number baryons and light fermions (or as sometimes called, conser- 
vation of nucleon! and neutrino® charge) strongly limit the number of possible mixed neutral particles. 
Because of the first-mentioned law mixed particles cannot occur amongst the baryons (e.g. a neutron; 

a hydrogen atom etc.), and because of the second law such particles cannot exist among the light particles 
with only one fermion (e.g. neutrino, the systems mte~ and me’, etc.). 

From this it evidently follows that besides the K°-meson the only system consisting of presently-known 
constituents which could be a mixed particle would be mesonium, defined as the bound system (pte7). 
Antimesonium, i.e., the system ( bie); clearly is different from mesonium and, furthermore, the 
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mesonium — antimesonium inversion is not only not forbidden by any of the known laws, but actually 
should occur by virtue of already established interactions. ‘ 
Indeed, the transitions 
(We) > + > (re) (1) 
would be induced by the same interaction that is responsible for the decay of the y-mesons. The proba- 
bility 1/@ of the real decay process 


(pte~) >» +y¥-+ 106.1 Mev, (2))| 


which can be easily obtained by taking into account the size of the mesonium, is found to be 10-* seca 


i.e, this probability is 10'° times smaller than the usual decay probability of the ,-meson. It is therefore | 
impossible in practice to observe this process which would be indicated by a track corresponding to a 
stopping pt+t-meson which decays without the emission of a decay electron. 

The inversion time, process (1), is proportional to h/ c2Am and is determined! by the mass differ- 
ence Am between the systems symmetrical and antisymmetrical with respect to mesonium and anti- | 
mesonium. This mass difference is proportional to the first power of the matrix element of the meson- | 
ium — antimesonium transition. If this transition is due to a process involving two consecutive transi- | 
tions, as in (1), Am is proportional to the square of the coupling constant. The inversion time is then of 
the order @ and 10" times longer than the half life of the s-meson (T = 2 x 10-* sec.) The meson half 
life then determines also the mesonium half life. 

However, if one admits a direct (uit e7) (ume) interaction, then the inversion time T can be very 
significantly shorter than 9. Indeed, then the mass difference Am’ between the symmetric and the anti- 
symmetric system (Am! & 2M/ c? where M is the transition matrix element) is proportional to the 
first power of the coupling constant g. We consequently have:* 


T ~h/c?Am’ ~ h/(2g/zr°), 


where r is the radius of the mesonium. Assuming that the direct interaction (uwte~)(p7e*) has the 
same strength as the other weak interactions, we get g * 3 x 10 ergcm? and T # 5 x 1074sec, which 
is only 300 times longer than t. Under these conditions it seems at first glance that the mesonium 

— antimesonium inversion should be observable without too great difficulty. For example, one should 
see a “fast” negative electron after stopping a ut meson according to the process (ute-) —> (po et) 

— Cfagt tv + p+et, Unfortunately, however, the inversion mesonium — antimesonium cannot take 
place inside of matter, owing to the electrical charge asymmetry of the nucleons. This leads to a differ- 
ence of the mass of mesonium and antimesonium in matter. Furthermore, it should be pointed out that 
the probability of emission of a fast negative electron (in vacuo) is proportional to (7/T)? and not to 
(7/T). Denoting by € ut (t) and Ey- (t) the probability of finding a mesonium and antimesonium re- 
spectively in vacuo at time t if one mesonium “atom” exists at time zero, then 


ey+(t) ~ 1/5 ete (I -+- cos +) » e-(t)~ 1ye-HT(] — cos +) : 


where the half life of mesonium and antimesonium was assumed to be the same and equal to the y-meson 
half life. For these initial conditions the emission probability of a positive and negative electron respec- 
tively in vacuo is given by 
e ya 2 x 2 
P(e) mie ew rlt+aqee)~h Pe!) nee 5 (1— aeer)~ + (FY- 

If there would exist in nature charged particles of long half life with small nuclear interaction, then 
an effect analogous to the one presently described could be observed. The half life of the particles of 
mass ~500 m, observed by Alikhanian et al.’ has not been determined yet; it is merely known to be 
much greater than 5 x 10~*sec. 

It was assumed above that there exists a conservation law for the neutrino charge, according to which 
a neutrino cannot change into an antineutrino in any approximation. This law has not yet been established; 
evidently it has been merely shown that the neutrino and the antineutrino are not identical particles.? If 


* The analogous case of the K? -K° transition to first order in the weak interaction has been treated 
in detail in Ref. 7. 
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| the two-component neutrino theory” should turn out to be incorrect (which at present seems to be rather 
improbable) and if the conservation law of neutrino charge would not apply, then in principle neutrino 

— antineutrino transitions could take place in vacuo. Even in this case, as well as in the case where one 
| assumes that to every world there exists an antiworld, the number of neutrinos and antineutrinos in the 
| universe would have to be the same. 


The author is grateful to Ia. B. Zel’ dovich, L. B. Okun’, and I. G. Ivanter for critical remarks and 
interesting discussions. 
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ON THE POSSIBILITY OF 17 +~e+v+y¥ DECAY 


I. IU. KOBZAREV 
Submitted to JETP editor May 30, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 551-553 (August, 1957) 


In the presence of the strong interaction of mesons with nucleons, the decay 7—-e+v might occur 

on account of the B-decay interaction, with a lifetime of the same order as that of the decay m—yp + v. 
In reality, however, the B-decay interaction contains scalar (S) and tensor (T) terms. The decay 

m —e+v obviously cannot occur on account of the T type term. It may appear that with nonconservation 
of parity! such a decay could take place on account of the S type term, but in reality experiment indicates 
the presence of the terms not conserving parity in the lepton part of the interaction, whereas for the ab- 
sence of the 7 —-e + v decay it is sufficient that the heavy particle interaction not contain pseudoscalar 
terms, since under this condition the nucleon loop reduces to zero. 

It seems difficult, however, to explain the absence of the decay 7>e+pty. 
Such a decay can occur on account of the tensor interaction if the virtual nucleon 
emits the y-quantum .4 We estimate the probability of such a process in the first 
order of perturbation theory in terms of G, where G is the constant of the 1- 

7 meson-nucleon interaction G(T @_) (Wy ¥5Yy)> 
The simplest diagram for the 7~e+v+y decay is shown in the figure. With 


e in rationalized units and h = c = 1, we get for the matrix element 


M = g,e(2k-2m,)—#V2 GI, (eg tety dy)? (O, — Py — Pe); 


Vk 


a) 


Pr, 


is a logarithmically divergent integral over the variables of the virtual nucleons, 


where is u 
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ip—M » i(p—kh)—M i(p— Pr) —M ! 
Ion = Sp\ d'p pep we © (p— bet MP Islebn (p—p, P+ MP i ‘| 


Here M is the mass of the nucleon, e and k are the polarization and four-dimensional momentum of the | 
y-quantum, and the other symbols are standard. Taking account of only the logarithmically divergent term) 


we have 
Tey 20°F yGIn(A2/M?2); Fey = eck — Cue 
For the probability of the 7+ e+v+y decay we get 1 


aw = 93 (7) (SE In in) = 4m — a) (Gtk =) dp dq. | 


Here q and k are the momenta of the electron and the y-quantum; we neglect the mass of the electron. 
For the total probability we find 


| 

Ae WeireR GVEA Ee aah | 
W = 55 7a(ae) (ae In Fz) STG | 
| 


Substituting 
= 18-10 erg/em® 99m, go 3.07 105 In A?/M?~ 1, G?/4x~ 10 


and going over to ordinary units, we get W ~ 0.5 X 104 sec~!, The ratio of the decay probabilities is 
(x—>etvyty)((r>yty) = py~ 0.5-104/0.4-10°~ 104% = (t«(m +p + y) = 2.5- 10-8 sec). 


The ratio p., has been estimated by Treiman and Wyld.‘ In doing so they assumed that the decay 7 
—> pt+v goes rodent a nucleon loop and a pseudovector interaction of the B-decay type. The logarith- 
mically diverging integral for the nucleon loop then has the form I, = pyMfp, where p is the momentum 
of the meson, M is the mass of the nucleon, and fp is a dimensionless factor. Similarly the corresponding ' 
part of the matrix element of the 7 - e+v+y¥ decay was taken in the form I,,) = e,kpftT, based on 
considerations of dimensional and gauge invariance. Then Py ~ ( stip/eptp as and it was assumed that 
fp ~ fy and gy /Sp > 50. This last estimate is based on the assumption that the values of Sp for the 
meson and the electron are the same, and then B-decay gives Sp < gy/50. With this approach, Py | 
~ 1/500. In Ref, 4 it is shown that the correct lifetime of the m meson is obtained for Sona 10-“ erg/cm, 
fp ~ 0.1. But gp ® gT/50 gives gp © (1/25) 10-*° erg/cm? and it is necessary to take fp ~ 2.5 in order 
to get the same lifetime. In our work the lifetime of the 7 — wy +v decay is taken from experiment; the | 
value of fy corresponds to (G x 21/2/47) In (A2/M?) ~ 0.4. 

At the Seventh Rochester Conference Cassels reported that experiment gives p., < 2 X 10-6, 

I express my gratitude to Prof. I. Ia. Pomeranchuk for suggesting the problem and for discussions, 
and to Iu. A. Simonov for valuable remarks, 


'T, D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2C, S. Wu et al., Phys. Rev. 105, 1413 (1957). 

’Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 (1957). 
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THE POSSIBLE IDENTIFICATION OF %* ANTIHYPERONS IN EM ULSION 


N. I. PETUKHOVA 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 553-554 (August, 1957) 


In studies of the interaction of K-mesons with nuclei! it was established that m(z )— m(=*) = (15.9 
+ 2.5)mg. This mass difference may be used to identify the antihyperon =~, which is expected to decay 
by = —n+ 7‘. From the mass difference between = and X* it follows that the m*-mesons in =~ and 
xt decay should have different energy and different range in emulsion (10.1 and 9.1 cm respectively). The 
m-meson energies were calculated from the data of Shapiro.” The ranges are taken from the curves of 
Baroni et al.? 

The ionization straggling of ranges in this energy-region is about 1 per cent. A m-meson range of 
10 cm can be measured to an accuracy of 1.5 per cent. The expected difference in m-meson ranges is 
10 per cent. These numbers show that identification of a =~ antihyperon is possible if the decay occurs 
at rest and if the mt-meson stops in the emulsion. In order to make sure that the decay was at rest, one 
should look for cases in which the 7‘-meson comes out backward in relation to the direction of the 
primary. 

I thank M. I. Podgoretskii for criticism of this work. 


IPry, Schneps, Snow, Swami and Wold, Phys. Rev. 104, 270 (1956). 
2A, M. Shapiro, Revs. Mod. Phys. 28, 164 (1956). 
3 Baroni, Castagnoli, Cortini, Franzinetti and Manfredini, Ric. Scient. 26, 1918 (1956). 
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STATISTICAL TREATMENT OF ELEMENTARY PARTICLE STRUCTURE 


L. A. KURTENKOV 
Submitted to JETP editor September 6, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.), 33, 554-555 (August, 1957) 


In present-day quantum field theory, every charge interacts with a field of elementary particles in its 
neighborhood. For electric charge the particles are photons or pseudophotons, for nucleonic charge they 
are mesons, and so on. The problem of elementary particle structure is intimately connected with these 
fields. The question arises, whether these fields may exhibit some of the properties of ordinary particles, 


particularly the statistical properties. m= 
We consider an elementary particle as a cloud of virtual particles obeying canonical statistics. The 


distribution of pseudophotons (with energy « = hw) is given by 
u (@) do = (%o*(2n°c?) [exp (kw/B + «) — 1] doo, (1) 
For black-body radiation a = 0, but in general a # 0. The uncertainty principle connects the energy of 
a virtual particle with its duration t and its distance R from the center as follows, 
eL— kt R= Cl, &— ncCipR; (2) 


Here c is the light-velocity and p is a factor of order unity. In other words, the uncertainty principle 
protects us from any contradiction with energy-conservation, if we suppose that a virtual particle moving 
with velocity ~ c and having energy « = hw can be observed at distances ranging from zero to R ~ fic/e. 
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At a point at a distance r one may find particles with energies from zero to fic/r. The total energy - 
density at distance r is thus } 


rie r -1 
ii hi dR 
W (r)= \ u (wo) do = \ [exp (aR +a)—1] &. (3) 
. & 
where we have changed the variable of integration from w to c/R. 
The total energy E of the virtual field is the integral of W over all space. This energy we identify _ 
with the rest-energy mec? of the particle, supposing that other virtual fields such as the gravitational 
field are negligible. The energy-density W(r) is then the energy-density of the Coulomb field. The 


integrals W and E are everywhere convergent. For large r, Eq. (3) gives 


W (r) = 1/8p*x? (e* — 1) rt, 


which must be compared with the usual expression W(r) = e*/8nr‘ for the energy-density of the electro- 
static field of a charge e. Hence we have fic/e? = m*(e“ — 1). If p~ 1, a ~ 1. On the other hand, the | 
total energy is | 


| 
| 


foo) z 
20 dz 23 dz | 
E= meC” = p?r \ 2 \ et te 4 Z | 
which gives for p~ 1 
0. ~ etm,.c? ~ 1074. (4) 


This value of © is comparable to that which appears in the thermodynamical theory of multiple particle 
production,! 6 ~ mmc? ~ 1074, Significant deviations from the Coulomb potential should begin when 
fic/pO@Ry ~ 1, Ry ~ ic/@ ~ 10-8 cm. The maximum energy density occurs at r = 0 and is given by 
Eq. (3) 


m 


W max ~ 94/e% (hc)? ~ mic8/e® ~ 1082, (5) 


For the nucleon, the virtual particles are m-mesons with mass m,. Their energy cannot be less than 
m,c”, and their range of action cannot exceed Rz = h/m,c = 1/kq. This argument, as is well known,’ 
leads to an estimate of the range of nuclear forces. By analogy with Eq. (3), we have 


W(n=— ea [exe (son +4) — iets E=4r { W (r) dr. (6) 
Tv 0 


Here a and © will in general have new values; my is the nucleon mass. The integrals (6) also converge. 
If we compare Eq. (6) with the Yukawa potential gy = ge Kqr/ r, we find 


C= [=g*ktn2c/p3m,]" — 10s (7) 


which agrees with Eq. (4). This gives us some reason to make the hypothesis, Oy ~ Oe. The maximum 
energy-density at the center is 


W max = (04/n?e*) (hc)? exp (— m,c?/0) ~ 1022, 
which also agrees with Eq. (5). | 
‘Ss. Z. Belen’kii and L. D. Landau, Usp. Fiz. Nauk 56, 309 (1955). 
2, Fermi, “Nuclear Physics” Lecture notes, (Chicago, 1950). 
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PROCESSES INVOLVING ANTIHYPERONS 
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Tue 10 Bev proton accelerator, which will soon start operating in the Soviet Union, will make it pos- 
sible to study experimental phenomena involving antihyperons. We here discuss some processes which 
may profitably be investigated when antihyperons become available. 


1. GENERAL REMARKS 


To explain the decay processes of some heavy mesons and the transmutation of one heavy meson into 
another (Lee-Orear theory) without postulating a direct coupling of these mesons with each other or with 
the pion field, one is forced to introduce the virtual creation and annihilation of baryon-antibaryon pairs. 
In fast processes there is conservation of strangeness, and therefore a heavy meson with S # 0 (for ex- 
ample a K-particle) cannot produce a nucleon-antinucleon pair. Nucleon-antihyperon or hyperon-antinu- 
cleon pairs can simultaneously conserve strangeness and the difference between baryon and antibaryon 
number. The latter conservation law makes it impossible to identify antihyperons with hyperons even 
when they are neutral. 

The analysis of antihyperon creation and interaction processes can yield useful information about the 
quantum numbers (isotopic spin, z-component of isotopic spin, strangeness, etc.) usually assigned to 
antiparticles. The chief aim of the following discussion is to determine the consequences of the conser- 
vation of a chosen system of quantum numbers in the most important fast processes involving antihyperons. 

To assign a definite set of quantum numbers to antihyperons and to analyze their creation and inter- 
action processes, we must start from the following assumptions: (a) The total isotopic spin and its z- 
component are conserved in all fast processes involving antihyperons H, nucleons N, heavy mesons K 
and pions; the strangeness is then also conserved. (b) The z-component of isotopic spin has equal mag- 
nitude and opposite sign for each particle and its antiparticle. (c) The strangeness has equal magnitude 
and opposite sign for particle and antiparticle. 

Assumption (a) is connected with the notion that all the interactions responsible for the processes here 
considered are charge-independent. Assumptions (b) and (c) follow from the formal relations! between Ts, 
the charge conjugation operator C, and the strangeness S. 


2. CREATION PROCESSES 


The physically allowed creation processes are limited by the conservation of the strangeness which is 
assigned to antibaryons by assumption (b). The study of direct production of hyperon-antihyperon pairs 
in nucleon-nucleon collisions is highly inconvenient; the short life-time of hyperons (and presumably of 
antihyperons) makes it difficult to extract a beam of them from the accelerator; and in any case we should 
obtain a mixture of hyperons and antihyperons. Moreover, the thresholds of direct processes are rather 
high (around 7 Bev for production of A—A pairs on nucleons at rest). 

It would be much better to use the indirect process 


Re Neen. 7 (1) 


This process can occur in a K-meson beam outside the accelerator, and it produces only antihyperons. 
The threshold is about 4 Bev for the K-meson kinetic energy, and K-mesons of this energy can be pro- 
duced by protons with kinetic energy a little over 5 Bev. If process (1) Oecurs in a K-meson beam passing 
through a liquid hydrogen bubble-chamber, the interaction and decay of antihyperons can also be observed 
in the chamber. A rough estimate indicates that a significant number of H can be obtained from a primary 
10 Bev proton beam of intensity equal to that of the proton beam in the bevatron. 
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We predict that the strong interaction between antihyperon and nucleon will give rise to the following j 


“fast” process, 
Hae Nahe me (2) 


In reaction (2), K cannot be produced in the absorption of H. In 1 general, K cannot be created except in 
processes where a K — K pair appears together with the K. If H is captured into excited fragments, as 
H is, then a characteristic feature of the annihilation of these fragments will be the absence of K. 

In addition to (2), there will be charge-exchange processes and processes of the type 


3 Ny SS ACe ay: (3) 


These must be considered probable, in view of the observed production of antineutrons by charge-exchang : 
between antiprotons and nucleons. Z : 

Next we consider in more detail the interactions of at, Being negative, this particle after losing energ; 
by ionization and stopping, will be captured in a nucleus or in hydrogen. As an example we consider the 
interaction with a deuteron. The deuteron having zero isotopic spin, the initial state is an eigenstate of | 
isotopic spin. Among the possible reactions are | 


Tiisidus meldnoeere : (4a) 
fe KS (4b) 
pttt+k. (4c) 


In the initial state T = 1. The —N resonance will strongly influence those final configurations in the 
reactions (4) which have T = %. For such configurations, the ratios between the cross-sections for the 
three processes will be given by 


o(a)i cid) 2c(C)= 952 (5). 


and the corresponding K*/K® ratio will be 3. Recent experiments indicate a strong interaction in the 
K—N system with T = 1. Because of the high energy of the products of the reactions (4), it is possible 
that the strong K—N interaction with T = 1 will dominate the effect of the 7—N resonance. In the 
limiting case of a pure K—N final state with T = 1, the ratios of the cross-sections will be 


3 (a):0(6):o(c) = 1:2:1; (6) 


and the Kt/K® ratio will be 4. 

The H—N annihilation may give information concerning the existence of two K-particles of opposite 
parity or the alternative possibility that only one K-particle exists with non-conservation of parity in its 
decay. In the latter case, the ratios between the decay modes T and @ will be the same as for heavy 
mesons produced in other processes (t—N or N—N collisions, etc.). 

If there are two heavy mesons with opposite parity, the ratios between the decay modes should vary. 
If an annihilation takes place from a state of definite total and orbital angular momentum, only one of the 
K-mesons should be observed in the annihilation products. 
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